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1 

Chapter 


Properties of Fluids 


► l.l INTRODUCTION 

Fluid mechanics is that branch of science which deals with the behaviour of the fluids (liquids or 
gases) at rest as well as in motion. Thus this branch of science deals with the static, kinematics and 
dynamic aspects of fluids. The study of fluids at rest is called fluid statics. The study of fluids in motion, 
where pressure forces are not considered, is called fluid kinematics and if the pressure forces are also 
considered for the fluids in motion, that branch of science is called fluid dynamics. 


> 1.2 PROPERTIES OF FLUIDS 

I v 2 > |^'i)ensity or Mass Density. D ensity or mass density of a fluid is defined as the ratio of t he 
ma ss of a fluid to its volume. Th us mass per unit volume of a fluid is called density , it is denoted the 
sy mbol p trh o). The unit of mass density in SI unit is kg per cubic metre, i.e.. kg/nv'. The density of 
liquids may be considered as constant while that of gases changes with the variation of pressure and 
temperature. 

Mathematically, mass density is written as. 


P = 


Mass of fluid 


Volume of fluid 
The value of density of water is 1 gm/cnr or 1000 kg/m 3 . 

fy^2^Spedfic Weight or Weight Density. Specific weight or weight density of a fluid is the 
ratio betw een the weight of a fluid to its volum e. Thus w eight per unit volume of a fluid is called weight 
density and it is denoted by the symbol tv. 

Weight of fluid (Mass of fluid) x Acceleration due to gravity 


Thus mathematically, tv = 


Volume of fluid 
Mass of fluid x g 
Volume of fluid 
= p xg 


Volume of fluid 


■ = PS’ 


j Mass of fluid 

I Volume of fluid ( 

...d.l) 
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2 Fluid Mechanics 


The value of specific weight or weight density (tv) for water is 9.81 x 1000 Newton/m 3 in SI units. 

1.2.3 S pecific Volum e. Sp ecific volume of a fluid is defined as the johnn e o f a flu i d nmmie d bv 
a unit mass or volume per unit mass of a fluid is called specific volume. Mathematically, it is expressed 


as 


Specific volume 


Volume of fluid 

1 

Mass of fluid 

- ---=* 

Mass of fluid 

Volume 


a 


Thus specific volume is the reciprocal of mass density. It is expressed as m 3 /kg. It is commonly 
applied uxgases. 

Specific Gravity. Specific gravity is defined as the ratio o f the weight densit y (or density) of 
a fluid t o the weight density (or density) of a-standard fluid . For li auids, the standard fluid is taken wat er 
and for~gases, the standard fluid is ta ken air. S pecific gravity is als o called relative cUm sity. It is 
dimensionless quantity and is denoted by the symbol S. 

Weight density (density) of liquid 
Weight density (density) of water 
Weight density (density) of gas 


Mathematical 


J^Sffor liquids) = 
for gases) = 


forj 


Weight density (density) of air 
Thus weight density of a liquid = Sx Weight density of water 

= Sx 1000x9.81 N/m 3 

The density of a liquid = Sx Density of water 

= Sx 1000-kg/m 3 . ...(1.1/i) 

If the specific gravity of a fluid is known, then the density of the fluid will be equal to specific gravity 
of fluid multiplied by the density of water. For example the specific gravity of mercuiyis 13.6, hence 
density of mercury = 13.6 x 1000 = 13600 kg/m 3 . 

Problem 1.1 Calculate the specific weight, density and specific gravity of one litre of a liquid 
which weighs 7 N. 

Solution. Given : 


Volume = 1 litre = 


1 


1000 


m 


1 litre =- 


m 


(i) Specific weight (vv) 


(u) Density (p) 


(Hi) Specific gravity 


Weight = 7 N 

Weight 


7N 


Volume f _1_' 

Uooo, 


1000 


= 7000 N/m . Ans. 


3 or 1 litre = 1000 cm 3 


m 


tv 

8 


7000 

9.81 


kg/m 3 = 713.5 kg/m 3 . Ans. 


= Density ofliquid = 7115 { .. Density of water= 10 00 kg/m 3 } 

Density of water 1000 


= 0.7135. Ans. 
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Properties of Fluids 3 


Problem 1.21 Calculate the density, specific weight and weight of one litre of petrol of specific 
gravity = 0.7 

Solution. Given : Volume = 1 litre = 1 x 1000 cm 3 = m 3 = 0 001 m 3 

10 6 

Sp. gravity 5 = 0.7 

(/) Density (p) 

Using equation (1.1 .A), 

Density (p) 

(/t) Specific weight (w) 

Using equation (1.1), 

(Hi) Weight (W) 

We know that specific weight = 


or 


► 1.3 VISCOSITY 


= S x 1000 kg/m 3 = 0.7 x 1000 = 700 kg/m 3 . Ans. 
w = p X g = 700 x 9.81 N/rn 3 = 6867 N/m 3 . Ans. 
Weight 

IV 




Volume 
IV 


or 6867 = 


0.001 0.001 
W = 6867 x 0.001 = 6.867 N. Ans. 


Viscosity is defined as the property of a fluid which offers resistance to the movement of one laver of 
fluid over another adjacent layer of the fluid. When two layers of a fluid, a distance W apart, move one 
over the other at different velocities, say it and it + dit as shown in Fig. 1.1, the viscosity together with 
relative velocity causes a shear stress acting between the fluid layers. 

The top layer causes a shear stress on the 
adjacent lower layer while the lower layer causes a 
shear stress on the adjacent top layer. This shear 
stress is proportional to the rate of change of veloc¬ 
ity with respect to y. It is denoted by symbol 
x called Tau. 


Mathematically. 


T « 


dit 

dy 



t du 1 Fig- 1.1 Velocity variation near a solid boundary. 

or 

where p (called nut) is the constant ot proportionality and is known as the co-efficient of dynamic viscosity 
. .dit 

or only viscosity. — represents the rate of shear strain or rate of shear deformation or velocity gradient. 


From equation (1.2). we have p = 


du 
l dy 


...(1.3) 


Thus viscosity is also defined as the shear stress required to produce unit rate of shear strain. - 

1.3.1 Units of Viscosity. The units of viscosity is obtained by putting the dimensions of the 
quantities in equation (1.3) scanned by Fahid 
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p = 


Shear stress 


Force/Area 


Change of velocity 

( Length) 

' 1 

Change of distance * 

V Time J 

Length 


Force/(Iength ) 2 _ Force x Time 


1 

Time 


(Length)- 


In MKS system, force is represented by kgf and length by metre (m), in CGS system, force is represented by 
dyne and length by cm and in SI system force is represented by Newton (N) and length by metre (m). 

kgf-sec 

.% MKS unit of viscosity - 

CGS unit of viscosity 

In the 
= Pascal 


m 

dyne-sec 

, cm 2 

In the above expression N/m 2 is also known as Pascal which is represented by Pa. Hence N/m = Pa 


SI unit of viscosity 


SI unit of viscosity = Ns/m 2 = Pa s. 

Newton-sec _ Ns 
■> ~ 
m" m~ 


The unit of viscosity in CGS is also called Poise which is equal to 


dyne-sec 


cm" 


The numerical conversion of the unit of viscosity from MKS unit to CGS unit is given below : 
one kgf -sec 9.81 N -sec 


m 


[ v 1 kgf = 9.81 Newton) 


m 


But one Newton = one kg (mass) X one 


m 


sec 


(acceleration) 


_ (1000 gm) x (100 cm) _ 1Q0() x 1Q() gm-cm 


sec 


sec 


one kgf -sec _ n 

III 

m 


= 1000 x 100 dyne 

81 x 100000 dyne ' SCC = 9.81 x 100000 


dyne = gm x 


cm 


sec 


dyne-sec 


cm 


= 98 , 98.1 poise 


100 x 100 x cm 
dyne-sec 


= Poise j 


cm' l cm 

Thus for solving numerical problems, if viscosity is given in poise, it must be divided by 98.1 to get 
its equivalent numerical value in MKS. 

one kgf -sec 9.81 Ns 


But 


m" 

one Ns 

nr 


m“ 

98.1 


= 98.1 poise 


^ . dynexs /'lgmxlcm > 

Alternate Method. One poise = —— 5 — = ——5 - 

cm Vs J 


, n . ~ . 1 Ns 

poise = 10 poise or One poise =-r-. 

9.81 y y 10 m 2 
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Properties of Fluids 5 


But dyne 


One poise 


= 1 sm x 


1 cm 


1 gm 
s cm 


1000 


kg 


s — m 
100 


1 ks 

—-— x 100 
1000 sm 


1 kg 
TO sm 


ks 


op 1 — =10 poise, 
sm— 




Note. (/) In SI units second is represented by "s’ and not by ‘sec’. 

07) If viscosity is given in poise, it must be divided by 1(5 to get its equivalent numerical value in SI units. 
Sometimes a unit of viscosity as centipoise is useJwhere * 

1 1 ~ ^ 

1 centipoise = — poise or 1 c p = — P [cP = Centipoise, P = Poise] 


fne viscosity of water at 20 C C is 0.01 poise or 1.0 centipoise. 

1.3^2 Kinematic Viscosity. It is defined as the ratio between the dynamic viscosity and density of 


?uid. It is denoted by the Greek s> mbol (v) called 'nu'. Thus, mathematically 


- -:-<—*-i 

! v _ Viscosity _ u 
\ Density p 




...(1.4) 


The units of kinematic viscosity isobtainecTaiT 

Units of p — - -Force x Time 


v = 


Units of p (Length) t x 


I em T th 

Mass x —x Time 


Mass 

(Length ) 2 


(Time) - 


Mass 

Length 


Force x Time 

Mass { 

Length 

v Force = Mass x Acc. 

Length 


= Mass x 


Time' 


(Length) - ' -- 

Time 

In MKS and SI, the unit of kinematic viscosity is metre 2 /sec or nr/sec while in tGS units it is written 
as enr/s. In CGS units, kinematic viscosity is also known stoke. 

nr/s = l O -4 nr/s 

Centistoke means = —— s t 0 ke 

100 

. ^3.3 Ni. vton's Law of Viscosity. It states that the shear stress (t) on a fluid element layer is 
directly proportional to the rate of shear slr-ain./Ehc constant of proportionality is called the co-efficient 
ol \ iscosity. Mathematically, it is expressed as gi\en by equation (1.2) or as 

ilu 
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Thus, one stoke 


-i f 

= cm /s =- 

100 


V 





Fluids which obey the above relation are known as Newtonian fluids and the fluids which do see 
obev^fieUbove relation are called Non-newtonian fluids. 

^K3.4 Variation of Viscosity with Temperature. T emperatur affects the viscosit y. The viscosift 
uids decreases wi th the increase of temperatu re while t he viscosity of gases increases w ith the 
. This is due to reason that the viscous forces in a fluid are due to cohesive forces 



ue to closely packed molecules^tnd with the increase in temperature, the cohesive lorces 


reases with the result of decreasing viscosity. But in case ot gases the cohesive iorce are small aad 


ofeciriar momentum transfer predominates. With the increase in temperature, molecular momentum 


transf er increases and hence viscosity incr eases. The relation between viscosity and temperature for 
liquids and gases are: ; ~— - 


(i) For liquids, L = p„ 


l + ar + Br 


...(1.44) 


where p = Viscosity of liquid at /°C, in poise 
-p 0 = Viscosity of liquid at 0°C, in poise 

a, P = are constants for the liquid -- 

For water, p 0 = 1.79 x 10' 3 poise, a = 0.03368 and p = 0.000221. 

The equation (1.4 A) show s that with the increase of temperature, the viscosity decreases. 

(if) For a gas, rp = p n + at-p/ 2 | ...(1.4B) 

where "For air ~~ p 0 = 0.0000177a = O.000000056. P = 0.1189 x 10' 9 . 

Tfjd-equation (1.4 B) shows that with the increase of temperature, the viscosity increases. 

\<Z.S Types of Fluids. The fluids may be classified into the following five types: 

1. Ideal fluid, 2. Real fluid, 

3. Newtonian fluid, 4. Non-Newtonian fluid, and 

5. Ideal plastic fluid. 

O ' 0 

1. Ideal Fluid. A fluid, which is incompressible and is hav- 
ing no viscosity, is known as an ideal fluicTTaeal fluid is only 

an imaginary Fluid as all the fluids, which exist, have some vis- £ 
cosity. . So 

2. Real Fluid. A fluid,^which possesses viscosity, is known < 

as real fluid. All the fluids, in actual practice, are real fluids. jjj x'" 

3. Newtonian Fluid. A real fluid, in which the .shear stres s t x^ 

is directly, proportional to the rat<^>^h£|j_£t£pn (or velocity | / 

gradient), is known as a Newtonian fluid. _ /IDEAL FLUID 

4. Non-Newtonian Fluid. A real fluid, in which t he shea r _„ velocity gradient f—I 

stress is not p roportional to the rate of shear str ain (or velocity ' 

gradient), known as a Non-Newtonian fluid. tig. 1.2 Types of fluids. 

5. Ideal Plastic Fluid. A fluid, in which shear stre ss is more than the yield value and s hear stres s is 
proportional to the rate of shear strain (or velocity gradient), is known as ideal plastic fluid. 

Problem 1.3 If the velocity distribution over a plate is given by u = — y - y 2 in which u is the 
velocity in metre per second at a distance y metre above the plate, determine the shear stress a: 




/IDEAL FLUID 


-- VELOCITY GRADIENT 

Fig. 1.2 Types of fluids. 


y - 0 and y = 0.15 m. Take dynamic viscosity of fluid as 8.63 poises. 
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Solution. Given: 


«= -y-y 


hi 

Al vs0.15 


du _ 2 
" dy 3 

= - - 2(0) = - = 0.667 
3 3 


= - -2x. 15 = .667-.30 = 0.367 
^Jy-0.15 3 


O £0 ^ 

Value of p = 8.63 poise = SI units = 0.863 N s/nr 

du 

Now shear stress is given by equation (1.2) as T = p —. 
(j) Shear stress at y - 0 is given by 


= 0.863 x 0.667 = 0.5756 N/m 2 . Ans. 


(0) Shear stress at y = 0.15 m is given by 

(Ti ni<: = uf—1 = 0.863 x 0.367 = 0.3167 N/m 2 . Ans. 

^ 1 UyJ»-(U3 ^ 

Prot5l\m>^r A plate. 0.025 mm distant from a fixed plate, moves at 60 cm/s and requires a force of 
2N perunit area i.e., 2 M/m 2 to maintain this speed. Determine the flui d viscosity between the plates. 

Solution. Given: I p 

Distance between plates, dy = .025 mm dy = : (KSSr 6 § l E l E u = 6 ° cm/s 

= .025 x 10 m _ 1/7///U,/, 

Velocity of upper plate, u = 60 cm/s = 0.6 nt/s , 

N FIXED PLATE 

Force on upper plate, F = 2.0 — j. . Fj j 3 

m 6 

This is the value of shear stress i.e., T 

Let the fluid viscosity between the plates is p. 

du 

Using the equation (1.2), we have T = p — • 

where du - Change of velocity = u - 0 = u = 0.60 m/s 
dy = Change of distance = .025 x 10 3 m 

N 

X = Force per unit area = 2.0 —j 


. ^ = u = 60 cm/s 

dy =_ Q25 mm _ - = ; - 


FIXED PLATE 


• Fig. 1.3 


2.0 = p 


.025 xlO ' 3 


2.0x.025x i O^ =833 xlQ -sNs 
0.60 - m 


= 8.33 x KrVx 10 poise = 8.33 x 10“ 4 poise.^is. 

Problem 1.5 A flat plate of ami 1 -5 xJ(/' i tvh 2 is pulled with a speed of0Am/s relativelo another 
plate located at a distance of (US mm from it. Find t he force and p ower required to 
soced. if the Paid separating them is having viscosity as I poi se. _ 

■“ }k c & % Vs 
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Solution. Given : 

Area of the plate. A = 1.5 x 10 6 mm 2 = 1.5 m 2 

Speed of plate relative to another plate, du = 0.4 m/s 
Distance between the plates, dy = 0.15 mm = 0.15 x 10~ 3 m 


Viscosity 


ti i • 1 Ns 

It = 1 poise =- 

10 m 2 


Using equation ( 1 . 2 ) wehaveT = u — = ~ x 

dy 10 


0.4 N 

:i^7(F= : 266 66 £ 


(0 ••• Shear force, F—x x area = 266.66 x 1 .5 = 400 N. Ans. 

(u) Power* required to move the plate at the speed 0.4 m/sec 

= Fxu = 400 x 0.4 = 160 W. Ans. 

rroDem 1.6 Determine the intensity of shear of an oil having viscositv - 1 Th„ • . 

f Z tff "* "7'rr; tfZt 

ance is 1.5 mm and the shaft rotates at 150 r.p. m. 8 ' 


Solution. Given : 


(t = 1 poise - — — 
10 m 2 


Dia. of shaft, D = 10cm = 0.1m 

Distance between shaft and journal bearing, 

dy = 1.5 mm = 1.5 x 10' 3 m 
Speed of shaft. A' = 150 r.p.m. 

Tangential speed of shaft is given by 

u - nDN _ ft x 0.1 x 150 
60 60 


= 0.785 m/s 


Using equation (1.2), T = u— 

dy' 

where du = change of velocity between shaft and bearing = u - 0 = u 
/ 1 0.785 

~ io x 1371 ^ = 5133 N/m • Ans - 

1“" Wh ‘ Ch “ US ‘ d! °’ lubric °“°« . 

L , / Th . ZflfT ° Sm T ongle of inclination JO" a, shown in 

0/0.3 Js. The ihiTeZToU.fili is N ,Z1 ! “ S d °' m «** « tihifom, 

Solution. Given : 


r -" w 6 fi » tenure puiie is juu iv and it 

velocity of 0.3 m/s. The thickness of oil film is 1.5 mm. 

Solution. Given: 

Area of plate, A = 0.8 x 0.8 = 0.64 m 2 

Angle of plane, q = 30 0 

Weight of plate, W=300N 

Velocity of plate, w= 0.3 m/s 




IW = 300N 


Power = FxuN m/s = FxuW(\- Nm/s = Watt) 


Fig. 1.4 
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Properties of Fluids 9 


Thickness of oil film, t = dy = 1.5 mm = 1.5 x 10' 3 m 

Let the viscosity of fluid between plate and inclined plane is |i. 

Component of weight W, along the plane = IV cos 60 3 = 300 cos 60° = 150 N 
Thus the shear force, F , on the bottom surface of the plate = 150 N 

, . F 150 xt , , 

and shear stress, I =-=- N/m 

Area 0.64 

Now using equation (1.2), we have 

du 

dy 

where du = change of velocity = u — 0 = u = 0.3 m/s 

dy = t = 1.5x10~ 3 m 
150 _ 0.3 

0.64 ^ 1.5 xl0~ 3 

150x IJx 10" 3 , ,„ X[ , , 

H =- = 1.17 N s/m* = 1.17 x 10 = 11.7 poise. Ans. 

0.64 x 0.3 


Problem 1.8 Two horizontal plates are placed 1.25 cm apart, the space between them being filled 
with oil of viscosity 14 poises. Calculate the shear stress in oil if upper plate is moved with a velocity 
of 2.5 m/s. (A.M.I.E.. 1972) 

Solution. Given: 

Distance between plates, dy = 1.25 cm = 0.0125 m 


Viscosity, 

Velocity of upper plate. 


14 

ii = 14 poise = — N s/m 2 
F 10 

u = 2.5 m/sec. 


Shear stress is given by equation (1.2) as, T = (I — 

dy 

where du = Change of velocity between plates = u-0 = u = 2.5 m/sec. 

dy = 0.0125 m. 


14 • 25 
10 X .0125 


= 280 N/m . Ans. 


Problem 1.9 The space between two square flat parallel plates is filled with oil. Each side of the 
plate is 60 cm. The thickness of the oil film is 12.5 mm. The upper plate, which moves at 2.5 metre per 
sec requires a force of 98.1 N to maintain the speed. Determine : 

(i) the dynamic viscosity of the oil in poise, and 

(ii) the kinematic viscosity of the oil in stokes if the specifc gravity of the oil is 0.95. 

(A.M.I.E.. Winter 1977) 

Solution. Given : 

Each side'of a square plate = 60 cm = 0.60 m 
Area. A = 0.6 x 0.6 = 0.36 nr 

Thickness of oil film. dy - 12.5 mm = 12.5 x 10 ' m 

Velocity of upper plate. u = 2.5 m/sec 
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/. Change of velocity between plates, du = 2.5 m/sec 
Force required on upper plate, F = 98.1 N 
. __ . Force F 98.1 N 


Shear stress, 


Area A 0.36 m 2 


(0 Let p = Dynamic viscosity of oil 


Using equation (1.2), x = p — or = p x-—- 

dy 036 123 xlO' 3 

983 x 12.5 xlO; 3 = 1 3635 Ns 
0.36 2.5 m 2 

= 1.3635 x 10 = 13.635 poise. Ans. 

(/'/) Sp. gr. of oil, S = 0.95 
Let v = kinematic viscosity of oil 
Using equation (1.1 A), 

Mass density of oil, p = S x 1000 = 0.95 x 1000 = 950 kg/m 3 


INs ^ 

—Y - 10 poise 
m J 


{ Ns \ 
13635 ~T ) 
Using the relation, v = —, we get v = ——LL 11 2 
p 950 

= 14.35 stokes. Ans. 


= .001435 m 2 /sec = .001435 x 10 4 cm 2 /s 


= stokes. Ans. (v cmVs = stoke) 

Problem 1.10 Find the kinematic viscosity of an oil having density 9HI kg/nr. The shear stress at 
a point in oil is 0.2452 N/m 2 and velocity gradient at that point is 0.2 per second. 

Solution. Given : 

Mass density, p = 981 kg/m 3 

Shear stress. t = 0.2452 N/m 2 

Velocity gradient, — = 0.2 s 

dy 

Using the equation (1.2), T = p — or 0.2452 = p x 0.2 

dy 

•• P = = 1.226 Ns/m 2 

0.200 

Kinematic viscosity v is given by 

v = ~ = = I25 x KT 2 m 2 /sec 

p 981 

= 0.125 x 10" 2 x 10 4 cm 2 /s = 0.125 x 10 2 cm 2 /s 

= 12.5 cm 2 /s = 12.5 stoke. Ans. (v cm 2 /s = stoke) 

Problem 1.11. Determine the specific gravity of a fluid having viscosity 0.05 poise and kinematic 
viscosity 0.035 stokes. 

Solution. Given : 

Viscosity, p = 0.05 poise = N s/m 2 

10 
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Kinematic viscosity. 


v = 0.035 stokes 
= 0.035 cnr/s 


{v Stoke = cm'/s} 


= 0.035 x 10~ 4 m 2 /s 


u 4 0.05 1 

Usins the relation v = —. we get 0.035 X 10 = —— x — 

o 10 p 


1 


0.05 

p =- x- 

10 .035 x 10“ 


= 1428.5 kg/m J 


Density oHiquid 1428.5 , ,_ D . , ,, . 

Sp. gr. of liquid =---= ■ r~z~ — 1.4283 - 1.43. Ans. 

^ 6 Density of water 1000 

Problem 1.12 Determine the viscosity of a liquid having kinematic viscosity 6 stokes and specific 
gravity 1.9. 

Solution. Given : 

v - 6 stokes = 6 cnr/s = 6 x 10~ 4 rn'/s 
= 1.9 
= 1 * 

Density of the liquid 


Kinematic viscosity 

Sp. gr. of liquid 

Let the viscosity of liquid 


Now sp. gr. of a liquid 


or 


1.9 = 


Density of water 
Density of liquid 


1000 


.-. Density of liquid 
.-. Using the relation 


= 1000 x 1.9= 1900 


kg 


nr 


v = —, we get 
P 


6 x 10~ 4 = M 


1900 

(i = 6 x 10~ 4 x 1900= 1.14 Ns/m 2 
= 1.14 x 10 = 11.40 poise. Ans. 


Problem 1.13 The velocity distribution for flow over aflat plate is given by u = 4 y - y 2 in which 
it is the velocity in metre per second at a distance y metre above the plate. Determine the shear stress 
at y = 0.15 in. Take dynamic viscosity of Jlitid as 8.6 poise. 


Solution. Given 


« = — v - v 
4 ’ ’ 


^ = --2v 
dy 4 


At v = 0.15, 


— = - -2x0.15 = 0.75 - 0.30 = 0.45 
d v 4 


Viscosity. 


„ „ . • 8.5 N s 

(I = 8.5 poise = — — 
10 in 


I , Ns 

v 10 poise = I -—v 
V "i- 
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Using equation (1.2), 


x 0.45 


= 0.3825 


Problem —The dynamic viscosity of an oil, used for lubrication between a shaft and sleeve is 

6 poise. The shaft is of diameter 0.4 m and rotates at 190 r.p.m. Calculate the power lost in the 
bearing for a sleeve length of 90 mm. The thickness of the oil film is 1.5 mm. 


Solution. Given 
Viscosity 


Dia. of shaft, 

Speed of shaft, 
Sleeve length, 
Thickness of oil film. 


(i ;= 6 poise 
_ _Ns _ 06 Ns 
" 10 m 2 ' & m 2 
D = 0.4 m 
/V - 190 r.p.m 
L = 90 mm = 90 x 10' 3 m 
t = 1.5 mm = 1.5 x 10 -3 m 


Tangential velocity of shaft, u = 


kDN tcx 0.4x190 



SLEEVE 


Fig. 1.5 


= 3.98 m/s 


Using the relation x = p - 

dy 

where du = Change of velocity = « - 0 = // = 3.98 m/s 
dy = Change of distance = t = 1.5 x 10' 3 tty 

3 98 

x=10x - , = 1592N7nr 

^ 1.5 xlO -3 

This is shear stress on shaft 

.’. Shear force on the shaft, F = Shear stress x Area 

= 1592 x n D xL = 1592 x n x .4 x 90 ; 10’ 3 = 180.05 N 


Torque on the shaft, 


*Power lost 


T= Force x — = 180.05 x — = 36.01 Nm 
2 2 


2 jx AT 2txx190x36.01 


= 716.48 W. Ans. 


Problem 1.15 If the velocity profile of a fluid over a plate is a parabolic with the vertex 20 cm 
from the plate, where the velocity is 120 cm/sec. Calculate the velocity gradients and shear stresses at 
a distance of 0, 10 and 20 cm from the plate, if the viscosity of the fluid is 8.5 poise. 

Solution. Given : ,y 

Distance of vertex from plate = 20 cm 

Velocity at vertex, u = 120 cm/sec u = 120 cm/sec 


Viscosity, 


u = 120 cm/sec 

o c 8.5 Ns . 

p = 8.5 poise =- - = 0.85. 

10 nr 


* Power in S.l. unit = T* w = 


2tiN 2ttNT 

- Watt = - Watt 

60 60 


Fig. 1.6 
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The velocity profile is given parabolic and equation of velocity profile is 

u = ay 2 + by + c 

where a, b and c are constants. Their values are determined from boundary conditions as : 

(a) at y = 0, u = 0 

(b) at y = 20 cm, u = 120 cm/sec 

du 

(c) at y = 20 cm, — = 0. 

dy 

Substituting boundary condition (a) in equation (t), we get 

c = 0. 




Boundary condition ( b) on substitution in (i) gives 


120 = a (20) + 6(20) = 400a + 20 b 


Boundary condition (c) on substitution in equation (i) gives 


du 

-= 2ay + b 

dy 


...(H) 

...(Hi) 


or 0 = 2xax20 + b = 40a + b 

Solving equations (//) and ( iii ) for a and b 
From equation (iii), b = - 40 a 

Substituting this value in equation (ii), we get 

120 = 400a + 20 x (- 40a) = 400a - 800a = - 400a 


120 3 

a =- =-= - 0.3 

-400 10 


b = - 40 x (- 0.3) = 12.0 

Substituting the values of a, b and c in equation (i), 

u =- 0.3y 2 + 12y. 


Velocity Gradient 


du 


d v 


= - 0.3 x 2y + 12 = - 0.6y + 12 


at y =0, Velocity gradient, 

at v = 10 cm. 


du 


— | =-0.6x0+12= 12/s. Ans. 

K d >' 


v = 0 


du 


dy). 


= - 0.6 x 10 + 12 = - 6 + 12 = 6/s. Ans. 


v ■ 10 


at y = 20 cm, 

Shear Stresses 
Shear stress is given by. 


du 'l 
d v 


= -0.6x20+ 12 = - 12+ 12 = 0. Ans. 


J v = :o 


T = p 


du 


dy 


I, 
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(0 Shear stress at y = 0, 


(ii) Shear stress at y = 10, 
(/») Shear stress at y = 20, 


t = Lt —— = 0.85 x 12.0= 10.2 N/nT. 

( d yjy -0 


T = LL — = 0.85 x 6.0 = 5.1 N/m 


du\ 
■-V- T 
{dyJv 


= 0.85 x 0 = 0. Ans. 


Problem 1.16 A Newtonian fluid is filled in the clearance between a shaft and a concentric sleeve. 
The sleeve attains a speed of 50 cm/s, when a force of 40 N is applied to the sleeve parallel to the 
shaft. Determine the speed if a force of 200 N is applied. (A.M.I.E., Summer 1980) 

Solution. Given : Speed of sleeve, n, = 50 cm/s 
when force, F l = 40 N. 

Let speed of sleeve is u 2 when force, F 2 = 200 N. 

Using relation x = |i — x - 

d v 


Force F 

where x = Shear stress =-= — 

Area A 

du = Change of velocity = u - 0 = u 
dy = Clearance = _v 



«, u 2 

„ , . . , 40 200 

Substituting values, we get —=-- 

50 u 2 


50x200 



t .• A, n and y are constant} 


50 x 5 = 250 cm/s. Ans. 


Problem 1.17 A 15 cm diameter vertical cylinder rotates concentrically inside another cylinder of 
diameter 15.10 cm. Both cylinders are 25 cm high. The space between the cylinders is filled with a 
liquid whose viscosity is unknown. If a torque of 12.0 Nm is required to rotate the inner cylinder at 
WO r.p.m., determine the viscosiry of the fluid. (A.M.I.E., Winter 1979) 

Solution. Given : 

Diameter of cylinder = 15 cm = 0.15 m 

Dia. of outer cylinder = 15.10 cm = 0.151 m 

Length of cylinders, L = 25 cm = 0.25 m 

Torque, T = 12.0 Nm ■ sccmnsd by Fcthid 
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Speed, N - 

Let the viscosity = I 

Tangential velocity of cylinder, u = 

Surface area of cylinder, A =: 

Now using relation =; 


N = 100 r.p.m. 


71x0.15x100 


= 0.7854 m/s 


’ 60 60 
A = nD x L = TC x 0.15 x 0.25 = .1178 m~ 

du 

T = p — 
dy 


where du = u — 0 = u = .785/Lm/s 
0.151-0.150 


m= .0005 m 


p x .7854 


Shear force, 


F = Shear stress x Area = 


p x -7854 ^ .i 178 


Torque, 


T=Fx — 

2 

p x .7854 .15 

12.0 = “- x .1178 x — 

.0005 2 


12.0 x .0005 x2 
.7854x.l 178x .15 


= 0.864 N s/m 2 


= 0.864 x 10 = 8.64 poise. Ans. 

Problem 1.18 Two large plane surfaces are 2.4 cm apart. The space between the surfaces is filled 
with glycerine. What force is required to drag'avery thin plate of surface area 0.5 square metre 
between the two large p Fane surfaces at a speed of 0.6 m/s, if: 

(i) the thin plate is in the middle of the two plane surfaces, and . 

(U) the thin plate is at a distance of 0.8 cm fr om one of the plane surfaces ? Take the dynamic 

viscosity of glycerine = 8.10 x 1CT N s/m 2 . 

Solution. Given: 

Distance between two large surfaces = 2.4 cm * 

Area of thin plate, A = 0.5 m 2 1.2 cm 

Velocity of thin plate, u = 0.6 m/s 2.4 cm . ] *■ F 

Viscosity of glycerine, p = 8.10 x 10 1 N s/m 1.2 cm 

Case I. When the thin plate is in the middle of the two plane T T _—— 

surfaces [Refer to Fig. 1.7 (a)] 

Let F, = Shear force on the upper side of the thin plate Fig. 1.7 ( a ) 

F 2 = Shear force on the lower side of the thin plate 
F = Total force required to drag the plate 
Then F=F l + F 2 

The shear stress (t 2 ) on the upper side of the thin plate is given by equation, 
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V 'R 

where du = Relative velocity between thin plate and upper large plane surface 
= 0.6 m/sec 

dy = Distance between thin plate and upper large plane surface 

— 1.2 cm = 0.012 m (plate is a thin one and hence thickness of plate is neglected) 


t, = 8.10 X 10' 


= 40.5 N/m 2 


Now shear force, F, = Shear stress x Area 

= T, x A = 40.5 x 0.5 = 20.25 N 

Similarly shear stress (t 2 ) on the lower side of the thin plate is given by 


t 2 = |i[^—I = 8.10x10' 


= 40.5 N/m 2 


.-. Shear force^>-^ F, = t, x A = 40.5 x 0.5 = 20.25 N 

F = F, + F, = 20.25 + 20.25 = 40.5 N. Ans. 
the thin plate is at a distance of 0.8 cm from one of 

the plane surfaces [Refer to Fig. 1.7 (&)]. -— 

Let the thin plate is a distance 0.8 cm from the lower plane surface. 

Then distance of the plate from the upper plane surface 

= 2.4 - 0.8 = 1.6 cm = .016 m 2 4 a 

(Neglecting thickness of the plate) 

The shear force on the upper side of the thin plate, _i_ 

F, = Shear stress x Area = t, x A 


du) . 

— x A = 8.10 x 10' x 

d >'), 


The shear force on the lower side of the thin plate, 

F, = T 2 x A = (t {~T~\ 


Fig. 1.7 (b) 


x 0.5 =45.18 N. 


= 8.10 x 10' 1 x 


0.6 

0.8/100 


x 0.5 = 30.36 N 


••• Total force required = F, + F 2 = 15.18 + 30.36 = 45.54 N. Ans. 

Problem 1.19 A vertical gap 2.2 cm wide of infinite extent contains a fluid of viscosity 2.0 N s/m 2 
■ nd specific gravity 0.9. A metallic plate 1.2 m x 1.2 m x 0.2 cm is to be lifted up with a constant 
velocity ofO. 15 m/sec. through the gap. If the plate is in the middle of the gap. find the force required. 
The weight of the plate is 40 N. 

Solution. Given: 

Width of gap = 2.2 cm, viscosity, p = 2.0 N s/m 2 

Sq. gr. of fluid =0.9 i 
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/. Weight density of fluid 

= 0.9 x 1000 = 900 kgf/m 3 = 900 x 9.81 N/m 3 
(v 1 kgf = 9.81 N) 

Volume of plate = 1.2 m x 1.2 m x 0.2 cm 

= 1.2 x 1.2 x .002 m 3 = .00288 m 3 
Thickness of plate = 0.2 cm 
Velocity <?f plate = 0.15 m/sec 

Weight of plate = 40 N. 

When plate is in the middle of the gap, the distance of the plate 
of plate from vertical surface, of the gap 

_ j' Width of gap-Thickness of plate j 


1.0 1.0 

cm cm 


Fig. 1.8 


( 2 . 2 - 0 . 2 ) 


= 1 cm = .01 m. 


Now the shear force on the left side of the metallic plate, 


F, = Shear stress x Area 

= uf— | xArea = 2.0xf— lx 1.2x 1.2N 

U-vJ, l -01 


= 43.2 N. 

Similarly, the shear force on the right side of the metallic plate, 


F 2 = Shear stress x Area = 2.0 


( 0.15 

x - 

v 01 


(v Area = 1.2 x 1.2 m ) 


x 1.2 x 1.2 = 43.2 N 


Total shear force =F,+F 2 = 43.2+ 43.2 = 86.4 N. 

In this case the weight of plate (which is acting vertically downward) and upward thrust is also to be 
taken into account. 

The upward thrust = Weight of fluid displaced 

= (Weight density of fluid) x Volume of fluid displaced 
= 9.81 x 900 x.00288 N 

(v Volume of fluid displaced = Volume of plate = .00288) 

= 25.43 N. 

The net force acting in the downward direction due to weight of the plate and upward thrust 

= Weight of plate - Upward thrust = 40 - 25.43 = 14.57 N 
Total force required to lift the plate up 

= Total shear force + 14.57 = 86.4 + 14.57 = 100.97 N. Ans. 

y\A THERMODYNAMIC PROPERTIES 

Fluids consist of liquids or gases. But gases are compressible fluids and hence thermodynamic prop¬ 
erties play an important role. With the change of pressure and temperature, the gases undergo large 
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18 Fluid Mechanics 

variation in density. The relationship between pressure (absolute), specific volume and temperature 
(absolute) of a gas is given by the equation of state as 


p V = RT or — =RT 
P 

where p = Absolute pressure of a gas in N/m 2 

V = Specific volume = — 

P 


/-...(1.5) 


R = Gas constant 
T = Absolute temperature in °K 
p = Density of a gas. 

1.4.1 Dimension of R. The gas constant, R, depends upon the particular gas. The dimension off? 
is obtained from equation (1.5) as 



(i) In MKS units 


R = 


kgf/m 2 _ kgf-m 

kg')-if " k S° K 

i?J K 


(ii) In SI units, p is expressed in Newton/m 2 or N/m 2 . 

N/m 2 N-m Joule 


R = 


kg. x K kg-K kg-K 


[Joule = N-m] 


kg-K 

For air, R in MKS = 29.3 

kg°-K 

R in SI = 29.3 x 9.81 = 287 —— 

kg°K kg-K 

1.4.2 Isothermal Process. If the changes in density occurs at constant temperature, then the 
process is called isothermal and relationship between pressure ( p) and density (p) is given by 


— = Constant ...(1.6) 

P 

1.4.3 Adiabatic Process. If the change in density occurs with no heat exchange to and from the 
gas, the process is called adiabatic. And if no heat is generated within the gas due to friction, die 
relationship between pressure and density is given by 

~4- = Constant ...(1.7) 

p* 

where k = Ratio ot specific heat of a gas at constant pressure and constant volume. 

= 1.4 for air. - \ 
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1.4-4 Universal Gas Constant. 


! 


! 


}. 

i 


Let m = Mass of a gas in kg 

V = Volume of gas of mass m 
p = Absolute pressure 

T = Absolute temperature 

Then, wehave p\/ = mRT ...(1.8) 

where R = Gas constant. 

Equation (1.8) can be made universal, i.e., applicable to all gases if it is expressed in mole-basis. 
Let n = Number of moles in volume of a gas 

V = Volume of the gas 


M = 


Mass of the gas molecules 
Mass of a hydrogen atom 
m = Mass of a gas in kg 
Then, we have nxM = m. 

Substituting the value of m in equation (1.8), we get 

~ pV = nx.MxRT ...(1.9) 

kof-m 

The product/W x R is called universal gas constant and is equal to 848---in MKS units and 

kg-mole °K 

8314 J/kg-mole K in SI units. 

One kilogram mole is defined as the product of one kilogram mass of the gas and its molecular weight. 


Problem 1.20 A gas weighs 16 N/m 3 at 25°C and at an absolute pressure of 0.25 N/mm 2 . Deter¬ 
mine the gas constant and density of the gas. 


Solution. Given : 

Weight density, w = 16 N/m 2 

Temperature, t = 25°C 

T = 273 + t = 273 + 25 = 288°K 

p = 0.25 N/mm 2 (abs.) = 0.25 x 10 6 N/m 2 = 25 x 10 4 N/m 2 
(/) Using relation w = p g, density is obtained as 

W 16 „ „ , , 3 . 

p = — =- = 1.63 kg/m . Ans. 

8 9.81 

(if) Using equation (1.5), — =RT 

P 


p _ 25 x 10 4 
pT ~ 1.63x288 


532.55 


Nm 

kgK 


.Ans. 


Problem 1.21 A cylinder of 0.6 m 3 in volume contains air at 50°C and 0.3 N/mm 2 absolute pres¬ 
sure. The air is compressed to 0.3 m \ Find (i) pressure inside the cylinder assuming isothermal 
process and (ii) pressure and temperature assuming adiabatic process. Take k = 1.4. 

Solution. Given : . . 

Initial volume, V,=0.6rn 3 -»•- 
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20 Fluid Mechanics 


Temperature 

Pressure 
Final volume 

(i) Isothermal process: 
Using equation (1.6), 


/, = 50°C 


T, = 273 + 50 = 323°K 

Pi = 0.3 N/mm 2 = 0.3 x 10 6 N/m 2 = 30 x 10 4 N/m 2 
V 2 = 0.3 m 3 
A: = 1.4 


— = Constant or pV = Constant. 

P 

PiV, =p 2 V 2 

p,V, 30 x 10 4 x 0.6 . , , 

Pi = —— = —-—- = 0.6 x 10 6 N/m 2 = 0.6 N/mm 2 . Ans. 


(/'/') Adiabatic process : 

Using equation (1.7), ■— = Constant or p V* = Constant 

P 

PiVf = ftV 2 *- 

v* fofiY ' 4 

Pi ~P\r\ r =30x 10 4 x — = 30x 10 4 x2 

V 2 \0-3j 

= 0.791 x 10 6 N/m 2 = 0.791 N/mm 2 . Ans. 

For temperature, using equation (1.5), we get 

pV = RT and also p V* = Constant 

RT RT „ 

p = — and — x V = Constant 
V V 


RTV k 1 = Constant 
• TV* 1 = Constant 
T, V,*- 1 = T 2 V 2 _1 


{v R is also constant} 


7'2 = 7' l 


= 323 — = 323 x 2 0 ' 4 = 426.2°K 

0.3 


t 2 = 426.2 - 273 = 153.2°C. Ans. 

Problem 1.22 Calculate the pressure exerted by 5 kg of nitrogen gas at a temperature of 10°C if 
the volume is 0.4 in 3 . Molecular weight of nitrogen is 28. Assume, ideal gas laws are applicable. 

Solution. Given: 

Mass of nitrogen = 5 kg 

Temperature, f=10°C 

T = 273 + 10 = 283°K 
Volume of nitrogen, V = 0.4 m 3 

Molecular.wcight = 28 

Using equation (1.9), we have pV = nxMx RT 
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N-m 


I i 


where MxR = Universal gas constant = 8314 

kg-mole°K 

and one kg-mole = (kg-mass) x Molecular weight = (kg-mass) x 28 

, . 8314 . N-m 

R for nitrogen = = 296.9 


28 kg°K 

The gas laws for nitrogen is pV = mRT, where R = Characteristic gas constant 
p x 0.4 = 5 x 296.9 x 283 
5x296.9x283 



P- 


0.4 


= 1050283.7 N/m 2 = 1.05 N/mm 2 . Ans. 


MPRESSIBILITy AND BULK MODULUS 


Compressibility is the reciprocal of the bulk modulus o f 
elasticity, K which is defined as the ratio of compressive stress 


V—► 
- dV _ 


Consider a cylinder fitted with a piston as shown in Fig. 1.9. 
Let V = Volume of a gas enclosed in the cylinder 
p = Pressure of gas when volume is V 
Let the pressure is increased top + dp, the volume of gas 
decreases from V to V - d\f. 

Then increase in pressure = dp kgf/m 2 
Decrease in volume = d V 

_ dV 
V 

- ve sign means the volume decreases with increase of pressure. 

Increase of pressure 

A = - 

Volumetric strain 
dp —dp 


1 1 1 


PISTON 






i 

1 1 

1 I 




CYLINDER 


Fig. 1.9 


Volumetric strain 


Bulk modulus 


-dV 


Coijjpfessibility is given by = 


...( 1 . 10 ) 


...( 1 . 11 ) 


lationship between Bulk Modulus (K) and Pressure (p) for a Gas 

The relationship between bulk modulus of elasticity ( K) and pressure for a gas for two different 
processes of compression are as : 

(i) For Isothermal Process. Equation (1.6) gives the relationship between pressure (p) and density 
(p) of a gas as 

— = Constant 
P 
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22 Fluid Mechanics 


pV = Constant 

Differentiating this equation, we get (p and V both are variables) 

-Vdt 

pdV + Vdp = 0 or pdN = - Vdp or p = -— 

dV 

Substituting this value in equation (1.10). we get 

K-p 

(ii) For Adiabatic Process. Using equation (1.7) for adiabatic process 
~ = Constant or p V 2 ' = Constant 


V = — 
P 


...( 1 . 12 ) 


Differentiating, we get pd(\/ k ) + V*(dp) = 0 
pxl-xV w dV + V*dp = 0 
pkd\f + Vdp = 0 


[Cancelling V* 1 to both sides] 


pfcdV = - Vdp or pk = - 


Hence from equation (1.10), we have 

K = pk ...(1.13) 

where K = Bulk mo iulus and k = Ratio of specific heats. 

Problem 1.23 Deu mine the bulk modulus of elasticity of a liquid, if the pressure of the liquid is 
increased from 70 N/cm 2 to 130 N/cm 2 . The volume of the liquid decreases by 0.15 per cent. 

Solution. Given : 

Initial pressure = 70 N/cm 2 

Final pressure = 130 N/cm 2 

.•. dp - Increase in pressure = 130 — 70 = 60 N/cm 2 

Decrease in volume =0.15% 

_ dV _ 0.15 

~ ”v~ -+ 100 

Bulk modulus, K is given by equation (1.10) as 

dp 60 N/cm 2 60x100 m 4 xr/ 2 A 

K = —t rr- =-r?-=- = 4 x 10 N/cm . Ans. 

dV . _35^ .15 

“V ioo 

Problem 1.24 What is the bulk modulus of elasticity of a liquid which is compressed in a cylinder 
from a volume of 0.0125 m 3 at 80 N/cm 2 pressure to a volume of 0.0124 m 3 at 150 N/cm 2 pressure ? 
Solution. Given : 

Initial volume, V = 0.0125 m 3 

Final volume = 0.0124 m 3 

.•. Decrease in volume. dV = .0125 - .0124 = .0001 m 3 
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d oes experience a resultant downward force. A ll die molecules 
on the free surface experience a downward forcelThus the tree 


Fig. 1.10 Surface tension. 


i suftace ot tnc ijquia acts like a very thin film under tension of the surface of the liquid act as though it is 
1 an-cfaspc'lftembrance under tension. J 

I J^-^Surface Tension on Liquid Droplet. Consider a small spherical droplet of a liquid of 
-radius *r\ On the entire surface of the droplet, the tensile force due to surface tension will be ^ctin^ 
Let o - Su rface tension of the liq uid 

Pressure intensity inside the droplet (in excess of the outside pressure intensity) 
d = Dia. of droplet. 

Let the droplet is cut into two halves. The forces acting on one half (say left half) will be 
(0 tensile force due to surface tension acting around the circumference of the cut portion as show n in 
Fig. 1.11 ( b) and this is equal to 

= a x Circumference 
= oxnd 


direction. The molecule C, situated on the free surface of liquid, 


v. V 


Properties of Fluids 


dV _ .0001 

V " .0125 

Initial pressure = 80 N/cm 2 

Final pressure =150 N/cm 2 

:. Increase in pressure, dp = (150 - 80) = 70 N/cm 2 

Bulk modulus is given by equation (1.10) as 


70 


= 70 x 125 N/cm 




= 8.75 x 10 3 N/cm 2 . Ans. 


'\ .6 SURFACE TENSION AND CAPILLARITY 


Surface tension is defined as th e tensile force acting on the surface of a liquid in contact with a gas or 
l thTsurface between two immiscible liquids such that the contact surface behaves like aTnembrance I 


on the surface between two immiscible liquids such that the contact surface behaves like ajprembrance | 
undeFtension) The magnitude of this force per unit length of the free surface will have the same value as 
tfTe surface energy per unit area. It is denoted by Greek letter O (called sigma). In MKS un its, it is 
expressed as kgf/m while in SI units as N/m. . 

The phenomenon of surface tension is explained by FREE surface 

Fig. 1.10. Consider three moleculesA, S. C of a liquid in a mass _ / 

of liquid. The molecule A is attracted in all directions equally ==V/T\‘ f" ]'' \t/' , g ~=~=~ 
by the surrounding molecules of the liquid. Thus the resultant 
force acting on the molecule A is zer o. But (he molecule B, 
which is situated near the free surface, is acted upon by upw ard 
and downward forces which are unbalanced. T hus a net 
resultant force on molecule B is acting in the downward 
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24 Fluid Mechanics 


N 


(/7) pressure force on the area ~ d 1 and =px^d 2 as shown 

in Fig. 1.11 (c). These two forces will be equal and opposite 
under equilibrium conditions, i.e., 

71 ,2 

P x — d~ = axnd 
4 



(a) DROPLET (b) SURFACE TENSION 


or 



-..(1.14) 



_ P 


(c) PRESSURE FORCES 


Equation (1.14) shows that Wlhe decrease of diameter of p- ,7, ' 7"''""™° 
the droplet, pressure intensity inside the droplet increases. ' 8 ' ” °" dro P kt ‘ 

surfaces^in "conta^wkh 0 air° one htside^aiuTother ou tside^Th bUbWC Uke * SQ8p ifl air has two 

tension. In such case, we hale tS,de ‘ ThUS tW ° surfaces » objected to surface 

P x J d2 = 2 x (o x nd) 


P = 


_ loud 8ct 


*d 2 
4 


d ...(1.15) 

shown in Fig. nS '° n ° n 3 L ' qU ' d Conslder a liquid jet of diameter V and length *L’ as 

Letp = Pressure intensity inside the liquid jet above the outside pressure 
<J = Surface tension of the liquid. pressure 

Consider the equilibrium of the semi jet, we have 
Force due to pressure = px area of semi jet 

' = pxLxd - . 

rorce due to surface tension =ax2L. T L 

Equating the forces, we have 

pxLxd=ax2L 
ctx2 L 



P = 


Lxd 


...(1.16) 



d 

- - (a) (t>r 

Problem 1.25 The surface tpn ■ --Sfc-LI? Forces on liquid jet. 

-» ***«*»,/«Lrssc“v m " c & a ° 725 ** iv 

of she drople, cf wo,er. * ' hm "" *»»««■ CaladMutf 

Solution. Given : 

Surface tension, o = 0.0725 N/m 

Pressure intensity, p in excess of outside pressure is - 


Let 


t 


P - 0.02 N/cm 2 = 0.02 x 10 4 
d = dia. of the droplet 


N 


m 
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Using equation (1.14), we get p = 


_ . 4x0.0725 

or 0.02 x 10 4 =--- 


d 

4 x 0.0725 


= .00145 m = .00145 x 1000 = 1.45 mm. Ans. 


0.02 x(10) 4 

Problem 1.26 Find the surface tension in a soap bubble of 40 mm diameter when the inside 
pressure is 2.5 N/m 2 above atmospheric pressure. 

Solution. Given : 

Dia. of bubble, d — 40 mm = 40 x 10 3 m 

Pressure in excess of outside, p = 2.5 N/m 2 
For a soap bubble, using equation (1.15), we get 


8 o 

p = — or 2.5 = 
d 


40x10“ 


2.5x40x10“ 


N/m = 0.0125 N/m. Ans. 


Problem 1.27 The pressure outside the droplet of water of diameter 0.04 mm is 10.32 N/cm 
(atmospheric pressure). Calculate the pressure within the droplet if surface tension is given as 
0:0725 N/m of water. 

Solution. Given: 

Dia. of droplet, d = 0.04 mm = .04 x 10’ 3 m 

Pressure outside the droplet = 10.32 N/cm 2 = 10.32 x 10lN/m“ 

Surface tension, c = 0.0725 N/m -— - -- _. 

The pressure inside the droplet, in excess of outside pressure is given by equation (1.14) 

4o 4x0.0725 __„ M# 2 7250N 

or p =— =-=■ =7250 N/m =—-. -=- = 0.725 N/cm 

y d .04 x 10“ 3 10 4 cm 2 

.-. Pressure inside the droplet =p + Pressure outside the droplet 
// =0.725+ 10.32 = 11.045 N/cm 2 . Ans. 

Capillarity. ^Capillarity is defined as a phenome non of rise or fall of a liquid su rface in a 
smalPTUliL icluli+e to the adjacent general level of liquid when the tube is he ld vertically in the liquid. 
The rise of l iquid, surface is known as capillary rise while the fall of the liquid surface is known as 
capillary depression) It is expressed in terms of cm or mm of liquid^ 0 0 

value depends upon the s pecific weight of the liq uid , diameter of th e \J 


.-. Pi 


iTi i * rW-1 Chi m W 11* 


irgiramnriiM 




pression for Capillary Rise. Consider a glass tube of small 
diameter 'd' opened at both ends and is inserted in a liquid, say water. 
The liquid will rise in the tube above the level of the liquid. 

Let h = height of the li quid in the tube. Under a state of equilibrium, 
the weight of liquid of height h is balanced by the force at the surface of 







Qe t o surface tension - : - : -; 

TeTq = Surface tension of liquid 

8 = Angle of co ntact between liquid and t 
The weight of liquid of height h in the tube = 


Fig. 1.13 Capillary rise. 


rea of tube x /i) x p x s $ anne( j fry p a hid 
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...( 1 . 17 ) 


...(1.19) 


= — d 2 xhxpxg 

where p = Density of liquid 

Vertical component of the surface tensile force 

= (a x Cir cumferen ce) x cos 0 

= axjtdxcos0 ' ...(1.18) 

^✓^ojxtfjullibrium, equating (1.17) and (1.18), we get 

K 

— d x/ixpxg = axjrdxcos0 
4 

. a x nd x cos 0 4 a cos 0 

or -=-7 ....(1.19) 

Vxpxg px * x <* 

The value of 0 between water and clean glass tube is approximately equal to zero and hence cos 0 is 
equal to unity. Then rise of water is given by 

u 40 

h= ' pxgxd ...( 1 . 20 ) 

Expression for Capillary Fall. If the glass tube is dipped in mercury, the level of mercury in the tube 

will be lower than the general level of the outside liquid as shown in Fig. 1.14. '-- 

Let h = Height of depression in tube. 

Then in equilibrium, two forces arc acting on the mercury inside the tube. First one is due to surface 

te nsion acting in the downwanTclirection and is equal to o x nd x cos 6.-— 

Second force is due to hydr ostatic forc e acting upward and is equal to intensity of pressure at a depth 
'h' x Area - --f? - -=--- — 


= P* 7^ 2 = p s x * x 7 d 2 {■; p = pgh) 


Equating the two, we get 


axxdx cos 0 = p gh x — d 2 
4 

, 4a cos 0 


..( 1 . 21 ) 


Value of 0 for mercury and glass tube is 128^ 



MERCURY 
Fig. 1.14 . 


Problem 1.28 Calculate the capillary rise in a glass tube of 2.5 mm diameter when immersed 
vertically in (a) water and (b) mercury. Take surface tensions a = 0.0725 N/mfor water and a = 0.52 N/m 
f~ r ]30° CUry ^ CO>HaC ‘ witflair - The s P eci fi c gravity for mercury is given as 13.6 and angle of contact 

Solution. Given : • 

Dia. of tube, d = 2.5 mm = 2.5-x 10~ 3 m 

Surface tenstion, a for water =0.0725 TJ/m 
a for mercury = 0.52 N/in 

Sp. gr. of mercury =13.6 
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Density = 13.6 x 1000 kg/m 3 . 

(a) Capillary rise for water (0 = 0) 

4a 4x0.0725 

Using equation (1.20), we get h =-=-= 

pXgxd 1000 x 9.81 x 2.5 x 10 -3 

= .0118 m = 1.18 cm. Ans. 

( b ) For mercury 

Angle of constant between mercury and glass tube, 0 = 130° 

lT . . ,, 4acos0 4x0.52xcos 130° 

Using equation (1.21), we get h =-= --*- T 

p xgxd 13.6 x 1000 x 9.81 x 2.5 x 10~ 3 

= -.004 m = - 0.4 cm. Ans. 

The negative sign indicates the capillary depression. 


Using equation (1.21), we get h = 


Problem 1.29 Calculate the capillary effect in millimetres in a glass tube of 4 mm diameter, when 
immersed in (i) water, and (ii) mercury. The temperature of the liquid is 20°C and the values of the 
surface tension of water and mercury at 20°C in contact with air are 0.073575 N/m and 0.51 N/m 
respectively. The angle of contact for water is zero that for mercury 1.30°. Take density of water at 
20°C as equal to 998 kg/m 3 . (U.P.S.C. Engg. Exam., 1974) 

Solution. Given: 

Diaoftube, d-4 mm = 4 x 10 3 m 

The capillary effect (i.e.. capillary rise or depression) is given by equation (1.20) as 

_ 4acos0 
~Pxgxrf 

where a = surface tenstion in kgf/m 

0 = angle of contact, and p = density 
(0 Capillary effect for water 

• a = 0.073575 N/m, 0 = 0° 
p = 998 kg/m 3 at 20°C 

, 4x0.073575xcos0° ...3 ' , . 

h = -- =7.51 x 10 m = 7.51 mm. Ans. 

998 x 9.81 x4xl0' 3 
(ii) Capillary effect for mercury - 

0 = 0.51 N/m, 0=130° and 
p = sp. gr. x 1000 = 13.6 x 1000 = 13600 kg/m 2 

, 4x031 xcos 130° „ ., , n _3 „ , 

h =-- = - 2.46 x 10 m = - 2.46 mm. Ans. 

13600 x 9.81 x 4 x 10' 3 

The negative sign indicates the capillary depression. 

Problem 1.30. The capillary rise in the glass tube is not to exceed 0.2 mm of water. Determine its 
minimum size, given that surface tension for water in contact with air = 0.0725 N/m. 

Solution. Given : 

Capillary rise, h = 0.2 mm = 0.2 x 10 3 m 


Capillary rise. 
Surface tension. 


o = 0.0725 N/m 
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Let dia. of tube = d 

The angle 0 for water = 0 

Density (p) for water = 1000 kg/m 

Using equation (1.20), we get 

4ct 


h = —or 0.2 x 10-3 = - 4 * 0 - 0725 
pxgxd 1000 x 9.81 xd 


4 x 0,0725 

1000 x 9.81 x.2x10' 


= 0.148 m = 14.8 cm. Ans. 


Thus minimum diameter of the tube should be 14.8 cm. 

Problem 1.31 Find out the minimum size of glass tube that can be used to measure water level if 
the capillary >ise in the tube is to be restricted to 2 mm. Consider surface tension of water in contact 
with air as 0.073575 N/m. (Converted to SI Units, A.M.I.E., Summer 1985) 

Solution. Given: 

Capillary rise, h = 2.0 mm = 2.0 x 10' 3 m 

Surface tension, a = 0.073575 N/m 

Let dia. of tube = d 

The angle 0 for water = 0 

The density for water, p = 1000 kg/m 3 


Using equation (1.20), we get 


h = _ or 2 .o x 10 -3 = _1^073575_ 

pxgxrf 1000 x 9.81 x d 


4x0.073575 

“ ~ tt: —“ — — j - 0.015 m = 1.5 cm. Ans. 

1000x9.81x2x10 3 

Thus minimum diameter of the tube should be 1,5.cm. 

Problem 1.32 An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve..The 
diameter of the shaft is 0.5 m and it rotates at 200 r.p.m. Calculate the power lost in oil for a slteve 
length of 100 mm. The thickness of oil film is 1.0 mm. [Delhi University, December,-1992 (NS)] 

Solution. Given: 

Viscosity, p = 5 poise 


Viscosity, 


Dia. of shaft. 

Speed of shaft. 
Sleeve length. 
Thickness of oil film. 


= — = 0.5 N s/m 2 
10 

Q = 0.5 m 
N = 200 r.p.m. 

L = 100 mm = 100 x 10" 3 m = 0. l m 
t = 1.0 mm = 1 x 10' 3 m 


Tangential velocity of shaft, u = 


7t x 0.5 x 200 


= 5.235 m/s 


Using the relation. 


du 

x = ii~ 
dy 


scanned by Fahid 

PDF created by AAZSwapnil 






v f- ■-> . '• . - K’ - •- * 


where, du = Change of velocity = u-0 = u = 5.235 m/s 
dy = Change of distance = t = 1 x 1CT 3 m 

05x5235 


= 2617.5 N/nri 


This is the shear stress on the shaft 

Shear force on the shaft, F= Shear stress x Area = 2617.5 xnDxL (v Area = nD x L) 

= 2617.5 x 7t x 0.5 x 0.1 = 410.95 N 


Torque on the shaft, 


7"= Force x — = 410.95 x — = 102.74 Nm 
2 2 



2tcN 

Power* lost = T x co Watts = T x W 

60 

= 102.74 x 271X2 - — = 2150 W = 2.15 kW. Ans. 

60 

►y/ VAPOUR PRESSURE AND CAVITATION 

A change from the liquid state to the gaseous state is known as vaporization. The vaporization (which 
depends upon the prevailing pressure and temperature condition) occurs because of continuous escaping 
of the molecules through the free liquid surface. 

Consider a liquid (say water) which is confined in a closed vessel. Let the temperature of liquid is 
20~C and pressure is atmospheric. This liquid will vaporise at lOCrC. When vaporization takes place, 
the molecules escapes from the free surface of the liquid. These vapour molecules get accumulated in the 
space between the free liquid surface and top of the vessel. These accumulated vapours exert a pressure 
on the liquid surface. This pressure is known as vapour pressure of the liquid. Or this is the pressure at 
which the liquid is converted into vapours. 

Again consider the same liquid at 20°C at atmospheric pressure in the closed vessel. If the pressure 
above the liquid surface is reduced by some means, the boiling temperature will also reduce. If the 
pressure is reduced to such an extent that it becomes equal to or less than the vapour pressure, the 
boiling of the liquid will start, though the temperature of the liquid is 20°C. Thus a liquid may boil even 
at ordinary temperature, if the pressure above the liquid surface is reduced so as to be equal or less than 
the vapour pressure of the liquid at that temperature. 

Now consider a flowing liquid in a system. If the pressure at any point in this flowing liquid becomes 
equal to or less than the vapour pressure, the vaporization of the liquid starts. The bubbles of these 
vapours are carried by the flowing liquid into the region of high pressure where they collapse, giving rise 
to high impact pressure. The pressure developed by the collapsing bubbles is so high that the material 
from the adjoining boundaries gets eroded and cavities are formed on them. This phenomenon is known 
as cavitation. 

Hence the cavitation is the phenomenon of formation of vapour bubbles of a flowing liquid in a region 
where the pressure of the liquid falls below the vapour pressure and sudden collapsing of these vapour 
bubbles in a region of higher pressure. When the vapour bubbles collapse, a very high pressure is 
created. The metallic surfaces, above which the liquid is flowing, is subjected to these high pressures, 
which cause pitting action on the surface. Thus cavities are formed on the metallic surface and hence the 
name is cavitation. 

2kNT 2nNT 2tiN 

* Power in case of S.I. Unit = Txm or-—Watts or——kW. The angular velocity to = —. 

60 60,000 , , „ , W 
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HIGHLIGHTS 

1. The weight density or specific weight of a fluid is equal to weight per unit volume. It is also equal to, 

h> = p x g. 

2. Specific volume is the reciprocal of mass density. 

3. The shear stress is proportional to the velocity gradient —. Mathematically, t. = (i — 

dy dy 

4. Kinematic viscosity v is given by v = — . 

P 

5. Poise and stokes are the units of viscosity and kinematic viscosity respectively. 

6. To convert the unit of viscosity from poise to MKS units, poise should be divided by 98.1 and to convert 
poise into SI units, the poise should be divided by 10. SI unit of viscosity is Ns/m 2 or Pa s, where N/m 2 
= Pa = Pascal. 

7. For a perfect gas, the equation of state is — = RT 

P 

where R = gas constant and for air = 29.3 = 287 J/ke °K 

kg°K 6 

8. For isothermal process, — = Constant whereas for adiabatic process, -A- = constant. 

P p* 

9. Bulk modulus of elasticity is given as K = _ . , 


r dv; ■ 

tV , 


10. Compressibility is the reciprocal of bulk modulus of elasticity or = —. 

11. Surface tension is expressed in N/m or dyne/cm. The relation between surface tension (a) and difference 

of pressure (p) between the inside and outside of a liquid drop is given as p = — 

d 

8 ct ; • ; - 

• For a soap bubble, p = — . 


For a liquid jet, p = - t —. 

d 

12. Capillary rise or fall of a liquid is given by h = 


4ctcos0 


The value of 0 for water is taken equal to zero and for mercury equal to 128°. 


EXERCISE 1 


(A) THEORETICAL PROBLEMS 

1- Define the following fluid properties : 

Density, weight density, specific volume and specific gravity of a fluid. 

2. Differentiate between : (0 Liquids and gases, (if) Real fluids and ideal fluids, (m) Specific weight and 
specific volume of a fluid. 

3- What is the difference 'between dynamic viscosity and kinematic viscosity ? State their units of 


measurements. 
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Properties of Fluids 31 

4. Explain the terms : (i) Dynamic viscosity, and (ii) Kinematic viscosity. Give their dimensions. 

(A.M.I.E., Summer 1988 ) 

5. State the Newton’s law of viscosity and give examples of its application. ( Delhi University, June 1996) 

6. Enunciate Newton’s law of viscosity. Explain the importance of viscosity in fluid motion. What is the 

effect of temperature on viscosity of water and that of air? ( A.M.I.E., Winter 1987) 

7. Define Newtonian and Non-Newtonian fluids. 

8. What do you understand by terms : (i) Isothermal process, (ii) Adiabatic process, and (Hi) Universal-gas 
constant. 

9. Define compressibility. Prove that compressibility for a perfect gas undergoing isothermal compression is 

1 ... .1 
— while for a perfect gas undergoing lsentropic compression is —. 

p wp 

10. Define surface tension. Prove that the relationship between surface tension and pressure inside a droplet of 

■ • . 40 

liquid in excess of outside pressure is given by p = —j~. 

11. Explain the phenomenon of capillarity. Obtain an expression for capillary rise of a liquid. 

12. (a) Distinguish between ideal fluids and real fluids. Explain the importance of compressibility in fluid 

fl ow " (A.M.I.E., Summer 1988) 

(b) Define the terms : density, specific volume, specific gravity, vacuum pressure, compressible and in¬ 
compressible fluids. (R.G.P. Vishwavidyalaya, Bhopal S 2002) 

13. Define and explain Newton’s law of viscosity. (Delhi University, April 1992) 

14. Convert 1 kg/s-m dynamic viscosity in poise. (A.M.I.E., Winter 1991) 

15. Why does the viscosity of a gas increases with the increase in temperature while that of a liquid decreases 

with increase in temperature ? (A.M.I.E.. Winter 1990) 

16. (a) How does viscosity of a fluid vary with temperature ? 

(b) Cite examples where surface tension effects play a prominent role. ( J.N.T.U., Hyderabad S 2002) 

17. (/) Develop the expression for the relation between gauge pressure P inside a droplet of liquid and the 
surface tension. 

(ii) Explain the following : 

Newtonian and Non-Newtonian fluids, vapour pressure, and compressibility. (R.G.P.V., Bhopal S 2001) 


(B) NUMERICAL PROBLEMS 

1. One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity. 

(A.M.I.E., Summer 1986) [Ans. 9600 N/m\ 978.6 kg/m 3 , 0.978] 

3 

2. The velocity distribution for flow over a flat plate is given by u = — y-y , where u is the point velocity 

in metre per second at a distance y metre above the plate. Determine the shear stress at y = 9 cm. Assume 
dynamic viscosity as 8 poise. (Nagpur University) [Ans. 0.839 N/m ] 

3. A plate, 0.025 mm distant form a fixed plate, moves at 50 cm/s and requires a force of 1.471 N/m to 
maintain this speed. Determine the fluid viscosity between the plates in the poise. [Ans. 7.357 x 10 ] 

4. Determine the intensity of shear of an oil having viscosity = 1.2 poise and is used for lubrication in the 

clearance between a 10 cm diameter shaft and its journal bearing. The clearance is 1.0 mm and shaft 
rotates at 200 r.p.m. [Ans. 125.56 N/m ] 

5. Two plates are placed at a distance of 0.15 mm apart. The lower plate is fixed while the upper plate having 

surface area 1.0 m 2 is pulled at 0.3 m/s. Find the force and power required to maintain this speed, if the 
fluid separating them is having viscosity 1.5 poise. [Ans. 300 N, 89.8 W] 

6 . An oil film of thickness 1.5 mm is used for lubrication between a square plate of size 0.9 m x 0.9 m and an 

inclined plane having an angle of inclination 20°. The weight of the square is 392.4 N and it slides dow n 
the plane with a uniform velocity of 0.2 m/s. Find the dynamic viscosity onhe^oif P°' se ^ 
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7. In a stream of glycerine in motion, at a certain point the velocity gradient is 0.25 metre per sec per metre. 

The mass density of fluid is 1268.4 kg per cubic metre and kinematic viscosity is 6.30 x 10 -4 square metre 
per second. Calculate the shear stress at the point. (U.P.S.C., 1975) [Ans. 0.2 N/m 2 ] 

8 . Find the kinematic viscosity of an oil having density 980 kg/rrr when at a certain point in the oil, the shear 


stress is 0.25 N/nT and velocity gradient 0.3/s. 


Ans. 0.000849 —- or 8.49 stokes 
sec 


9. Determine the specific gravity of a fluid having viscosity 0.07 poise and kinematic viscosity 0.042 stokes. 

[Ans. 1.667] 

10. Determine the viscosity of a liquid having kinematic viscosity 6 stokes and specific gravity 2.0. 

[Ans. 11.99 poise] 

l 1 - If thc velocity distribution of a fluid over a plate is given by u = (3/4)y -y 2 , where u is the velocity in metre 
per second at a distance of v metres above the plate, determine the shear stress at y = 0.15 metre. Take 
dynamic viscosity of the fluid as 8.5 x 10~ 5 kg-sec/nr. ( A.M.I.E., Winter 1974) [Ans. 3.825 x 10“ 5 kgf/m 2 ] 

12. An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve. The diameter of shaft is*0.5 m 

and it rotates at 200 r.p.m. Calculate the power lost in the oil for a sleeve length of 100 mm. The thickness 
of the oil film is 1.0 mm. ~ [Ans. 2.15 kW] 

13. The velocity distribution over a plate is given by u = ^ y - y 2 in which it is the velocity in m/sec at a 

distance of y m abov e the plate. Determine the shear stress at y = 0, 0.1 and 0.2 m. Take p = 6 poise. 

[Ans. 0.4, 6.028 and 0.159 N/m 2 ] 

14. In question 13, find the distance in metres above the plate, at which the shear stress is zero. 

[Ans. 0.333 m] 

15. The velocity profile of a viscous fluid over a plate is paracolic with vertex 20 cm from the plate, where the 
velocity is 120 cm/s. Calculate the velocity gradient and shear stress at distances of 0,5 and 15 cm from the 
plate, given the viscosity of the fluid = 6 poise.[Ans. 12/s, 7.18 N/m 2 ; 9/s, 5.385 N/m 2 ; 3/s, 1.795 N/m 2 ] 

16. The weight of a gas is given as 17.658 N/m 3 at 30 C C and at an absolute pressure of 29.43 N/cm 2 . Deter¬ 


mine the gas constant and also the density of the gas. 


1.8 kg 539.55 N-m 


T7. A cylinder of 0.9 m in volume contains air at 0°C and 39.24 N/cm 2 absolute pressure. The air is com¬ 
pressed to 0.45 m 3 . Find (!) the pressure inside the cylinder assuming isothermal process, (if) pressure and 
temperature assuming adiabatic process. Take k = 1.4 for air. 

[Ans. (i) 78.48 N/cm 2 , (if) 103.5 N/m 2 , 140°C] 

18. Calculate the pressure exerted by 4 kg mass of nitrogen gas at a temperature of 15°C if the volume is 0.35 m 3 . 

Molecular weight of nitrogen is 28. [Ans. 97.8 N/cm 2 ] 

19. The pressure of a liquid is increased from 60 N/cm 2 to 100 N/cm 2 and volume decreases by 0.2 per cent. 

Determine the bulk modulus of elasticity. [Ans. 2x10* N/cm 2 ] 

20. Determine the bulk modulus of elasticity of a fluid which is compressed in a cylinder from a volume of 
0.009 m 3 at 70 N/cm 2 pressure to a volume of 0.0085 m 3 at 270 N/cm 2 pressure. [Ans. 3.6 x I0 3 N/cm 2 ] 

21. The surface tension of water in contact with air at 20 C C is given as 0.0716 N/m. The pressure inside a 
droplet of water is to be 0.0147 N/cm 2 greater than the outside pressure, calculate the diameter of the 

„ droplet of water. [Ans. 1.94 mm] 

... Find the surface tension in a soap bubble of 30 mm diameter when the inside pressure is 1.962 N/m 2 above 


atmosphere. 


[Ans. 0.00735 N/m] 


23. The surface tension of water in contact with air is given as 0.0725 N/m. The pressure outside the droplet of 
water of diameter 0.02 mm is atmospheric (lO- 32 ^^-^ . Calculate the pressure within the droplet of 


[Ans. 1 F.77 N/cm 2 ] , 
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24. Calculate the capillary rise in a glass tube of 3.0 mm diameter when immersed vertically in ( a ) water, and 

(b) mercury. Take surface tensions for mercury and water as 0.0725 N/m and 0.52 N/m respectively in 
contact with air. Specific gravity for mercury is given as 13.6. [Ans. 0.966 cm, 0.3275 cm] 

25. The capillary rise in the glass tube used for measuring water level is not to exceed 0.5 mm. Determine its 
minimum size, given that surface tension for water in contact with air = 0.07112 N/m. [Ans. 5.8 cm] 

26. (SI Units). One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity. 

0 Convened to SI units, A.M.I.E., Summer 1986) [Ans. 9600 N/m 3 ; 979.6 kg/m 3 ; 0.9786] 

27. (SI Units). A piston 796 mm diameter and 200 mm long works in a cylinder of 800 mm diameter. If the 
annular space is filled with a lubricating oil of viscosity 5 cp (centi-poise), calculate the speed of descent of 
the piston in vertical position. The weight of the piston and axial load are 9.81 N. [Ans. 7.84 m/s] 

28. (SI Units). Find the capillary' rise of water in a tube 0.03 cm diameter. The surface tension of water is 

0.0735 N/m. [Ans. 9.99 cm] 

29. Calculate the specific weight, density and specific gravity of two litres of a liquid which weight 15 N. 

(Delhi University, April 1992) [Ans. 7500 N/m 3 , 764.5 kg/m 3 , 0.764] 

30. A 150 mm diameter vertical cylinder rotates concentrically inside another cylinder of diameter 151 mm. 
Both the cylinders are of 250 mm height. The space between the cylinders is filled with a liquid of viscosity 
10 poise. Determine the torque required to rotate the inner cylinder at 100 r.p.m. 

( Delhi University, April 1992) [Ans. 13.87 Nm] 

31. A shaft of diameter 120 mm is rotating inside a journal bearing of diameter 122 mm at a speed of 360 r.p.m. 
The space between the shaft and the bearing is filled with a lubricating oil of viscosity 6 poise. Find the 
power absorbed in oil if the length of bearing is 100 mm.(De//ii University, May 1998) [Ans. 115.73 W] 

32. A shaft of diameter 100 mm is rotating inside a journal bearing of diameter 102 mm at a space of 360 
r.p.m. The space between the shaft and bearing is filled with a lubricating oil of viscosity 5 poise. The 
length of the bearing is 200 mm. Find the power absorbed in the lubricating oil. 

( Delhi University, June 1996) [Ans. 111.58 W] 

33. Assuming that the bulk modulus of elasticity of water is 2.07 x 10 6 kN/m 2 at standard atmospheric 

conditions, determine the increase of pressure necessary to produce 1 % reduction in volume at the same 
temperature. (Delhi University, June 1997) 

[Hint. K = 2.07x 10 6 kN/m 2 ;——— = ——=0.01. 


Increase in pressure (dp) 


-"ffl 


: 2.07 x 10 6 x 0.01 = 2.07 x 10 4 kN/m 2 . Ans. 


34. A square plate of size I mx 1 m and weighing 350 N slides down an inclined plane with a uniform velocity 
of 1.5 m/s. The inclined plane is laid on a slope of 5 vertical to 12 horizontal and has an oil film of 1 mm 
thickness. Calculate the dynamic viscosity of oil. [ J.N.T.U., Hyderabad, S 2002] 

[Hint. A=lxl = lm 2 ,W = 350 N,w =1.5 m/s, tan 0 = — = — r ^ 

12 AB ^ 

Component of weight along the plane = W x sin 0 \ 


where sin 0 =-= — 


/AB 2 + BC 2 


= Jl2 2 +5 2 : 


F = W sin 0 = 350 x — = 134.615 
13 

T = p —, where du = u - 0 = u = 1.5 m/s and 
dy 

ly = 1 mm = 1 x 10' 3 m 


Fig. 1.15 


F du F dy 134.615 1x10” 

— = B —. .‘. B = — x — =-x- 

A dy A du 1 1.5 


= 0.0897 —= 0.897 poise Ans.] 
m . 

scanned by Fahid 

PDF created by AAZSwapnil 



Pressure and its Measurement 


► 2.1 FLUID PRESSURE At A POINT 

Consider a small area dA in large mass of fluid. If the fluid is stationary, then the force exerted by 
the surrounding fluid on the area dA will always be perpendicular to the surface dA. Let dF is the force 

dF 

acting on the area dA in the normal direction. Then the ratio of-- is known as the intensity of 

dA 

pressure or simply pressure and this ratio is represented by p. Hence mathematically the pressure at a 
point in a fluid at rest is 

dF 

p = ix- 

If the force ( F ) is uniformly distributed over the area (A), then pressure at any point is given by 

_ F _ Force 
A Area 

.'. Force or pressure force, F = p x A. 

The units of pressure are : (t) kgf/m 2 and kgf/cm 2 in MKS units, (//) Newton/m 2 or N/m 2 and 
N/mm 2 in SI units. N/m 2 is known as Pascal and is represented by Pa. Other commonly used units of 
pressure are : 

kPa = kilo pascal = 1000 N/m 2 
bar = 100 kPa = 10 5 N/m 2 . 

► 2.2 PASCAL'S LAW 


It states that the pressure or intensity of pressure at a point 
in a static fluid is equal in all directions. This is proved as : 

The fluid element is of very small dimensions i.e.,dx, dy 
and ds. 

Consider an arbitrary fluid element of wedge shape in a 
fluid mass at rest as shown in Fig. 2.1. Let the width of the 
element perpendicular to the plane of paper is unity, and p x , 

" [ 34 


■dy-1 fe 



pig. 2.1 Forces on a fluid element. 
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Pressure and its Measurement 35 


p v and p. are the pressures or intensity of pressure acting on the face AB. AC and BC respectively. Let 
ZABC = 8. Then the forces acting on the element are : 

1. Pressure forces normal to the surfaces. 

2. Weight of element in the vertical direction. 

The forces on the faces are : 

Force on the face AB = Px x Area of face AB 

= p x x dy x 1 

Similarly force on the face AC = p y x dx X 1 
Force on the face BC = p~ x ds x 1 

Weight of element = (Mass of element) x g 


= (Volume x p) x g = 


_(ABxAC 


X 1 xpxg, 


2 

where p = density of fluid. 

Resolving the forces in .v-direction. we have 

p x x dy x 1 - p (ds x 1) sin (90° - 0) = 0 
or p x x dy x 1 - p. ds x 1 cos 0=0. 

But from Fig. 2.1, ds cos 0 = AB = dy 

p x X dy X l - p, X dy X 1 =0 

or Px = P: 

Similarly, resolving the forces in v-direction, we get 

p x x d.\ x 1 - p.x ds x 1 cos (90° - 0) - ——xl x p x g = 0 


...( 2 . 1 ) 


or 


p xdx-p ds sin 0 


dxdy 


x p x g = 0. 


But ds sin 0 = dx and also the element is very small and hence weight is negligible. 
p y dx -p.xd.x = 0 

or Pv = Pz 

From equations (2.1) and (2.2), we have 

Px=Pv = Pz 

The above equation shows that the pressure at any point in .v, _v and z directions is equal. 

Since the choice of fluid element was completely arbitrary, which means'the pressure at any point 
is the same in all directions. 


...( 2 . 2 ) 

...(2.3) 


► 2.3 PRESSURE VARIATION IN A FLUID AT REST 

The pressure at any point in a fluid at rest is obtained by the Hydro- SURFACE ofr FLU|D 

static Law which states that the rate of increase of pressure in a S,_ .. ...... . r . . 

vertically downward direction must be equal to the specific weight of 
the fluid at that point. This is proved as : 

Consider a small fluid element as shown in Fig. 2.2 
Let A A = Cross-sectional area of element 
AZ = Height of fluid element 
p = Pressure on face AB 

Z= Distance of fluid element from free surface. 

The forces acting on the fluid element 



t are \ 

* V- 


Fig. 2.2 Forces on a fluid clement. 
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1. Pressure force o nAB=pxAA and acting perpendicular to face AB in the downward direction. 

2. Pressure force on CD =^p + -^Azj x AA, acting perpendicular to face CD, vertically upward 
direction. 

3. Weight of fluid element = Density x g x Volume = p x g x (AA x AT ) 

4. Pressure forces on surfaces BC and AD are equal and opposite. For equilibrium of fluid 
element, we have 


pAA- p + —AZ AA + p x g x (AA x AZ) = 0 
\ dZ J 


pAA - pAA - — AZAA + pxgxAAxZ = 0 
clZ 

dp 

- ~AZAA + p x g x AAAZ = 0 
oZ 

dp dp ' 

— AZAA = p xgx AAAZ or — = p x g [cancelling AAAZ on both sides] 


= P x g = w 


('•' pxg = w) 


...(2.4) 


where w = Weight density of fluid. 

Equation (2.4) states that rate of increase of pressure in a vertical direction is equal to weight 
density of the fluid at that point. This is Hydrostatic Law. 

By integrating the above equation (2.4) for liquids, we get 

I dp = J pgZ 

° f . p = ...(2.5) 

surfaced ^ PFeSSUre ab ° Ve atmos P heric pressure and Z is the height of the point from free 

From equation (2.5), we have Z = — 

p x ^ ...(2.6) 

Here Z is called pressure head. 

2° b ' e T,rr \ h ^ d T l ! CpreSS . h0S a ram ° f30 cm d ‘ ame ter and a plunger of 4.5 cm diameter. Find 
' c ‘ s ' ,l f ted by the hydraulic press when the force applied at the plunger is 500 N. 

Solution. Given : 

Dia. of ram, D = 30 cm = 0.3 m 

Dia. of plunger, d = 4.5 cm = 0.045 m 

Force on plunger, F = 500 N 

Find weight lifted 


Area of ram, 


Area of plunger. 


■ A = 7 D 1 = 7 (0.3 ) 2 = 0.07068 m 2 

4 4 

a = 7 dl = 7 (° 045 ) 2 = -00159 m 2 
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Pressure intensity due to plunger 

Force on plunger F 500 7 

=-——— = — =-N/nr. 

Area of plunger a .00159 

Due to Pascal’s law, the intensity of pressure will be 
equally transmitted in all directions. Hence the pressure 
intensity at the ram 


q&ci /.l 
- j 


-PLUNGER 


Fig. 2.3 


But pressure intensity at ram 


.00159 
Weight 
Area'of ram 


= 314465.4 N/nr 


-= 314465.4 

.07068 

Weight = 314465.4 x.07068 = 22222 N = 22.222 kN. Ans. 

Problem 2.2 A hydraulic press has a ram of 20 cm diameter and a plunger of 3 cm diameter. It is 
used for lifting a weight of 30 kN. Find the force required at the plunger. 

Solution. Given : 

Dia. of ram,- D = 20 cm = 0.2 m 


D = 20 cm = 0.2 m 

A = - D 2 = -(.2) 2 = 0.0314 m 2 
4 4 


Area of ram, A = - D 2 = -(.2) 2 = 0.0314 m 2 

4 4 

Dia. of plunger d = 3 cm = 0.03 m 

Area of plunger, a = —(,03) 2 = 7.068 x 10~ 4 nr 

4 

Weight lifted, W = 30 kN = 30 x 1000 N = 30000 N. 

See Fig. 2.3. 

Pressure intensity developed due to plunger = - — — = —. 

Area a 

By Pascal’s Law, this pressure is transmitted equally in all directions 

F 

Hence pres$ure transmitted at the ram = — 

a 

Force acting on ram = Pressure intensity x Area of ram 

F A Fx.0314 VI 

= — x A =--r N 

a 7.068x1 O' 4 

But force acting on ram = Weight lifted = 30000 N 
__ Fx.0314 


^XA = 
a 


30000 = 


7.068 xlO -4 
30000 x 7.068 xl0“ 4 


= 675.2 N. Ans. 


Problem 2.3 Calculate the pressure due to a column of 0.3 of (a) water, (b) an oil of sp. gr. 0.S, 
and (c) mercury of sp. gr. 13.6. Take density of water, p = /000 kg/m 3 . 

Solution. Given : 

Height of liquid column, Z = 0.3 m. 
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The pressure at afiy point in a liquid is given by equation (2.5) as 

P = PgZ 

(n) For water, p = 1000 kg/nr 

p = pgZ = 1000 x 9.81 x 0.3 = 2943 N/m 2 

= N/cm 2 = 0.2943 N/cm 2 . Ans. 

10 4 

(b) For oil of sp. gr. 0.8, 

From equation (1.1 A), we know that the density of a fluid is equal to specific gravity of fluid 
multiplied by density of water. 


Density of oil, 


Now pressure, 


p 0 = Sp. gr. of oil x Density of water (p 0 = I 

= 0.8 x p = 0.8 x 1000 = 800 kg/m 3 
P = Po x S x z 

N 2354 4 IN 

ortrv oi v, r\ o a 


(p 0 = Density of oil) 


= 800 x 9.81 x 0.3 = 2354.4 


10 4 cm 2 ' 


= 0.2354 — j. Ans. 
cm 

(c) For mercury, sp. gr. = 13.6 

From equation (1.1 A) we know that the density of a fluid is equal'to specific gravity of fluid 
multiplied by density of water 

.•. Density of mercury, p s = Specific gravity of mercury' x Density of water 

= 13.6 x 1000 = 13600 kg/m 3 
p = p s xgxZ 

= 13600 x 9.81 x 0.3 = 40025 


40025 


= 4.002 


-. Ans 


Problem 2.4 The pressure intensity at a point in a fluid is given 3.924 N/c.m 2 . Find the corre¬ 
sponding height of fluid when the fluid is : (a) water, and (b) oil of sp. gr. 0.9. 

Solution. Given : 


Pressure intensity, p = 3.924 -— 5 - = 3.924 x 10“ - L - 5 -. 

cm m 

The corresponding height, Z, of the fluid is given by equation (2.6) as 


= 3.924 x 10 4 


(a) For water, 


( b ) For oil, sp. gr. 
Density of oil 


• p = 1000 kg/m 3 

p 3.924 xlO 4 . . 

Z = — - — = -= 4 m of water. Ans. 

p xg 1000x9.81 

= 0.9 

p 0 = 0.9 x 1000 = 900 kg/m 3 

Z = —= - 9 - ilL 0 .!. = 4.44 tftfwmfkkk: Fahid 

Po x g 900 x 9 81 PDF created by AAZSwapnil 







Pressure and its Measurement 39 


Problem 2.5 An oil of up. gr. 0.9 is contained in a vessel. At a point the height of oil is 40 in. Find 
the corresponding height of water at the point. 

Solution. Given : 

Sp. gr. of oil, S Q = 0.9 

Height of oil, Z 0 = 40 m 

Density of oil, p 0 = Sp. gr. of oil x Density of water = 0.9 x 1000 = 900 kg/nt 3 

N 

Intensity of pressure, p = p 0 x g x Z 0 = 900 x 9.81 x 40 —j- 


.’. Corresponding height of water = 


Density of water x g 
900x9.81x40 


=--- = 0.9 x 40 = 36 m of water. Ans. 

1000 x 9.81 

Problem 2.6 An open tank contains water npto a depth of 2 m and above it an oil of sp. gr. 0.9 for 
a depth of 1 m. Find the pressure intensity (i) at the inteiface of the two liquids, and (ii) at the bottom 
of the tank. 

Solution. Given : I | 


Height of water. 
Height of oil, 

Sp. gr. of oil, 
Density of water. 
Density of oil. 


Z, =2m 
Z,= lm 
■So = 0.9 

p i = 1000 kg/m 3 




Density of oil, p 2 = Sp. gr. of oil x Density of water 

= 0.9 x 1000 = 900 kg/m 3 
Pressure intensity at any point is given by 

p =pxgxZ. 

(0 At interface, i.e.. at A 

P = P2 X #X 1.0 
= 900 x 9.81 x 1.0 

1 = 8829 -A- = = 0.8829 N/cn 


L ? water:-:-? 


Fig. 2.4 


' = 8829 —-r- = = 0.8829 N/cm 2 . Ans. 

m 2 10 4 

(ii) At the bottom, i.e., at B 

p = p 2 x gZ 2 + p, x g x Z, = 900 x 9.81 x 1.0 + 1000 x 9.81 x 2.0 

, 28449 i , 

= 8829 + 19620 = 28449 N/m 2 = -j- N/cm 2 = 2.8449 N/cm 2 . Ans. 

10 4 

Problem 2.7 The diameters of a small piston and a large piston of a hydraulic jack ate 3 cm and 
10 cm respectively. A force of.80 N is applied on the small piston. Find the load lifted by the large 
piston when : 

(a) the pistons are at the same level. . . 

(b) small piston is 40 cm above the large piston. 

The density of the liquid in the jack is given as 1000 kg/m . 

Solution. Given : 

Dra. of small piston, jd = 3 cm 


Area of small piston. 


a = — d 2 = — x (3) 2 = 7.068 cm 
4 4 
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Dia. of large piston. 

Area of larger piston. 


D - 10 cm 

A = — x (10) 2 = 78.54 cm 2 
4 

F= 80 N 
= IF. 



LARGE 

'‘"PISTON 






J 






Force on small piston, F = 80 N 

Let the load lifted = IF. 

( a) When the pistons are at the same level 

Pressure intensity on small piston /~W~~\ J |_, 

f bo 2 v/yy/z/y/f'^ 

— =- N/cm ------------- 

a 7.068 

This is transmitted equally on the large piston. 

Pressure intensity on the large piston F| 

- 80 
~ 7.068 

Force on the large piston = Pressure x Area 

80 

=- x 78.54 N = 888.96 N. Ans. 

7.068 

( b ) When the small piston is 40 cm above the large piston 

Pressure intensity on the small piston 

_ F_ _ 80 N 
a 7.068 cm 2 

Pressure intensity at section A - A 
F 

= — + Pressure intensity due to height of 40 cm of liquid. 
a 

But pressure intensity due to 40 cm of liquid /~W~A 

= p x g x h = 1000 x 9.81 x 0.4 N/m 2 

1000 x 9.81 x.40 , _... 2 :-:-:: : : : :z 

=- j —*- N/cm 2 = 0.3924 N/cm” -------------- 


SMALL 

'PISTON 


Fig. 2.5 


40:cm ZZ-Z 

t a a 


Pressure intensity at section 
80 

A - A - - + 0.3924 

7.068 

= 11.32 + 0.3924 = 11.71 N/cm 2 
Pressure intensity transmitted to the large piston = 11.71 N/cm 2 
Force on the large piston = Pressure x Area of the large piston 

=11.71 x A = 11.71 x 78.54 = 919.7 N. 


Fig. 2.6 


► 2.4 ABSOLUTE, GAUGE, ATMOSPHERIC AND VACUUM PRESSURES 

The pressure on a fluid is measured in two different systems. In one system, it is measured above 
the absolute zero or complete vacuum and it is called the absolute pressure and in other system, 
pressure is measured above the atmospheric pressure and it is called gauge pressure. Thus : 

1. Absolute pressure is defined as the pressure which is measured with reference to absolute 
vacuum pressure. 

2. Gauge pressure is defined as the pressure which is measured l^lp/^/^pressure 

measuring instrument, in which the atmospheric pressure is taken as 

sure on the scale is marked as zero. ' 1 ' 
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3. Vacuum pressure is defined as the pres¬ 
sure below the atmospheric pressure. 

The relationship between the absolute pres¬ 
sure, gauge pressure and vacuum pressure are 
shown in Fig. 2.7. 

Mathematically: 

(/) Absolute pressure 

= Atmospheric pressure + Gauge pressure 

Pab — Pam Pgauge 

(ii) Vacuum pressure 

= Atmospheric pressure - Absolute pressure. Fi 8 ‘ 21 Relatt0nshi P between pressures. 

Note. (0 The atmospheric pressure at sea level at 15°C is 101.3 kN/nr or 10.13 N/cnr in SI unit. In case of 
MKS units, it is equal to 1.033 kgf/em’. 

(//) The atmospheric pressure head is 760 mm of mercury or 10.33 nt of water. 

Problem 2.8 What are the gauge pressure and absolute pressure at a point 3 m below the free 
surface of a liquid having a density of 1.53 x 10 s kg/m 3 if the'atmospheric pressure is equivalent to 
750 mm of mercury ? The specific gravity of mercury is 13.6 and density of water - 1000.kg/m J . 

(A.M.I.E., Summer 1986) 

Solution. Given : 

Depth of liquid, Zj = 3 m 

Density of liquid, p, = 1.53 x 10 3 kg/m 3 

Atmospheric pressure head, Z 0 = 750 mm of Hg 

= = o.75 m of Hg 

—--- -- — 1000. 

.'. Atmospheric pressure, . p^ = p 0 x g x Z 0 
where p 0 = Density of Hg = Sp. gr. of mercury x Density of water = 13.6 x 1000 kg/m 3 
and Z 0 = Pressure head in terms of mercury. 

1 p alm = (13.6 x 1000) x 9.81 x 0.75 N/m 2 (v Z 0 = 0.75) 

= 100062 N/m 2 

Pressure at a point, which is at a depth of 3 m from the free surface of the liquid is given by, 

p = p, xgxZ, 

= (1.53 x 1000) x 9.81 x 3 = 45028 N/m 2 
Gauge pressure, p = 45028 N/m 2 . Ans 

Now absolute pressure = Gauge pressure + Atmospheric pressure 

= 45028 + 100062 = 145090 N/m 2 . Ans. 



► 2.5 MEASUREMENT OF PRESSURE 


The pressure of a fluid is measured by the following devices : 

1. Manometers , 2. Mechanical Gauges. 

2.5.1 Manometers. Manometers are defined as. the devices used for measuring the pressure at 


a point in a fluid by balancing the column of fluid by the same or anothe£<q5(OTinM?)hffll!{$ They yre 


classified as : 
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(a) Simple Manometers, (b) Differential Manometers. 

2.5.2 Mechanical Gauges. Mechanical gauges are defined as the devices used for measuring 
the pressure by balancing the fluid column by the spring or dead weight. The commonly used me¬ 
chanical pressure gauges are : 

la) Diaphragm pressure gauge, (b) Bourdon lube pressure gauge, 

(c) Dead-weight pressure gauge, and Id) Bellows pressure gauge. 

► 2.6 SIMPLE MANOMETERS 


A simple manometer consists of a glass tube having one of its ends connected to a point where 
pressure is to be measured and other end remains open to atmosphere. Common types of simple 
manometers are : 

1. Piezometer, 

2. U-tube Manometer, and. _ __ 

3. Single Column Manometer. I ; T 

2.6.1 Piezometer. It is the simplest form of manometer used i h 

for measuring gauge pressures. One end of this manometer is con¬ 
nected to the point where pressure is to be measured and other end is 
open to the atmosphere as shown in Fig. 2.8. The rise of liquid gives /- -'".'.'A 
the pressure head at that point. If at a point A, the height of liquid say 
water is h in piezometer tube, then pressure at A V.". .'.'.'.'/ 


p x g x /; ^•> . Fig. 2.8 Piezometer. 

2.6.2 U-tube Manometer. It consists of glass tube bent in U-shape, one end of which is 
connected to a point at which pressure is to be measured and other end remains open to the 
atmosphere as shown in Fig. 2.9. The tube generally contains mercury or any other liquid whose 
specific gravity is greater than the specific gravity of the liquid whose pressure is to be measured. 



(a) For gauge pressure (b) For vacuum pressure 

Fig. 2.9 U-tube Manometer. 

la) For Gauge Pressure. Let B is the point at which pressure is to be measured, whose value is p. 

The datum line is A-A. 

I.et /i, = Height of light liquid above the datum line 

h, = Height of heavy liquid above the datum line 
S | = Sp. gr. of light liquid 
p, =_Density of light liquid = 1000 x S l 
S 2 = Sp. gr.. of heavy liquid 
p, = Density of heavy liquid = 1000 x S 2 
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As the pressure is the same for the horizontal surface. Hence pressure above the horizontal datum 
line A-A in the left column and in the right column of U-tube manometer should be same. 

Pressure above A-A in the left column = p + p, x g x /i, 

Pressure above A-A in the right column = p 2 x g x li 2 

Hence equating the two pressures p + p l gli l = p 2 gh 2 

p = (p 2 g/t 2 -pi xg x/(,). ...(2.7) 

( b) For Vacuum Pressure. For measuring vacuum pressure, the level of the heavy liquid in the 
manometer will be as shown in Fig. 2.9 (b)T Then 

Pressure above A-A in the left column = p 2 g/i 2 + PtS^i + P 

Pressure head in the right column above . A-A =0 

p 2 g/t 2 +Pig*i+P = 0 


Fig. 2.10 


P = -(Pig h 2 + PiS h d- ...(2.8) 

Problem 2.9 The right limb of a simple U-tube manometer containing mercury is open to the 
atmosphere while the left limb is connected to a pipe in which a fluid of sp. gr. 0.9 is flowing. The 

centre of the pipe is 12 cm below the level of mercury in the light limb. Find the pressure of fluid in 

the pipe if the difference of mercury level in the two limbs is 20 cm. 

Solution. Given : . 

Sp. gr. of fluid, Sj = 0.9 

Density of fluid, pi = x 1000 = 0.9 x 1000 = 900 kg/m’ f ~T~ 

Sp. gr. of mercury, S 2 = 13.6 12 

/. Density of mercury', p, - 13.6 x 1000 kg/m J J 20 cm 

Difference of mercury level h 2 = 20 cm = 0.2 m ;■ j 

Height of fluid from A-A, /t, = 20 — 12 = 8 cm = 0.08 m a - | "A 

Let p = Pressure of fluid in pipe 
Equating the pressure above A-A, we get 

/ P + P ‘^1 = P ^2 Fig . 2.10 

or p + 900 x 9.81 x 0.08= 13.6 x 1000 x 9.81 x .2 - 

p = 13.6 x 1000 x 9.81 x .2 - 900 x 9.81 x 0.08 

= 26683 - 706 = 25977 N/m 2 = 2.597 N/cm 2 . A ns. 

Problem 2.10 A simple U-tube manometer containing mercury is connected to a pipe in which a 
fluid of sp. gr. 0.8 and having vacuum pressure is flowing. The other end of the manometer is open to 
atmosphere. Find the vacuum pressure in pipe, if the difference of mercury level in the two limbs is 40 
cm and the height of fluid in the left from the centre of pipe is 15 cm below. 

Solution. Given : 

Sp. gr. of fluid, S, = 0.8 __ 

Sp. gr. of mercury, 5 2 =13.6 

Density of fluid, p r = 800 

Density of mercury, p 2 = 13.6 x 1000 1 40 cm 

Difference of mercury level. Ii 2 = 40 cm = 0.4 m. Height of liquid in left limb. /i, ^ 1 jt a 

= 15 cm = 0.15 m. Let the pressure in pipe = p. Equating pressure above datum 
line A-A, we get scanned by Fqfyd 2 . ll 
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□ 


P = -[ + Pit'll 

= - [13.6 x 1000 x 9.81 x 0.4 + 800 x 9.81 x 0.15] 

= - [53366.4 + 1177.2] = - 54543.6 N/m 2 = - 5.454 N/cm 2 . Ans. 
Problem 2.11 A U-Tube manometer is used to measure the pressure of w ater in a pipe line, which 
is in excess of atmospheric pressure. The right limb of the manometer contains mercury and is open to 
atmosphere. The contact between water and mercury is in the left limb. Determine the pressure of 
water in the main line, if the difference in level of mercury in the limbs of U-tube is 10 cm and the 
free surface of mercury is in level with the centre of the pipe. If the pressure of water in pipe line is 
reduced to 9810 N/nT, calculate the new difference in the level of mercury. Sketch the arrangements 
in both cases. (A.M.I.E., Winter 1989) 

Solution. Given : 

Difference of mercury = 10 cm = 0.1 m 

The arrangement is shown in Fig. 2.11 ( a ) 

Let p A = (pressure of water in pipe line (i.e., at point A) / 

The points B and C lie on the same horizontal line. Hence pressure at B should be equal to pressure 
at C. But pressure at B 

= Pressure at A + Pressure due to 10 cm (or 0.1 m) 
of water 
b Pa + P'x«xA 

where p = 1000 kg/m 3 and /j =0.1 m 

= p A + 1000 x 9.81 x 0.1 
= p A + 981 N/m 2 ...(/) 

Pressure at C = Pressure at D + Pressure due to 10 cm of mercury 
= 0 + Po X g X h 0 

where p 0 for mercury = 13.6 x 1000 kg/m 3 


RIGHT LIMB ■ 
WATER 


and 


h 0 = 10 cm = 0.1 ra 


Pressure at C = 0 + (13.6 x 1000) x 9.81 x 0.1 

= 13341.6 N ...(/,) 

But pressure at B is equal to pressure at C. Hence equating the equa¬ 
tions (/) and (n), we get 

p A + 981 = 13341.6 

p A = 13341.6 - 981 

N 
_2 



MERCURY 


Fig. 2.11 ( a ) 


= 12360.6 


Ans. 


Ilnd Part 

Given, p A = 9810 N/m 2 

Find new difference of mercury level. The arrangement is shown in Fig. 2.11 ( b ). In this case the 
pressure at A is 9810 N/nr which is less than the 12360.6 N/m 2 . Hence mercury in left limb will rise. 
Hie rise of mercury in left limb wull be equal to the fall of mercury in right limb as the total volume of 
mercury remains same. 

Let .v = Rise of mercury in left limb in cm 

Then fall of mercury in right limb = .v cm scanned by Fahid 
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The pressure at B* = Pressure at C* 

Pressure at A + Pressure due to (10 - a - ) cm of water 
= Pressure at D* + Pressure due to 
(10 - 2a) cm of mercury t 
Pa + Pi *8 xh \ =Pd* + P2 X S x/i 2 \ 


or 1910+ 1000 x 9.81 x 


10 — A 


(10 - 2 x ) 


= 0 + (13.6 x 1000) x 9.81 x 


f l0-2A > | 

l 100 J 


) cm R | (10- 

II zbkH- 


Dividing by 9.81, we get 

1000 + 100 - 10a = 1360 - 272a 
272a- 10a = 1360- 1100 
262a = 260 

a = — = 0.992 cm 
262 


Fig. 2.11 (b) 


New difference of mercury = 10 - 2a cm = 10 - 2 x 0.992 ' ' ' 

= 8.016 cm. Ans. 

Problem 2.12 Fig. 2.12 shows a conical vessel having its outlet at A to which a U-tuhe manometer 
is connected. The reading of the manometer given in the figure shows when the vessel is empty. Find the 
reading of the manometer when the vessel is completely.filled with water. (A.M.I.E., Winter 1975) 


Solution. Vessel is empty. Given : 

Difference of mercury level h 2 = 20 cm 

Let /i, = Height of water above X-X 
Sp. gr. of mercury, S 2 = 13.6 

f 

Sp. gr. of water, S, = 1.0 

Density of mercury, p 2 = 13.6 x 1000 

Density of water, p, = 1000 

Equating the pressure above datum line X-X, we have 
p 2 xgxh 2 = p ) xgxh I 

or 13.6 x 1000 x 9.81 x 0.2= 1000 x 9.81 x h t 

/i, = 2.72 m of water. 

Vessel is full of water. When vessel is full of water, the Fig. 2.12 

pressure in the right limb will increase and mercury level in the right limb will go down. Let the 
distance through which mercury goes down in the right limb be. y cm as shown in Fig. 2.13. The 
mercury will rise in the left by a distance of y cm. Now the datum line is Z-Z. Equating the pressure 
above the datum line. Z-Z. 

Pressure in left limb = Pressure in right limb 
13.6 x 1000 x 9.81 x (0.2 + 2y/100) 

= 1000 x 9.81 x (3 + h, + y/100) scanned by Fahid 
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□ 


or 

or 

or 

or 


13.6 x (0:2 + 2y/100) = (3 + 2.72 + v/100) 
2.72 + 27.2y/100 = 3 + 2.72 + y/100 
(27.2v - v)/100 = 3.0 

26.2v = 3 x 100 = 300 
300 


(v h. 


26.2 


= 11.45 cm 


The difference of mercury level in two limbs 

= (20 + 2_v) cm of mercury 
= 20 + 2 x 11.45 = 20 + 22.90 
= 42.90 cm of mercury 
Reading of manometer = 42.90 cm. Ans. 

Problem 2.13 A pressure gauge consists of two cylindrical bulbs B and C each of 10 sq. an cross- 
sectional area, which are connected by a U-tube with vertical limbs each of 0.25 sq. cm cross- 
sectional area. A red liquid of specific gravity 0.9 is filled into C and clear water is filled into B, the 
surface of separation being in the limb attached to C. Find the displacement of the surface of 
separation when the pressure on the surface in C is greater than that in B by an amount equal to 1 cm 



I 

i 


head of water. 

Solution. Given : 

Area of each bulb B and C, 
Area of each vertical limb, 
Sp. gr. of red liquid 
Let 


(A.M.I.E., Summer, 1978) 


A = 10 cm 2 
a = 0.25 cm 2 

= 0.9 Its density = 900 kg/m 

X-X = Initial separation level 
h c = Height of red liquid above X-X 
hg= Height of water above X-X 

Pressure above X-X in the left limb = 1000 x 9.81 x h B 

Pressure above X-X in the right limb = 900 x 9.81 x h c 

Equating the two pressure, we get 
1000 x 9.81 x h B = 900 x 9.81 x h c 

h B = 0.9 h c ...(/) 

When the pressure head over the surface in C is 
increased by 1 cm of water, let the separation level 
falls by an amount equal to Z. Then Y-Y becomes the 
final separation level. 

Now fall in surface level of C multiplied by cross- 
sectional-area of bulb C must be equal to the fall in 
separation level multiplied by cross-sectional area of 
limb. 

.'. Fall in surface level of C 

Fall in separation level x a 
A 


FINAL 

SEPARATION 

LEVEL 
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Also fall in surface level of C 


Zxa Z x 0.25 _ Z 
~ A " 10 " 40 

= Rise in surface level of B 


The pressure of 1 cm (or 0.01 m) of water = pgh = 1000 x 9.81 x 0.01= 98.1 N/m 2 
Consider final separation level Y-Y 


+ 98.1 


Pressure above Y-Y in the left limb = 1000 x 9.81 yZ + h B + — 


Pressure above Y-Y in the right limb = 900 x 9.81 |^Z + h. 
Equating the two pressure, we get 

1000 x9.81 fz + /i„ + —) = (z + h r - —I 9( 


c 40 y 


= 1 Z + h c J 900 y. 9.81 + 98.1 


Dividing by 9.81, we get 


1000 Z + hfi + - 


H-f) 


Dividing by 1000, we get Z + h B + ^ = 0.9 yZ + h c 


-i] + 0.c 

40 y 


But from equation (i). 


Z + 0.9 hf- + 


h B = 0.9 h c 
Z^ _ 39Z 
40 _ 40 
41Z 39 


X 0.9+ 0.9 h c + 0.01 


x ,9Z + .01 


■fior 
V40 40 y l 40 J 


40 x 0 01 

Z = TV - = 0.0678 m = 6.78 cm. Ans. 

5.9 

2.6.3 Single Column Manometer. Single column manomter is a modified form of a U-tube 
manometer in which a reservoir, having a large cross-sectional area (about 100 times) as compared to 
the area of the tube is connected to one of the limbs (say left limb) of the manometer as shown in Fig. 2.15. 
Due to large cross-sectional area of the reservoir, for any variation in pressure, the change in the 
liquid level in the reservoir will be very small which may be neglected and hence the pressure is given 
by the height of liquid in the other limb. The other limb may be vertical or inclined. Thus there are two 
types of single column manometer as : 

1. Vertical Single Column Manometer. 

2. Inclined Single Column Manometer. 

I. Vertical Single Column Manometer 

Fig. 2.15 shows the vertical single column-manometer. Let X-X be the datum line in the reservoir 


and in the riaht limb of the manometer, when it is not connected to themlpS. When the'manometer is 
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I 


connected to the pipe, due to high pressure at A, the heavy liquid in the reservoir will be pushed 
downward and will rise in the right limb. 

Let Ah = Fall of heavy liquid in reservoir 
//, = Rise of heavy liquid in right limb 
h i = Height of centre of pipe above X-X 
Pa — Pressure at A, which is to be measured 
A = Cross-sectional area of the reservoir 
a = Cross-sectional area of the right limb 
S\ - Sp. gr. of liquid in pipe 
S 2 = Sp. gr. of heavy liquid in reservoir and right limb 
p | = Density of liquid in pipe 
p 2 = Density of liquid in reservoir 



Fig. 2.15 Vertical single column 
manometer.. 


Fall of heavy liquid in reservoir will cause a rise of heavy liquid level in the right limb. 

A x Ah — a x h 2 
axlh 

• u,= i - - -® 

Now consider the datum line Y-Y as shown in Fig. 2.15. Then pressure in the right limb above Y-Y. 

= p 2 xgx (Ah + h 2 ) 

Pressure in the left limb above Y-Y = p, x g x (Ah + /;,) + p A 
Equating these pressures, we have 

p 2 x g x (Ah + h 2 ) = p| x g x (Ah + /i,) + p A 


or 


But from equation (/), 


Pa = PiS (Afc + h 2 ) - p,g(A/j + /i,) 

'= A% 2 g - p,g] + h 2 p 2 g - /j,p,g 
a X h -> 


Ah = 


Pa = 


a x lu 


\Pi8 ~ P\g} + h 2 Pig - h\ptf 


• •(2.9) 


As the area A is very large as compared to a, hence ratio — becomes very small and can be 
neglected. 

Then/? /1 = / 7 2 p 2 g_/, J p I g ...(2.10) 

From equation (2.10), it is clear that as h t is known 
and hence by knowing h 2 or rise of heavy liquid in the 
right limb, the pressure at A can be calculated. 

2. Inclined Single Column Manometer 

Pig. 2.16 shows the inclined single column manom¬ 
eter. This manometer is more sensitive. Due to inclina¬ 
tion the distance moved by the heavy liquid in the right 
limb will be more. 

















Let 



L = Length of heavy liquid moved in right limb from X-X 
0 = Inclination of right limb with horizontal 

h 2 = Vertical rise of heavy liquid in right limb from X-X = L x sin 0 
From equation (2.10), the pressure at A is 

Pa = /' 2 P 2 S ~ *iPi 8- 
Substituting the value of h 2 , we get 

Pa = sin 0 x p 2 g - /qp,^. ...(2.11) 

Problem 2.14 A single column manometer is connected to a pipe containing a liquid of sp. gr. 0.9 
as shown in Fig. 2.17. Find the pressure in the pipe if the area of the reservoir is 100 times the area 
of the tube for the manometer reading shown in Fig. 2.17. The specific gravity of mercury is 13.6. 
Solution. Given : 

Sp. gr. of liquid in pipe, S, = 0.9 

.•. Density p,=900kg/nv ; 

Sp. gr. of heavy liquid, S 2 =13.6 4Q 

Density, p,= 13.6x1000 ^ | 

20 cm L y r. 3- 3- 3-1- 2- 

Area of reservoir _ ^ _ jqq 

Area of right limb a ^ ’ 

Height of liquid, h{— 20 cm = 0.2 m 

Rise of mercury in right limb, Fi«. 2.17 


p A = Pressure in pipe 


Using equation (2.9), we get 


— [133416 - 8829] + 53366.4 - 1765.8 
100 

533.664 + 53366.4 - 1765.8 N/m 2 = 52134 N/m 2 = 5.21 N/cm 2 . Ans. 


► 2.7 DIFFERENTIAL MANOMETERS 


Differential manometers are the devices used for measuring the difference of pressures between 
two points in.a pipe or in two different pipes. A differential manometer consists of a U-tube, contain¬ 
ing a heavy liquid, whose two ends are connected to the points, whose difference of pressure is to be 
measured. Most commonly types of differential manometers are : 

1. U-tube differential manometer and 

2. Inverted U-tube differential manometer. 

2.7.1 U-tube Differential Manometer. Fig. 2.18 shows the dfff&SfMfci teatfeffef^rs of U- 
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(a)Two pipes at different levels (»> A and B are at the same level 

Fig. 2.18 U-tube differential manometers. 


Fig 2 18 (a) Let the two points A and B are at different level and also contains liquids of different 
sp. gr. These points are connected to the U-tube differential manometer. Let the pressure at A and B 

are p A and p B . 

Let h = Difference of mercury level in the U-tube. 

y = Distance of the centre of B, from the mercury level in the right limb. 

* = Distance of the centre of A, from the mercury level in the right limb, 
p! = Density of liquid at A. 


p 2 = Density of liquid at B. 
p = Density of heavy liquid or mercury. 

Taking datum line at X-X. 

Pressure above X-X in the left limb = p,g(/i + x) + p A 
where p A = pressure at A. 

Pressure above X-X in the right limb = p g x g x h + p 2 x g x y + p B 
where p B = Pressure at B. 

Equating the two pressure, we have 

p,g(/2 + .r) + ft = P g xgxl! + pjgy + Pb 

Pa ~ Pb = P* x 8 X h + PiSy - P i8(h + x) 

= hX g( p g - Pi) + p 2 gy - Pi8 x - (2 

Difference of pressure at A and B = hx g( p g - Pi) + P 2 ^>' “ PiS- v 
Fig. 2.18 ( b). A and B are at the same level and contains the same liquid of density p ( . Then 

Pressure above X-X in right limb = p g x g x h + p, x g x x + p B 
Pressure above X;X in left limb = p\ X g x (h + x) + p A 


Equating the two pressure 

p g x g x h + pfgx + p B = p[ x g x (ft + x) + p A 

Pa ~ Pb = P g x S x + P iS x “ P iS( h + - x ) 

= gxMP. ? -Pi)- ...( 2 . 13 ) 

Problem 2.15 A pipe contains an oil of sp. gr. 0.9. A differential manometer connected at the two 
points A and B shows a difference in mercury’ level as 15 cm. Find the ffiffrmiHf lW’limW e a! the 
two points. PDF created by AAZSwapnil 
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5, = 0.9 Density, p, = 0.9 x 1000 = 900 kg/m 3 

h = 15 cm = 0.15 m 

S K = 13.6 Density, p g = 13.6 x 1000 kg/m 3 


Solution. Given : 

Sp. gr. of oil. 

Difference in mercury level, 

Sp. gr. of mercury. 

The difference of pressure is given by equation (2.13) 
or Pa~Pb = 8 xh(Pg-Pi) 

= 9.81 x 0.15 (13600 - 900) = 18688 N/m 2 . Ans. 

Problem 2.16 A differential manometer is connected at the two points A and B of two pipes as 
shown in Fig. 2.19. The pipe A contains a liquid of sp. gr. = 1.5 while pipe B contains a liquid of sp. 
gr. = 0.9. The pressures at A and B are I kgf/cm 2 and 1.80 kgf/cm 2 respectively. Find the difference 
in mercury level in the differential manometer. Sp. gr.= 1.5 

Solution. Given : =1 k 9 f/cm 


Sp. gr. of liquid at A, S, = 1.5 .\ p, = 1500 

Sp. gr. of liquid at B. S 2 = 0.9 .\ p 2 = 900 

Pressure at A, p A = 1 kgf/cm 2 = 1 x 10 4 kgf/nr 


= 10 4 x 9.81 N/m 2 (v 1 kgf=9.81 N) 


Pressure at B. 



Sp. gr.=0.9 

tfp) 

Pb= 1.8 kgf/cm 2 


Fig. 2.19 


p B - 1.8 kgf/cm 2 
= 1.8 X 10 4 kgf/m 2 

- = 1.8 x 10 4 x 9.81 N/m 2 (v 1 kgf = 9.81 N) X 

Density of mercury = 13.6 x 1000 kg/m 3 
Taking X-X as datum line. 

Pressure above X-X in the left limb 

= 13.6 x 1000 x 9.81 x h + 1500 x 9.81 x (2 + 3) + p A 
= 13.6 x 1000 x 9.81 x h + 7500 x 9.81 + 9.81 x 10 4 
Pressure above X-X in the right limb = 900 x 9.81 x (h + 2) + p B 
‘ =900 x 9.81 x(/i + 2) + 1.8 x 10 4 x 9.81 

Equating the two pressure, we get 
13.6 x 1000 x 9.81 h + 7500 x 9.81 + 9.81 x 10 4 ' 

= 900 x 9.81 x (/t + 2) + 1.8 x 10 4 x 9.81 
Dividing by 1000 x 9.81, we get 

13.6 h + 7.5 + 10 = (h + 2.0) x .9 + 18 
or 13.6* + 17.5 = 0.9/t + 1.8 + 18 = 0.9h + 19.8 

or (13.6 - 0.9)h = 19.8 - 17.5 or 12.7 h = 2.3 

2.3 

h = - =0.181 m = 18.1 cm. Ans. 

12.7 

Problem 2.17 A differential manometer is connected at the two points A and B as shown in Fig. 

2.20. At B air pressure is 9.81 N/cm 2 (abs), find the absolute pressure at A. 

Solution. Given : 

Air pressure at B = 9.81 N/cm 2 , , _ . . , 
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= 0.9 x 1000 = 900 kg/m 3 


= 13.6 x 1000 kg/m 


Density of oil 
Density of mercury 
Let the pressure at A is p A 
Taking datum line at X-X 
Pressure above X-X in the right limb 

= 1000 x 9.81 x 0.6 + p B 
= 5886 + 98100 = 103986 
Pressure above X-X in the left limb 

= 13.6 x1000 x9.81x0.1 +900 
x 9.81 x 0.2 + p A 
= 13341.6 + 1765.8 + p A 
Equating the two pressure head 

103986 = 13341.6 + 1765.8 + p A 

jp A = 103986 - 15107.4 = 88876.8 

, 88876.8N 

p A = 88876.8 N/m 2 = 



= 8.887 


N 


/ 


/r, = Height of liquid in left limb below the datum line X-X 


10000 cm 2 cm* 

Absolute pressure at A = 8.887 N/cm 2 . Ans. 

2.7.2 Inverted Ll-tube Differential Manometer. It consists of an inverted U-tube, contain¬ 
ing a light liquid. The two ends of the tube are connected to the points whose difference of pressure is 
to be measured. It is used for measuring difference of low pressures. Fig. 2.21 shows an inverted U- 
tube differential manometer connected to the two points A and B. Let the pressure at A is more than the 
pressure at B. 

Let 

h 2 = Height of liquid in right limb X- 

h = Difference of light liquid 
p! = Density of liquid at A 
p 2 = Density of liquid at B 
p s = Density of light liquid 
p A - Pressure at A 
p B = Pressure at B. 

Taking X-X as datum line. Then pressure in the left limb below X-X ^- s i 

= Pa~P, xsx/t.- Fig. 2.21 

Pressure in the right limb below X-X 

= Ps-p2 X «X/l 2 -p s XgXll 

Equating the two pressure 

Pa ~ Pi x g x h x = p B - p 2 x g x h 2 - p s x g x h 

or Pa~Pb = P\ xgx/i 1 -p 2 xgx/i,-p J xgx/!. ...(2.14) 

Problem 2.18 Water is flowing through two different pipes to which an inverted differential 
manometer having an oil of sp. gr. 0.8 is connected. The pressure head in the pipe A is 2 m of water, 
find the pressure in the pipe B for the manometer readings as shown in Fig. 2.22. 

Solution. Given : 



Pressure head at 


A - = 2 m of water 

Pi’ 


p A = p x g x 2 = 1000 x 9.81 x 2 = 19620 N/m 4 
Fig. 2.22 shows the arrangement. Taking X-X as datum line. 

Pressure below X-X in the left limb = p A - Pi x g x h x 
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= 19620 - 1000 x 9.81 x 0.3 = 16677 N/m 2 . 

Pressure below X-X in the right limb 

= p B - 1000 x 9.81 x 0.1 -800 X9.81 xO.12 
= Pa - 981 - 941.76 = p B - 1922.76 
Equating the two pressure, we get 

16677 =p B - 1922.76 

or p B = 16677 + 1922.76 = 18599.76 N/m 2 

or p B = 1.8599 N/cm 2 . Ans. 

Problem 2.19 In Fig. 2.23, an inverted differential manometer is conn 
which convey water. The fluid in manometer is oil of sp. gr. 0.8. For the n 
in the figure, find the pressure difference between A and B. 

Solution. Given : 

Sp. gr. of oil = 0.8 .-. p, = 800 kg/m 3 

Difference of oil in the two limbs 

= (30 + 20) - 30 = 20 cm (i 
Taking datum line at X-X V 

Pressure in the left limb below X-X 

= Pa~ 1000 x 9.81 xO 
~Pa~ 2943 

Pressure in the right limb below X-X 

= p B - 1000 x 9.81 x 0.3 - 800 x 9.81 x 0.2 
= Pd - 2943 - 15697 W=~p' B — 4512.6 
Equating the two pressure p A - 2943 =p B - 4512.6 

Pb~Pa= 4512.6 - 2943 = 1569.6 N/m 2 . Ans. 

Problem 2.20 i Find out the differential reading 'h' of an inverted U-tube manometer containing oil of 
specific gravity 0.7 as the manometric fluid when connected across pipes A and B as shown in Fig. 2.24 
below, conveying liquids of specific gravities 1.2 and 1.0 and immiscible with manometric fluid. Pipes A 
and B are located at the same level and assume the pressures at A and B to be equal. 

(A.M.I.E., Winter 1985) 

Solution. Given : — 

Sp. gr.=0.7 

r-.g. 2.24 shows the arrangement. Taking X-X as datum line. ft/ 

La p A = Pressure at A x-4—_Sa_x 

P B — Pressure at B psp.gr.=i.o 

Density of liquid in pipe A '= Sp. gr. X 1000 '■ 


iwater: 


Density of liquid in pipe B 
Density of oih 


30 cm < H t 

t>v Fcp 
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Now pressure below X-X in the left limb 

= p A - 1200 x 9.81 x 0.3 - 700 x 9.81 x h 

Pressure below X-X in the right limb 

= p B - 1000 x 9.81 x (/i + 0.3) 

Equating the two pressure, we get 

p A - 1200 x 9.81 x 0.3 - 700 x 9.81 xli = p B - 1000 x 9.81 (h + 0.3) 

But p A = p B (given) 

- 1200 x 9.81 x 0.3 - 700 x 9.81 x h = - 1000 x 9.81 (h + 0.3) 

Dividing by 1000 x 9.81 

-1.2x03 -0.7/i =-(h + 0.3) 

or 0.3 x 1.2 + 0.7/i = h + 0.3 or 0.36 - 0.3 = h - 0.1 h = 0.3 h 

I 

, 0.36 - 0.30 0.06 

h =-= --m 

0.30 0.30 

= — m = — x 100 = 20 cm. A ns. 

5 5 — ~ 

Problem 2.21 An inverted U-tube manometer is connected to two horizontal pipes A and B 
through which water is flowing. The vertical distance between the axes of these pipes is 30 cm. When 
an oil of specific gravity 0.8 is used as a gauge fluid, the vertical heights of water columns in the two 
limbs of the inverted manometer (when measured from tlhe respective centre lines of the pipes) are 
found to be same and equal to 35 cm. Determine the difference of pressure between the pipes. 

(A.M.I.E., Summer 1990) 

Solution. Given : 

Specific gravity of measuring liquid = 0.8 ff/ gr - 0 8 

The arrangement is shown in Fig. 2.24 (a). ff || 

Let p A = pressure at A §1 % T 

Pb ~ pressure at B. j | 30 ! cm 

The points C and D lie on the same horizontal line. = 35 cm §! 

Hence pressure at C should be equal to pressure at D. = g” \ ~ 

But pressure at C = p A - pg h A f — —; ■— | 

= Pa- 1000 x 9.81 x (0.35) | 35 cm 

And pressure at D - Pb~ 9\8^\~ water 30 cm | 

= p B - 1000 x9.81 x (0.35) - 800 x 9.81 x 0.3 | /==x ,, 

But pressure at C = pressure at D V J 

WATER 

p A - 1000 x 9.81 x.35 B 

Fio. 2.24 (a) 

= p B - 1000 x 9.81 x 0.35 - 800 x9.81 x 0.3 0 

or 800 x9.81x 0.3 =^-^ 


WATER 3q cm 


Fig. 2.24 (a) 


Pb~Pa = 800 x 9.81 x 0.3 = 2354.4 —y. Ans. 


or 
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► 2.8 PRESSURE AT A POINT IN COMPRESSIBLE FLUID 

For compressible fluids, density (p) changes with the change of pressure and temperature. Such 
problems are encountered in aeronautics, oceanography and meteorology where we are concerned 
with atmospheric* air where density, pressure and temperature changes with elevation. Thus for 
fluids with variable density, equation (2.4) cannot be integrated, unless the relationship between p and 
p is known. For gases the equation of state is 


or 


Now equation (2.4) is 


= RT 


RT 

dp p 

— = W = P£ = —— x g 

p RT 


...(2.15) 


...(2.16) 


In. equation (2.4), Z is measured vertically downward. But if Z is measured vertically up, then 
dp 

— = - p g and hence equation (2.16) becomes 
dZ 

2.8.1 Isothermal Process. Case I. If temperature T is constant which is true for isothermal 
process, equation (2.17) can be integrated as 

r±,-fjL dz =.jLf dz 

J Po p Jzn RT RTJz n 


or 


where p 0 is the pressure where height is Z 0 . If the datum line is taken at Z 0 . then Zq = 0 and p 0 
becomes the pressure at datum line. 

log— =^-Z 
Po RT 

JL- e - SVRT 
Po 

or pressure at a height Z is given by p- p 0 e~ gZ/RT ...(2.18) 

2.8.2 Adiabatic Process. If temperature T is not constant but the process follows adiabatic 
law then the relation between pressure and density is given by 

P 


= Constant = C 


...(0 


* The standard atmospheric pressure, temperature and density referred to STP at the sea-level are : 

Pressure = 101.325 kN/m 2 ; Temperature = 15°C and Density = 1.225 kg Manned by Fahid 
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where k is ratio of specific constant. 


c 


Then equation (2.4) for Z measured vertically up becomes, 


-(*) 

asured vertically up becomes, 

I-—®"’ 

%r=~ g dZ or C m ^- = - gdZ 


Integrating, we get f C uk p~ vk dp = [ - gdZ 
Jp„ 


-i/t-i If 


— — +1 

Jt 


n llk -l/t + 1 

-Ui 

k 


= ~g[Z]l 


= -g[Z]l 


[C is a constant, can be taken inside] 


c Uk = 4 


But from equation (i). 


Substituting this value of C Vk above, we get 

■ i/t -wtiy 

— — x - =-g[Z-Z 0 ] 

p -i + 1 




= - g[Z - Zq] or 


i- =- s iz-^,i 


-A_z P __ 


g[Z-Zo] 


*-l [P PoJ 

If datum line is taken at Zq, where pressure, temperature and density are p 0 , T 0 and Pq, then Z Q = 0. 
!L_ £_Po = _ gZ Qr P_Po __ ( fc_1 )' 


* —1 LP Po 


P Po 


£ _ fl> z (* ~ 0 _ Po 1 * ~ 1 gZ Po 
p Po k Po L k Po 
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But from equation (/'), 


4 = 4 or K = ^orP, = ^r 
P Po l P J p pl p , 


Substituting the value of in equation (///), we get 
P 


xP = 1- 


iz 1 „vPo 


— X — 
Po l Po 


L k Po 


= 1-ipi S Z* 

k Po 


Po L * Po. 

Pressure at a height Z from ground level is given by 

P=P 0 \l~^ 8 Z^f' 

k Po. ■ 

in equation (2.19), p 0 = pressure at ground level, where Z 0 = 0 
Po = density of air at ground level 


...(2.19) 


Equation of state is 


— = RT 0 or — = _J_ 


Po Po PPo 

Substituting the values of ^ in equation (2.19), we get 

Po 

k 

, k-1 gZ >-i 

p=p °Y — rw 0 " —( 2 . 20 ) 

2.8.3 Temperature at any Point in Compressib e Fluid. For the adiabatic process, the 
temperature at any height in air is calculated as : 

Equation of state at ground level and at a height Z from ground level is written as 


— = RT 0 and £ = RT 


Dividing these equations, we get 


1 + Z = ^Zo = ^L . or Po x P = Zl 

Po J P RT T Po P T 

X _ Po X P_ P v Po 

T ~ - x - ...(() 

o Po P Po P scanned by Fahid 
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But — from equation (2.20) is eiven bv 
P o 

^ Jl- 


k-\ gZ *- 


k RT 0 


I) Di\ [ On On 

Also for adiabatic process —r- = —r or —- = —- 

P P« Ip) P 

i _i 

Po _ (fo V _ (jL) k 
P IpJ l Po , 


-1 gZ 


k RT a 


k-l gZ 

* «r n 


Substituting the values of — and — in equation (/), we get 


k -1 gZ *-> , A' -1 gZ * 

- 2 - x 1- 2 - 


k RT 0 


k-l gZ *-> *- 

* /??■„ 


A- /?7 n 


A -l gZ 
k RT n 


T=T n 1- 


k-l gZ 
k RT 0 


...( 2 . 21 ) 


2.8.4 Temperature Lapse-Rate (L). It is defined as the rate at which the temperature 
changes with elevation. To obtain an expression for the temperature lapse-rate, the temperature given 
by equation (2.21) is differentiated with respect to Z as 


*-l gZ 


*L = ± Tq ,-^i 

dZ dz[°{ k 

where To. K, g and R are constant 

dT k - 1 g 

- - =-X —2— X 7 

dZ k RT 0 

The temperature lapse-rate is denoted by L and hence 


k RT n 


JL xTa= Zll k -' 

RT 0 0 R \ 


dT -g (k-V 
~ dZ~ R { k , 


...( 2 . 22 ) 


In equation (2.22), if (/) k = 1 which means isothermal process.-= 0, w hich means temperature 

is constant with height. 

(//) If k > 1, the lapse-rate is negative which means temperature decreases w ith the increase of 
height. 

In atmosphere, the value of k varies with height and hence the value of temperature lapse-rate also 
varies. From the sea-level upto an elevation of about 11000 m (or 11 km), the temperature of air decreases 
uniformly at the rate of 0.0065°C/m. from 11000 m to 32000 m, the tfemperMioW’ieitiafth it Constant 
at - 56.5°C and hence in this range lapse-rate is zero. Temperature rises agiiWhftdftTSQOO ityiidakZSwapnil 




Problem 2.22 (SI Units) If the atmosphere pressure at sea level is 10.143 N/cm 2 , determine the 
pressure at a height of 2500 in assuming the pressure variation follows (i) Hydrostatic law, and (ii) 
isothermal law. The density of air is given as 1.208 kg/m 3 . 

Solution. Given : 

Pressure at sea-level, p 0 = 10.143 N/cm 2 = 10.143 x 10 4 N/m 2 

Height, Z = 2500 m 

Density of air, p 0 = 1.208 kg/m 3 

(0 Pressure by hydrostatic law. For hydrostatic law, p is assumed constant and hence p is given 

by equation-= - pg 

dZ 


Integrating, we get 


For datum line at sea-level, 


[ dp = [ - pg dZ = - pg f dZ 

J P, I J J Zr, 


P~Po = ~Pg [Z-Zq] 


Z 0 = 0 


p-p 0 =-pgZ or p=p 0 -pgZ 

= 10.143 x 10 4 - 1.208 x 9.81 x 2500 [v p = p 0 = 1.208] 

= 101430 - 29626 = 71804 or N/cm 2 ' 

m 2 10 J 

= 7.18 N/cm 2 . Ans. 

(H) Pressure by Isothermal Law. Pressure at any height Z by isothermal law is given by equation 
(2.18) as 


P=Po* ‘ 

tZ *Po 

= 10.143 x 10 4 e • p0 


—=RT and p 0 g = w 0 


Zp 0 x g 

= 10.143 x 10 4 e Po 

= 10 143 x 10 4 e'- 2500 x l,20S x 9 - 81 > /10 - 143 x 1()J 

= 101430 x e 292 = 101430 x —?— = 75743 N/m 2 

1.3391 

75743 XT/ 2 n ciA xt/ 2 

=-t— N/crp = 7.574 N/cm 2 . Ans. 

10 

Problem 2.23 The barometric pressure at sea level is 760 mm of mercury while that on a mountain 
top is 735 mm, if the density of air is assumed constant at' 1.2 kg/m 3 , what is the elevation of the 
mountain top. (A.M.I.E., Summer, 1988) 

Solution. Given : 

Pressure* at sea, p 0 = 760 mm of Hg 

= 7^2. x i 3 . 6 x 1000 x 9.81 N/m 2 = 101396 N/m 2 


* Here pressure head (Z) is given as 760 mm of Hg. Hence (p/pg) = 760 mm of Hg. The density (p) for mercury 

760 

= 13 6 x 1000 kg/m 3 . Hence pressure (p) will be equal to p x g x Z i.e., 13.6 
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Pressure at mountain. 


p = 735 mm of Hg 
735 


1000 


x 13.6 x 1000 x 9.81 = 98060 N/m 2 


Density of air, p = 1.2 kg/m' 

Let h = Height of the mountain from sea-level. 

We know that as the elevation above the sea-level increases, the atmospheric pressure decreases. 
Here the density of air is given constant, hence the pressure at any height l h' above the sea-level is 
given by the equation, 

p=p 0 -pxgxh 

101396-9806Q 
or 


A.ffcTE.. 


= 283.33 m. Ans. 


pxg 1.2x9.81 

Problem 2.24 Calculate the pressure at a height of 7500 m above sea level if the atmospheric 
pressure is 10.143 N/cm 2 and temperature is I5°C at the sea-level, assuming (i) air is incompressible, 
(ii) pressure variation follows isothermal law, and (iii) pressure variation follows adiabatic law. 
Take the density of air at the sea-level as equal to 1.285 kg/m 3 . Neglect variation of g with altitude. 

Solution. Given : 

Height above sea-level. Z = 7500 m 


Pressure at sea-level, 
Temperature at sea-level. 


p 0 = 10.143 N/cm 2 = 10.143 x 10* N/m 2 


Density of air. 

(/') Pressure when air is incompressible : 

dp 

dZ 


t 0 = 15°C 

T 0 = 273 + 15 = 288°K 
p = p 0 = 1.285 kg/m 3 


= -ps 


rp rZ 

\ dp =- p gdz or p-p 0 = -pg[Z-Z q] 


or 


P=Po~PgZ 


= 10.143 x 10 4 - 1.285 x 9.81 x 7500 


{v Z 0 = datum line = 0} 


N 


= 101430 - 94543 = 6887 N/m 2 = 0.688 - f . Ans. 


(ii) Pressure variation follows isothermal law 
Using equation (2.18), we have 


P = Poe- gZm 


- gZpglpo 


cm 


RtL = ftT ■ Po = 1 


P ° e l Po Po RT 

= 101430 e~ gZpo/ Po = 101430 e~ 7500 x l :!85 x 9 81/101430 
= 101430 e' '” 2( ’ = 101430 x .39376 
= 39939 N/m 2 or 3.993 N/cm 2 . Ans. 

(iii) Pressure variation follows adiabatic law : [k = 1.4] 


Using equation (2.19), we have P f Po 


1 

* Po 
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1AtJ „ , (1.4-1.0) (7500x 1.285)11.4-i.o 

w = 101430 1---- x 9.81 x -- 

1.4 101430 

= 101430 [1 - .2662]’ 4/4 = 101430 x (,7337) 35 

= 34310 N/m 2 or 3.431-^-. Ans. 

cm 

Problem 2.25 Calculate the pressure and density of air at a height of 4000 m from sea-level 
where pressure and temperature of the air are 10.143 N/cm 2 and 15°C respectively. The temperature 
lapse rate is given as 0.0065°C/m. Take density of air at sea-level equal to 1.285 kg/m 3 . 

Solution. Given : 


Height, 

Pressure at sea-level, 
Temperature at sea-level, 


Temperature lapse-rate. 


Using equation (2.22), we have L 


Z = 4000 m 

p 0 = 10.143 N/cm 2 = 10.143 x 10 4 = 10 1 430 
t 0 = 15°C 

T 0 = 273 + 15 = 288°K 

j T* 

L = — =. - 0.0065°K/m 
dZ 

p 0 = 1.285 kg/m 3 

L = HL = -JL(td] 


dZ Ry k 


- 0.0065 =- Mk(hzl\ where * = -PS-= - 101430 = 


p 0 T 0 1.285x288 


274.09 


- 0.0065 = —— x T) 

274.09 { k J 

k- 1 0.0065 x 274.09 

• • —'— — —— - = U. 1 o 1J 

k 9.81 

Jt[l - .1815] = 1 

k = - l - -= — — = 1.222 

1 - .1815 .8184 

This means that the value of power index k = 1.222. 

(0 Pressure at 4000 m height is given by equation (2.19) as 


P =Po 


1 - ——- gZ — , where k = 1.222 and p 0 = 1.285 

k P 0 


p = 101430 1 


l 1.222 J 


4000x 1.285 1.222-1.0 


L V 1.222 ) 101430 

= 101430 [1 - 0.09] 5 50 = 101430 x .595 

= 60350 N/m 2 = 6.035 Ans. 
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(i'i) Density. Using equation of state, we get 

£ = RT 

P 

where p = Pressure at 4000 m height 
p = Density at 4000 m height 
T = Temperature at 4000 m height 
Now T is calculated from temperature lapse-rate as 


Density is given by 


t at 4000 m = t 0 + — x 4000 = 15 - .0065 x 4000 = 15 - 26 - - 11°C 
dZ 

T = 273 + t = 273 - 11 = 262°K 

1V p = -£- =—-kg/m 3 = 0.84 kg/m 3 . Ans. 

F RT 274.09x262- “ 


Problem 2.26 An aeroplane is flying at an altitude of 5000 m. Calculate the pressure around the 
aeroplane, given the lapse-rate in the atmosphere as 0.0065°KJm. Neglect variation of g with altitude. 
Take pressure and temperature at ground level as 10.143 N/cm * and 15°C and density of air as 
1.285 kg/cm 3 . 


Solution. Given : 
Height, 

Lapse-rate, 


Z = 5000 m 

L = — = - .0065°K/m 
dZ 


Pressure at sround level. Pq — 10.143 x 10 N/m 

r 0 = 15°C 

T 0 = 273 + 15 = 288°K 

Density, p 0 = 1.285 kg/m 

(IT 

.-. Temperature at 5000 m height = T o + — x Hei 8 ht = 288 " 0065 x 5000 

= 288 -32.5 = 255.5°K 

First find the value of power index k as 

r dT g(k-\\ 

From equation (2.22), we have L - — - - — I ^ j 


9.81 (k-l} 
-0°65 = -—[—) 


p n 101430 . __ 

where R = =- = 274.09 

p n r 0 1.285x 288 


9.81 k-\\ 

.0065 =-—— 

274.09 1 k J 


k = 1.222 

The pressure is given by equation (2.19) as 


*“1 7 Po 
P=Po l-—r~8 z — 
k Poj 
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1.222 


= 101430 


= 101430 


( 1.222-1.0 3 

5000x1.285 
x 9.81 x- 

1.222-1.0 

l 1.222 , 

101430 



.222 5000x1.285 

1-x 9.81 x 


1.222 


101430 


L222 

.222 


= 101430 [1 - 0.11288] 5 50 = 101430 x0.5175 = 52490 N/m 3 


= 5.249 N/cm . Ans. 


HIGHLIGHTS 


1. The pressure at any point in a fluid is defined as the force per unit area. 

2. The Pascal’s law states that intensity of pressure for a fluid at rest is equal in all directions. 

3. Pressure variation at a point in a fluid at rest is given by the hydrostatic law which.states that the rate 
of increase of pressure in. the vertically downward direction is equal the specific weight of the fluid, 

dp 


dZ 


= w = pxg. 


4. " The pressure 'StTsuiy - point "in a incompressible'fluid {liquid) is' equal to' the product ”of~densityof' 

fluid at that point, acceleration due to gravity and vertical height from free surface of fluid, 
p = p x g x Z. 

5. Absolute pressure is the pressure in which absolute vacuum pressure is taken as datum while 
gauge pressure is the pressure in which the atmospheric pressure is taken as datum, 

Pabs. — P aim + P gauge. 

6. Manometer is a device used for measuring pressure at a point in a fluid. 

7. Manometers are classified as (a) Simple manometers and ( b ) Differential manometers. 

8. Simple manometers are used for measuring pressure at a point while differential manometers are used 
for measuring the difference of pressures between the two points in a pipe, or two different pipes. 

9. A single column manometer (or micrometer) is used for measuring small pressures, where accuracy is 
required. 

10. The pressure at a point in static compressible fluid is obtained by combining two equations, i.e., 
equation of state for a gas and equation given by hydrostatic law. 

11 . The pressure at a height Z in a static compressible fluid (gas) under going isothermal compression 

(— = const. 


(P ] 

— = const. 

VP J 


„ e -sVKT 

P - Po e \ 

where p 0 = Absolute pressure at sea-level or at ground level 
Z = Height from sea or ground level 
R = Gas constant 
T - Absolute temperature. 

12. The pressure and temperature at a height Z in a static compressible fluid (gas) undergoing adiabatic 
compression (p/p k = const.) 


P =Po 


i-V** 

k Po. 


k 

k -1 


= Po 


k 

ifc-I 


i k ~ l & ■ 
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and temperature, T = T g p-— --— 

where p 0 , T 0 are pressure and temperature at sea-level k = 1.4 for air. 

13. The rate at which the temperature changes with elevation is known as Temperature Lapse-Rate. It is 
given by 



if (0 k = 1, temperature is zero. 

(it) k > 1, temperature decreases with the increase of height. 



(A) THEORETICAL PROBLEMS 

1 . Define pressure. Obtain an expression for the pressure intensity at a point in a fluid. 

2. Stale and prove the Pascal’s law. 

3 . What do you understand by Hydrostatic Law ? 

4 . Differentiate between : (i) Absolute and gauge pressure, (it) Simple manometer and differential ma¬ 
nometer, and (tit) Piezometer and pressure gauges. 

5 . What do you mean by vacuum pressure ? 

6 . What is a manometer ? How are they classified ? 

7 . What do you mean by single column manometers ? How are they used for the measurement of 
pressure ? 

8 . What is the difference between U-tube differential manometers and inverted U-tube differential 
manometers ? Where are they used ? 

9 . Distinguish between manometers and mechanical gauges. What are the different types of mechanical 
pressure gauges ? 

10. Derive an expression for the pressure at a height Z from sea-level for a static air when the compression 
of the air is assumed isothermal. The pressure and temperature at sea-levels are p 0 and T 0 respectively. 

11 . Prove that the pressure and temperature for an adiabatic process at a height Z from sea-level for a static 
air are : 


P 0 ~P 0 



_gZ 

RTq 



Where p 0 and T 0 are the pressure and temperature at sea-level. 

12. What do you understand by the term, ‘Temperature Lapse-Rate’ ? Obtain an expression for the 


temperature Lapse-Rate. 

13 . What is hydrostatic pressure distribution ? Give one example where pressure distribution is non¬ 
hydrostatic. (A.M.I.E., Winter 1990) 

14 Explain briefly the working principle of Bourdon Pressure Gauge with a neat sketch. 

( J.N.T.U., Hyderabad, S 2002) 


(B) NUMERICAL PROBLEMS 

1 A hydraulic press has a ram of 30 cm diameter and a plunger of 5 cm diameter. Find the weight lifted by 
the hydraulic press when the force applied at the plunger is 400 N. [Ans. 14.4 kN] 

2. A hydraulic press has a ram of 20 cm diameter and a plunger of 4 cm'ffilft is (niawr lifting a 
. -Weight of^P kN. Find the force required at the plunger. PDF created by[AiisZib&tS(fnil 
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3. Calculate the pressure due to a column of 0.4 m of (a) water, (/;) an oil of s P . gr. 0.9, and (c) mercury of sp. gr. 

13.6. Take density of water, p = 1000-^. [Ans. (a) 0.3924 N/cm 2 . ( b) 0.353 N/cm 2 , (r) 5.33 N/cm 2 ] 

4 ' It 3 Tr 1 " 3 nUid iS 8iVen 4 9 N/em2 ' Find lhe ^ponding heigh, of fluid when 

_ it -s . (a) water, and (b) an oil of sp. gr. 0.8. [Ans. (a) 5 m of waIer> \ b) 6 , 5 m of oj| . 

' heigh! of fir !, " a Al * POin ' ,he l “ i « l “° f 1120 ^ <*• »™>Pond,ng 

6 ' p" ,°P, en tank Contains water U P‘° a ^Pth of 1.5 m and above it an oil of sp. gr. 0.8 for a demhof2 m 
ind the pressure intensity : (/) at the interface of the two liquids, and (it) at the bottom of the tank. 

~ x , .. . , „ . [Ans. (0 1.57 N/cm 2 , (//) 3.04 N/cm 2 ] 

' N S ° f 3 Tf P 'T" and 3 13186 piston of a hydraulic jack are 2 cm and 10 cm respectively. A 

force of 60 N is applied on the small piston. Find the load lifted by the large piston, when . (a) the pistons 
are at the same level, and ( b ) small piston is 20 cm above the large piston. The density of the liquid in the 


jack is given as 1000 


[Ans. (a) 1500 N, (b) 1520.5 N] 


8 . Determine the gauge and absolute pressure at a point which is 2.0 m below the free surface of water Take 

9 A Tmntm N/Cm ' . [Ans. 1.962 N/cm 2 (gauge), -12.066 N/cm 2 (abs.)] 

9. A simple manometer is used to measure the pressure of oil (sp. gr. = 0.8) flowing in a pipe line. Its richt 
imb is open to the atmosphere and left limb is connected to the pipe. The centre of the pipe is 9 cm 

below the level of mercuty fsp. gr. 13.6) in the right limb. If the difference of mercury level in the two 
hmbs is 15 cm, determine the absolute pressure of the oil in the pipe in N/cm 2 . (A.M.I.K., Winter, 1977) 

10. A simple manometer (U-tube) containing mercury is connected to a pipe in which an o^o'/sp.^oTis 
flowing. The pressure in the pipe is vacuum. The other end of the manometer is open to the atmo- 
sphere. Find the vacuum pressure in pipe, if the difference of mercury level in the two limbs is 20 cm 

and height of oil in the left limb from the centre of the pipe is 15 cm below. [Ans. - 27.86 N/cnrl 

1 . A single column vertical manometer (i>„ micrometer) is connected to a pipe containing oil of sp gr 0 9 
The area of the reservoir is 80 tunes the area of the manometer tube. The reservoir contains mercury of 
sp_ gr. 13.6. The level of mercury in the reservoir is at a height of 30 cm below the centre of the pipe and 
difference of mercury levels in the reservoir and right limb is 50 cm. Find the pressure in the pipe. 

12. A pipe contains an oil of sp. gr. 0.8. A differential manometer connected at the two 1 points A^nd^of 
the pipe shows a difference in mercury level as 20 cm. Find the difference of pressure at the two points. 

13. A U-tube differential manometer connects two pressure pipes A and B. Pipe A contai^cartfon fet^hTJ 
nde having a specific gravity 1.394 under a pressure of 11.772 N/cm 2 and pipe B contains oil of sp. gr 0 8 
under a pressure of 11.772 N/cm 2 . The pipe A lies 2.5 m above pipe B. find the difference of pressure 
“ red b .y mercur y as fluid U-tube. (A.M.I.E. December, 1974) [Ans. 31.36 cm of mercury] 

14. A differential manometer is connected at the two points A and B as shown in Fig. 2.25. At B air pressure 


is 7.848 N/cm (abs.), find the absolute pressure at A. 


OIL Sp. gr.=0.8 



[Ans. 6.91 N/cm 2 ] 


OIL Sp. gr. 
\ 0.8 


MERCURY 
Sp. gr.=13.6 


100 cm 



Fig. 2.25 
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15. An inverted differential manometer containing an oil of sp. gr. 0.9 is connected to find the difference of 

pressures at two points of a pipe containing water. If the manometer reading is 40 cm, find the differ¬ 
ence of pressures. [Ans. 392.4 N/nr] 

16. In above Fig. 2.26 shows an inverted differential manometer connected to two pipes A and B containing 

water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown in the figure, find the 
difference of pressure head between A and B. [Ans. 0.26 in of water] 

17. If the atmospheric pressure at sea-level is 10.143 N/cm 2 , determine the pressure at a height of 2000 m 

assuming that the pressure variation,follows : (/) Hydrostatic law, and (it) Isothermal law. The density 
of air is given as 1.208 kg/in 3 . [Ans. (/) 7.77 N/ctn 2 , (ii) 8.03 N/cm 3 ] 

18. Calculate the pressure at a height of 8000 m above sea-level if the atmospheric pressure is 101.3 kN/m 2 
and temperature is 15°C at the sea-level assuming (/) air is incompressible, (ii) pressure variation 
follows adiabatic law. and (Hi) pressure variation follows isothermal law. Take the density of air at the 
sea-level as equal to 1.285 kg/nr. Neglect variation of g with altitude. 

[Ans. (i) 607.5 N/m 2 , (ii) 31.5 kN/m 2 (Hi) 37.45 kN/m 2 ] 

19. Calculate the pressure and density of air at a height of 3000 m above sea-level where pressure and 
temperature of the air are 10.143 N/cnr and 15°C respectively. The temperature lapse-rate is given as 
0.0065° K/m. Take density of air at sea-level equal to 1.285 kg/m 3 . [Ans. 6.896 N/cm 2 . 0.937 kg/m 3 ] 

20. An aeroplane is flying at an altitude of 4000 m. Calculate the pressure around the aeroplane, given the 

lapse-rate in the atmosphere as 0.0065° K/m. Neglect variation of g with altitude. Take pressure and 
temperature at ground level as 10.143 N/cm 2 and 15°C respectively. The density of air at ground level 
is given as 1.285 kg/m 3 . [Ans. 6 038 N / Cm ±] 

21. The atmosphere pressure at the sea-level is 101.3 kN/m 2 and the temperature is 15°C. Calculate the 
pressure 8000 m above sea-level, assuming (/') air is in compressible, (ii) isothermal variation of pres¬ 
sure and density, and (iii) adiabatic variation of pressure and density. Assume density of air at sea- 
level as 1.285 kg/m 3 . Neglect variation of 'g' with altitude. 

[Ans. (0 501.3 N/m 2 , (if) 37.45 kN/m 2 , (iii) 31.5 kN/m 2 ] 

22. An oil of sp. gr. is 0.8 under a pressure of 137.2 kN/m 2 

(0 What is the pressure head expressed in metre of water ? 

(ii) What is the pressure head expressed in metre of oil ? [Ans. (i) 14 m, (it) 17.5 m] 

23. The atmospheric pressure at the sea-level is 101.3 kN/m 2 and temperature is 15°C. Calculate the pres¬ 
sure 8000 m above sea-level, assuming : (/) isothermal variation of pressure and density, and (ii) 
adiabatic variation of pressure and density. Assume density of air at sea-level as 1.285 kg/m 3 . Neglect 
variation of ‘g’ with altitude. 

Derive the formula that you may use. (Delhi University, 1992) [Ans. (i) 37.45 kN/m 2 (it) 31.5 kN/m 2 ] 

24. What are the gauge pressure and absolute pressure at a point 4 m below the free surface of a liquid of 
specific gravity 1.53, if atmospheric pressure is equivalent to 750 mm of mercury. 

(Delhi University, 1992) [Ans. 60037 N/m 2 and 160099 N/m 2 ] 

25. Find the gauge pressure and absolute pressure in N/m 2 at a point 4 m below the free surface of a liquid 
of sp. gr. 1.2, if the atmospheric pressure is equivalent to 750 mm of mercury. 

(Delhi University, May 1998) [Ans. 47088 N/m 2 : 147150 N/m 2 ] 

26. A tank contains a liquid of specific gravity 0.8. Find the absolute pressure and gauge pressure at a 

point, which is 2 m below the free surface of the liquid. The atmospheric pressure head is equivalent to 
760 mm of mercury. (Delhi University. June 1996) |Ans. 117092 N/m 2 ; 15696 N/m 2 ] 
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Chapter 


Hydrostatic Forces on Surfaces 


► 3.1 INTRODUCTION 

This chapter deals with the fluids (i.e., liquids and gases) at rest. This means that there will be no 
relative motion between adjacent or neighbouring fluid layers. The velocity gradient, which is equal to 
the change of velocity between two adjacent fluid layers divided by the distance between the layers, will 

be zero or — = 0. The shear stress which is equal to p will also be zero. Then the forces acting on 

the fluid particles will be : 

1. due to pressure of fluid normal to the surface, 

2. due to gravity (or self-weight of fluid particles). 

► 3.2 TOTAL PRESSURE AND CENTRE OF PRESSURE 

'1 otal pressure is defined as the force exerted by a static fluid on a surface either plane or curved when 
the fluid comes in contact with the surfaces. This force always acts normal to the surface. 

Centre of pressure is defined as the point of application of the total pressure on the surface. There 
are four cases of submerged surfaces on which the total pressure force and centre of pressure is to be 
determined. The submerged surfaces may be : 

1. Vertical plane surface, 

2. Horizontal plane surface, 

3. Inclined plane surface, and 

4. Curved surface. 

\ 

► 3.3 VERTICAL PLANE SURFACE SUBMERGED IN LIQUID 

Consider a plane vertical surface of arbitrary shape immersed in a liquid as shown in Fig. 3.1. 

Let A = Total area of the surface 

h = Distance of C.G. of the area from free surface of liquid 
G = Centre of gravity of plane surface 
P — Centre of pressure 

h ■ = Distance of centre of pressure from free surface of liquid. 
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(«) 1 otal Pressure (K). The total pressure on the surface may 
be determined by dividing the entire surface into a number of 
small parallel strips. The force on small strip is then calculated 
and the total pressure force on the whole area is calculated by 
integrating the force on small strip. 

Consider a strip of thickness dh and width b at a depth of li 
from free surface of liquid as shown in Fig. 3.1 
Pressure intensity on the strip, p = pgh 


FREE SURFACE OF LIQUID 


sure intensity on the strip, p = pgh 

(See equation 2.5) 
Area of the strip, dA-bx dh 

Total pressure force on strip, dF = px Area 

= pgh xbxdh 

Total pressure force on the whole surface. 



Fig. 3.1 


F = Jt/F = J pgh xbxdh = pgjbxhx t 


But jbxhxdh = J/tx dA 

= Moment of surface area about the free surface of liquid 
= Area of surface x Distance of C.G. from free surface 

. =Axh 

F=pgAh ...(3.1) 

For water the value of p = 1000 kg/m 3 and g = 9.81 m/s 2 . The force will be in Newton. 

(b) Centre of Pressure (h*). Centre of pressure is calculated by using the “Principle of Moments”, 
which states that the moment of the resultant force about an axis is equal to the sum of moments of the 
components about the same axis. 

The resultant force F is acting at P, at a distance h* from free surface of the liquid as shown in 
Fig. 3.1. Hence moment of the force Fabout free surface of the liquid = Fxh* - ...(3.2) 

.Moment of force dF, acting on a strip about free surface of liquid 

= dFxh {v dF=pghxbxdh) 

= pghxbxdhxh 

Sum of moments of all such forces about free surface of liquid 


= jpghxbxdhxh = pg jbxhx hdh 
= pg J bh 2 dh = pg J" h 2 dA 


(v bdh = dA) 


J IrdA = j bh'dh 

* Moment of Inertia of the surface about free surface of liquid 


Sum of moments about free surface 

= PSA) 

Equating (3.2) and (3.3), we get 


(3 31 
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Fxh* = pgl 0 
But F = pgAh 

pgAh x h* = p g I Q 

h * _ P Sl 0 _ _ / n _ 
pgAh Ah 

By the theorem of parallel axis, we have 
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...(3.4) 


I 0 = I c + Ax h 2 

where I G - Moment of Inertia of area about an axis passing through the C.G. of the area and parallel to 
the free surface of liquid. 

Substituting 1 G in equation (3.4), we get 


h± _ Iq + Ah 2 

Ah 



...(3.5) 


In equation (3.5), h is the distance of C.G. of the area of the vertical surface from free surface of the 
liquid. Hence from equation (3.5), it is clear that: 

(/) Centre of pressure (i.e., h*) lies below the centre of gravity of the vertical surface. 

(") The distance of centre of pressure from free surface of liquid is independent of the density of the 
liquid. 


fable 3.1 The moments of inertia and other geometric properties of some important plane surfaces 
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Problem 3.1 -4 rectangular plane surface is 2 m wide and 3 m deep. It lies in vertical plane in 

water. Determine the total pressure and position of centre of pressure on the plane surface when its 
upper edge is horizontal and (a) coincides with water surface, (b) 2.5 m below the free water surface. 
Solution. Given: 

Width of plane surface, b = 2 m 

Depth of plane surface, d = 3 m 

(a) Upper edge coincides with water surface (Fig. 3.2). Total pressure is given by equation 
(3.1) as 


F = pgAh 

where p = 1000 kg/m 3 , g = 9.81 m/s 2 

A =3x2 = 6 m 2 , h = — (3) = 1.5 m. 


F= 1000x9.81 x6x 1.5 
= 88290 N. Ans. 

Depth of centre of pressure is given by equation (3.5) as 

L - 
h* = -^r + h 
Ah 

where I G = M.O.I. about C.G. of the area of surface 


bd 

12 


2x3 as 4 
—■— = 4.5 m 

12 


FREE WATER SURFACE 



2 m 


Fig. 3.2 
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4.5 


£.i c + ^ ~ 0-5 + 1 -5 = 2.0 m. Ans. 


6x 1.5 

(b) Upper edge is 2.5 m below water surface (Fig. 3.3). Total pressure (F) is given by (3.1) 

F ~ pgA Ti 

where h = Distance of C.G. from free surface of water 


WATER SURFACE 


= 2.5 + - =4.0 m 
2 


Centre of pressure is given by h* = -£= + h 

Ah 


F- 1000x9.81 x 6x4.0 

= 235440 N. Ans. 

_ 


where I G = 4.5, A = 6.0, h = 4.0 


h* = 


4.5 


6.0x40 


+ 4.0 



p . . 00 =0.1875 + 4.0 = 4.1875 = 4.1875 m. Ans. 

Prob'em 3.2 Determine the total pressure on a circular plate of diameter 1.5 m which is placed 
verncaly tn water in such away that the centre of the plate is 3 m below the free surface of water 
Find the position oj centre of pressure also. J 

Solution. Given : Dia. of plate, d = 1.5 m — . FREE SUR -^1—_ 


.'. Area, 


A = - (1.5) 2 = 1.767 m 2 
4 


h = 3.0 m 

Total pressure is given by equation (3.1), 

F = pgAJi 

= 1000x9.81 x 1.767 x 3.0 N 

= 52002.81 N. Ans. 

Position of centre of pressure (h*) is given by equation (3.5) 

h* = -k, + h 

Ah 

where i g = ~ = ~ X ^ = 0.2485 m 4 
64 • 64 

, * 0.2485 

^ = I^tHo + 30 = 0 0468 + 30 

= 3.0468 m. Ans. 


3.0 m 



Fig. 3.4 


scanned by Fahid 

PDF created by AAZSwapnil 














[72 Fluid Mechanics ______1 

Problem 3.3 A rectangular sluice gate is situated on the vertical wall of a lock. The vertical side of 
the sluice is d' metres in length and depth of centroid of the area is in below the water surface. 

( .2 \ FREE SURFACE _ 


Prove that the depth of pressure is equal to p + 


Solution. Given : 

Depth of vertical gate = dm 

Let the width of gate = b m 

Area, A = b x d m 2 

Depth of C.G. from free surface 


Let the width of gate 



Fig. 3.5 


h = p m. 

Let h* is the depth of centre of pressure from free surface, which is given by equation (3.5) as 

l r bd 2 

h* = -£■ + h. where l G = —— 

Ah 12 

■ ••• or pt ^' Ans ’ 

Problem 3.4 A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of 
3 m diameter which can rotate about a horizontal diameter. Calculate : 

(i) the force on the disc, and 

(ii) the torque required to maintain the disc in equilibrium in the vertical position when the head 

of water above the horizontal diameter is 4 m. (A.M.I.E., Winter, 1977) 

Solution. Given: 

Dia. of opening; d = 3 m 


. Area A = - x 3 2 = 7.0685 m 2 . 

4 

Depth of C.G., h- 4 m 

(0 Force on the disc is given by equation (3.1) as 

F = pgAh = 1000 x 9.81 x 7.0685 x 4.0 

= 277368N = 277.368 kN. Ans. 

(//) To find the torque required to maintain the disc in equilibrium, first calculate the point of applica¬ 
tion of force acting on the disc, i.e., centre of pressure of the force F. The depth of centre of pressure (h*) 
is given by equation (3.5) as 


K (l * 

/,* _ ± 0 . + /, __ M _ 

Ah K ,p v , 


d 2 x 4.0 


v / c = — d A \ 
0 64 j 


,2 -,2 . 

-s___+ 4.0 =-+ 4.0 = 0.14 + 4.0 = 4.14 m 

16x4.0 16x4.0 , , r , . , 
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Fig. 3.6 

The forceF is acting at a distance of 4.14 m from free surface. Moment of this force about horizontal 
diameter X-X 


= F x (h *-h) = 277368 (4.14 - 4.0) = 38831 Nm. Ans. 

Hence a torque of 38831 Nm must be applied on the disc in the clockwise direction. 

Problem 3.5 A pipe line which is 4 m in diameter contains a gate valve. The pressure at the centre 
of the pipe is 19.6 N/ctn 2 . If the pipe is filled with oil of sp. gr. 0.87, find the force exerted by the oil 
upon the gate and position of centre of pressure. (Converted to SI Units, A.M.I.E., Winter, 1975) 

Solution. Given : 

Dia. of pipe, rf = 4m 



I 'GATE VALVE 
Fig. 3.7 


••• Area, A = — x 4 2 = 4rc m 2 

4 

Sp. gr. of oil, S = 0.87 

••• Density of oil, p 0 = 0.87 x 1000 = 870 kg/m 3 

Weight density of oil, u- 0 = p 0 x g = 870 x 9.81 N/m 3 

Pressure at the centre of pipe, p = 19.6 N/cm 2 = 19.6 x 10 4 N/m 2 


Pressure head at the centre = — - ^ = 22 988 m 

»v 0 870x9.81 . \ 

The height of equivalent free oil surface from the centred' pipe = 22.988 m. 

The depth of C.G. of the gate valve from free oil surface h = 22.988 m. 

(0 Now the force exerted by the oil on the gate is given by 

F = pgA It 

where p = density of oil = 870 kg/m 3 

F = 870 x 9.81 x 4k x 22.988 = 2465500 N = 2.465 MN. Ans. 
(«) Position of centre of pressure (/;*) is given by (3.5) as 
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/,* - Jc. * = {- + /, = _iL, + /! =---— +22.988 

" Ah * d 2 x jf 16// 16x22.988 

4 

= 0.043 + 22.988 = 23.031 m. Ans. 

Or centre of pressure is below the centre of the pipe by a distance of 0.043 m. Ans. 

Problem 3.6 Determine the total pressure and centre of pressure on an isosceles triangular plate 
of base 4 rn and altitude 4 m when it is immersed vertically in an oil of sp. gr. 0.9. The base of the plate 

coincides with the free surface of oil. FREE OIL H — 4 m — 

o _ . SURFACE 1 


+ 22.988 


Solution. Given: 


Base of plate. 

b = 4 m 

Height of plate. 

h = 4 m 

bxh 4x4 

Area, 

2 2 

Sp. gr. of oil. 

S = 0.9 

.-. Density' of oil. 

p = 900 kg/m 3 . 

The distance of C.G. from free surface of oil. 

- 1 , 1 . 
h = — x/i = -x4 


= 8.0 m 



Fig. 3.8 


Total pressure (F) is given by F = pgAli 

= 900 x 9.81 x 8.0 x 1.33 N = 9597.6. N. Ans. 

Centre of pressure (/?*) from free surface of oil is given by 

h* = ^L + h 
Ah 

where l G = M.O.I. of triangular section about its C.G. 

l = l^l = 7 .llm- 

36 36 

/,* = —Ziii — + 1.33 = 0.6667 + 1.33 = 1.99 m. Ans. 

8.0 x 1.33 

Problem 3.7 A vertical sluice gate is used tc cover an opening in a dam. The opening is 2 m wide 
and 1.2 m high. On the upstream of the gate, the liquid of sp. gr. 1.45. lies upto a height of 1.5 m 
above the top of the gate, whereas on the downstream side the water is available upto a height touch- 
ing the top of the gate. Find the resultant force acting on the gate and position of centre of pressure. 

Find also the force acting horizontally at the top of the gate which is capable of opening it. Assume 
that the gate is hinged at the bottom. (A.M.I.E.. May. 1975) 

Solution. Given : 

Width of gate, b = 2 m 

Depth of gate. d = 1.2 m 

Area, A = b x d = 2 x 1.2= 2.4 nr 

Sp-gr. of'liquid =1.45 scanned by Fahid 
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Density of liquid, p, = 1.45 x 1000= 1450 kg/m’ 

Let F, = Force exerted by the fluid of sp. gr. 1.45 on gate 

F 2 = Force exerted by water on the gate. 

The force F, is given by F, = p,# x A x Tn 
where p, = 1.45 x 1000 = 1450 kg/m 2 

h\ = Depth of C.G. of gate from free surface of liquid 

= 1.5 + — =2.1 m. 

2 

FREE SURFACE OF LIQUID R\j 


LIQUID OF 
Sp. gr.=1.45 

UPSTREAM 


XN FREE SURFACE 
FyOF WATER 

WATER'-'-" y 


DOWN STREAM 


Fig. 3.9 

F, = 1450x9.81 x 2.4 x 2.1 =71691 N 

Similarly, F 2 = p 2 g.Ali 2 

where p 2 = 1,000 kg/m 3 

k 2 = Depth of C.G. of gate from free surface of water 

= — x 1.2 = 0.6 m 

2 

F 2 = 1000x9.81 x 2.4 x 0.6= 14126 N 
(i) Resultant force on the gate = F, - F 2 = 71691 - 14126 = 57565 N. Ans. 

(it) Position of centre of pressure of resultant force. The force F, will be acting at a depth of /t, * 
from free surface of liquid, given by the relation 

. be! 1 2 x 1.2 3 4 

where / r =-=-— = 0.288 ill 

G 12 12 


/«.* = - 


+ 2.1 =0.0571 + 2.1 = 2.1571 m 


2.4x2.i 

Distance of F t from hinge 

.. = (1.5 + 1.2)-/!,* = 2.7 - 2.1571 = 0.5429 m 

i 1 

The force F, will be acting at a depth of h 2 * from free surface of waved?iOve/itWy/L/ - 
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/i,* = -^£— + hi 
2 AI 12 


where l (; = 0.288 m 4 , h 2 = 0.6 m. A - 2.4 m 

0.288 


//,* = 


+ 0.6 = 0.2+ 0.6 = 0.8 m 


2.4 x 0.6 

Distance of F 2 from hinge = 1.2 - 0.8 = 0.4 m 

The resultant force 57565 N will be acting at a distance given by 

71691 x .5429 -14126 x 0.4 


57565 

38921 - 5650.4 


m above hinge 


57565 

= 0.578 m above the hinge. Ans. 

(Hi) Force at the top of gate which is capable of opening the gate. Let F is the force required on 
the top of the gate to open it as shown in Fig. 3.9. Taking the moments of F, F, and F 2 about the hinge, 
we get 


or 


F x 1.2 + F 2 x 0.4 = F, X .5429 

F, x .5429 - F, x0.4 

1.2 

71691 x.5429-14126 x 0.4 _ 38921 - 5650.4 


F = 


L2 1.2 

= 27725.5 N. Ans. . 

Problem 3 8 A caisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at 
the top and 10 m wide at the bottom and 6 m deep. Find the total pressure and centre of pressure on 
the caisson if the water on the outside is just level with the top and dock is empty. 

Solution. Given : 

Width at top =16m 

Width at bottom = 10 m 

Depth, d = 6 m 

Area of trapezoidal ABCD, 

(BC + AD) 

2 

(10 + 16) 


A - 


xd 



x 6 = 78 nT 


Fig. 3.10 


Depth of C.G. of trapezoidal area ABCD from free surface of water. 


h = 


(16-10) , 1 , 

10 x 6 x 3 + --- x 6 x x 6 

2 3 


78 


180 + 36 


78 


= 2.769 m from water surface. 

scanned by Fahid 

(/) Total Pressure (F). Total pressure, F is given by PDF created by AAZSwapnil 



Hydrostatic Forces on Surfaces 77 


F = pgAh = 1000x9.81 x 78 x 2.769 N 
= 211 8783 N = 2.118783 MN. Ans. 

(») Centre of Pressure (h*). Centre of pressure is given by equation (3.5) as 

h* = M, + h 

Ah 


where 7 C = M.O.I. of trapezoidal ABCD about its C.G. 
Let 


/ Gi = M.O.I. of rectangle FBCE about its C.G. 

/ G = M.O.I. of two As ABF and ECD about its C.G. 


Then 


In — 


" 3 10 x 6 ' = i go m 4 


12 


12 


/ Ci is the M.O.I. of the rectangle about the axis passing through G,. 

.-. M.O.I. of the rectangle about the axis passing through the C.G. of the trapezoidal 7 C| + Area of 


„ 2 

1 


rectangle x x 

where Xj is distance 'between the C.G. of rectangle and C.G. of trapezoidal 

= (3.0 — 2.769) = 0.231 m 
M.O.I. of FBCE passing through C.G. of trapezoidal 

= 180 + 10 x 6 x (0.231)" = 180 + 3.20= 183.20 nr 4 

i.Li ■ . _ bF 3 

Now 


7 g = M.O.I. of A ABD in Fig. 3.11 about G, = 

= (16-10)x6;_ = 3 6m4 
36 

The distance between the C.G. of triangle and C.G. of trapezoidal 

= (2.769 - 2.0) = 0.769 

M.O.I. of the two As about an axis passing through C.G. of trapezoidal 
= 7 C + Area of triangles x (.769) 

= 36.0 + x (.769) 2 
2 

= 36.0+ 10.64 = 46.64 
I c = M.O.I. of trapezoidal about its C.G. 

= M.O.I. of rectangle about the C.G. of trapezoidal 
+ M.O.I. of triangles about the C.G. of the trapezoidal 
= 183.20 + 46.64 = 229.84 m 4 

/,* - IsL + J, 

Ah 



where A = 78, h = 2.769 


77004 

h* = -+ 2.769 = 1.064 + 2.769 = 3.833 m. Ans. 


78x2.769 

Alternate Method 

The distance of the C.G. of the trapezoidal channel from surface A 

page 69) 


mvMv&Pifobkyio* 
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(2 a + b) h 

x = - - - x - 

(a + b ) 3 

(2x10 + 16) 6 

“ (To + 16) X 3 


(v a = 10, b = 16 and It = 6) 


= — x 2 = 2.769 m 
26 

This is also equal to the distance of the C.G. of the trapezoidal from free surface of water. 

h =2.769 m 

Total pressure, F - p gAh (• ^ - 78) 

= 1000 x 9.81 x 78 X 2.769 N = 2118783 N. Ans. 

Centre of Pressure 


&*) = -fr + h 

Ah 


Now I G from Table 3.1 is given by, 

(a 2 +4ab + b 7 ) " (lO 2 + 4 x 10 x 16 + 16 2 ) 

lr. = ^ TTT- TZ - 1 X r = --- X 6 


36 {a + b) 


36(10 + 16) 


= - ( 100 + 640+ —^ x 216 = 229.846 m 4 
36x26 

^846 +2?69 

78 x 2.769 


(v A = 78 m 2 ) 


= 3.833 m. Ans. 

Problem 3.9 A trapezoidal channel 2 m wide at the bottom and 1 m deep has side slopes 1 : 1. 
Determine : 

(i) the total pressure, and 

(ii) the centre of pressure on the vertical gate closing the channel when it is full of water. 

(A.M.I.E., Summer, 1978) 


Solution. Given : 

Width at bottom = 2 m 

Depth, d = 1 m 

Side slopes =1:1 

.-. Top width, AD = 2 + 1 + 1 = 4 m 

Area of rectangle FBEC , • A 1 =2xl=2m 

Area of two triangles ABF and ECD, A 2 — - —~ x 1 = 1 m 

Area of trapezoidal ABCD, A=A,+A 2 = 2 + 1=3 m 
Depth of C.G. of rectangle FBEC from water surface, 

hi = — = 0.5 m 


j-* ---— ** m- 

A WATER SURFACE 

D 


F 

E £> 

1 m \ 


/ 

L \ 


X 


«- 2m — 

Fig. 3.12 
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Depth of C.G. of two triangles ABF and ECD from water surface. 

r 1 , 1 

hi = — x 1 = — m 

3 3 

Depth of C.G. of trapezoidal ABCD from free surface of water 

— A.xTn+A 7 xTi2 2x0.5 + 1x0.33333 ..... 

(A, + A 2 ) (2 + 1) 

(i) Total Pressure (F). Total pressure F is given by 

F = pgA h 

= 1000 x 9.81 x 3.0 x 0.44444 = 13079.9 N. Ans. 

(«) Centre of Pressure (h*). M.O.l. of rectangle FBCE about its C.G., 

, bd 3 2 x l 3 I 4 

G| 12 12 6 

M.O.l. of FBCE about an axis passing through the C.G. of trapezoidal 

I G * = / C| + A, x [Distance between C.G. of rectangle and C.G. 

of trapezoidal] 2 


= i + 2 *[;,-!]’ 


= i + 2 x [0.5 - .4444] 2 = .1666 + .006182 = 0.1727 
M.O.l. of the two triangles ABF and ECD about their C.G., 

bd 3 (l + l)xl 3 2 1 m 4 

° 2 36 ~ 36 36 18 m 

M.O.l. of the two triangles about the C.G. of trapezoidal, 

I G * = I Gi +A 2 x [Distance between C.G: of triangles and C.G. 


of trapezoidal] 


1 _ _ 1 r 11 2 

= — +1 xf/i- * 2 1 2 = — +lx .4444 — 
18 1 J 18 L 3 i 


= — +(.1111) 2 = 0.0555 + (.1111) 2 
18 

= .0555 + 0.01234 = 0.06789 m 4 
.*. M.O.l. of the trapezoidal about its C.G. 

I G = I a *+ l a * = .1727 + .06789 = 0.24059 m 4 
Then centre of pressure (It*) on the vertical trapezoidal. 

h* = Mr + h= 024059 + .4444 = 0. 1 8046 + .4444 = 0.6248 
All 3 x.4444 


i 


~ 0.625 m. Ans. 


scanned by Fahid 

PDF created by AAZSwapnil 



80 Fluid Mechanics 


Alternate Method 


The distance of the C.G. of the trapezoidal channel from surface AD is given by (refer to Table 3.1 on 
page 69). 

(2a + b) h (2x2 + 4) 1 0 n 


X (a + b) X 3 


(2 + 4) X 3 


(v a = 2, b = 4 and h = 1) 


= 0.444 m 


h = x = 0.444 m 


Total pressure, 


F = pgAh = 1000x9.81 x 3.0 x.444 

= 13079 N. Ans. 


(v A =3.0) 


Centre of pressure, 


h * = ^ + h 
Ah 


where l c from Table 3.1 is given by 


(a 2 +4ab + b 2 ) , (2 2 + 4 x 2 x 4 + 4 2 ) , 52 

] r =2- L xh 3 = ± -x 1 3 = ——-=0.2407 m 4 

G • 36 (a + b) 36(2 + 4) 36x6 


0 2407 

h* = - - - + .444 = 0.625 m. Ans. 

3.0 x.444 


Problem 3.10 A square aperture in the vertical side of a tank has one diagonal vertical and is 
completely covered by a plane plate hinged along one of the upper sides of the aperture. The diago¬ 
nals of the aperture are 2 m long and the tank contains a liquid of specific gravity 1.15. The centre of 
aperture is 1.5 in below the free surface. Calculate the thrust exerted on the plate by the liquid and 
position of its centre of pressure. (A.M.I.E., Summer, 1986) 

Solution. Given : Diagonals of aperture, AC = BD = 2 m 
.•. Area of square aperture, A = Area of A ACB + Area of A ACD 

AC x BO ACxOD 2x1 2x1 , , „ _ 2 


2 + 2 


= 1 + 1 = 2.0 nT 


Sp. gr. of liquid =1.15 

Density of liquid, p = 1.15 x 1000 = 1150 kg/m 3 
Depth of centre of aperture from free surface, 


h = 1.5 m. 



B SQUARE 
/KX'APERTURE 
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(0 The thrust on the plate is given by 

F = pgAh = 1150x9.81 x 2 x 1.5 = 33844.5. A ns. 
(it) Centre of pressure (/i*) is given by 

h* = + h 

Ah 

where I G = M.O.I. of ABCD about diagonal AC 

= M.O.I. of triangle ABO about AC + M.O.I. of triangle ACD about AC 


ACxOB 3 ACxOD 3 


v M. O. I. of a triangle about its base = - 


2 x r 2x1 1 I 1 4 

-+-= — + — = - m 

12 12 6 6 3 


h* = —2— + 15 _-‘-+ 1.5 = 1.611 m. Ans. 

2x1.5 3 x2 x 1.5 


Problem 3.11 A rank contains water upto a height of 0.5 m above the base. An immiscible liquid of 
sp. gr. 0.8 is filled on the top of water upto I in height. Calculate : 

(i) total pressure on one side of the tank, 

(ii) the position of centre of pressure for one side of the tank, which is 2 m wide. 

Solution. Given : 

Depth of water = 0.5 m 

Depth of liquid = 1 m 

Sp. gr. of liquid =0.8 

Density of liquid, p, = 0.8 x 1000 = 800 kg/m 3 

Density of water, p 2 = 1000 kg/m 3 

Width of tank = 2 m 

(t) Total pressure on one side is calculated by drawing pressure diagram, which is shown in Fig. 3.14. 
Intensity of pressure on top, p A = 0 

Intensity of pressure on D (or DE), p D = p l g.h ] 

= 800 x 9.81 x 1.0 = 7848 N/m 2 




T PcLiQ uIiT'" : 

1 m tO-rSp. gr.=0.8 :-q 
0 5m ! ||WATER 



B 7848 F 4905 C 


Hu. 3.14 


Intensity of pressure on base (or BC). p B = p,g/i| + p 2 ,e x 0.5 

= 7848 + 1000 x 9.81 x 0.5 = 7848 + 4905 = 12753 N/m 2 
Now force F, = Area of A ADE x Width of tank 


= — x AD x DE x 2.0 = — 
2 2 
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Force F 2 = Area of rectangle DBFE x Width of tank 

= 0.5 x 7848 x 2 = 7848 N 
Fj = Area of A EFC x Width of tank 


= ^-xEFxFCx 2.0 = - x 0.5 x 4905 x 2.0 = 2452.5 N 
2 2 

.'. Total pressure, F = F t + F, + F 2 

= 7848 + 7848 + 2452.5 = 18148.5 N. Ans. 

(ii) Centre of Pressure (h*). Taking the moments of all force about A, we get 

Fxh* = F } x|aD + F 2 (AD+| BD) + F 2 \AD + | BD] 

18148.5 x h* = 7848 x^xl + 7848 (l0 + + 2452.5 ^I.O + jX.sJ 

= 5232 + 9810 + 3270 = 18312 
18312 

h* - -- 1.009 m from top. Ans. 

18148.5 ‘ __ 

Problem 3.12 A cubical tank has sides of 1.5 m. It contains water for the lower 0.6 m depth. The 
upper remaining part is fdled with oil of specific gravity 0.9. Calculate for one vertical side of the 
tank : 

(a) total pressure, and 

(b) position of centre of pressure. (A.M.I.E., Winter, 1987) 

Solution. Given : 

Cubical tank of sides 1.5 m means the dimensions of the tank arel.5mxl.5mxl .5 m. 

Depth of water = 0.6 m 

Depth of liquid = 1.5'-0.6 = 0.9 m 

Sp. gr. of liquid =0.9. 

Density of liquid, p, = 0.9 x 1000 = 900 kg/m 3 

Density of water, p 2 = 1000 kg/m 3 

(a) Total pressure on one vertical side is calculated by drawing pressure diagram, which is shown in 
Fig. 3.15. 



Fig. 3.15 
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Intensity of pressure at A, /? 3 = 0 

Intensity of pressure at D, p D = p t gx h = 900 x 9.81 x 0.9 = 7946.1 N/'nr 
Intensily of pressure at B, p B = p^/j, + p 2 g/i 2 = 900 x 9.81 x 0.9 + 1000 x 9.81 x 0.6 

= 7946.1 + 5886= 13832.1 N/m 2 

Hence in pressure diagram : 

DE = 7946.1 N/m 2 , BC = 13832.1 N/m 2 , FC = 5886 N/m 2 
The pressure diagram is split into triangle ADE, rectangle BDEF and triangle EFC. The total pres¬ 
sure force consists of the following components : 

(/) Force F, = Area of triangle ADE x Width of tank 

= (jx AD x OF) x 1.5 (v Width = 1.5 m) 

= (|x 0.9 x 7946.1) x 1.5 N = 5363.6 N 

2 

This force will be acting at the C.G. of the triangle ADE, i.e., at a distance of — x 0.9 = 0.6 m below A 

(//) Force F : = Area of rectangle BDEF x Width of tank 

= (BD x DE) x 1.5 = (0.6 x 7946.1) x 1.5 = 7151.5 

This force will be actina at the C.G. of the rectanale BDEF i.e., at a distance of 0.9 + = ] 2 m 

2 

below A. 

(Hi) Force F, = Area of triangle EFCx Width of tank 

= (|xFFxFC) x 1.5 = (4- x 0.6 x 5886) x 1.5 = 2648.7 N 

2 

This force will be acting at the C.G. of the triangle EFC . i.e., at a distance of 0.9 + - x 0.6 = 1.30 m 
below A. 

Total pressure force on one vertical face of the tank, 

f=f, + f 2 + f 3 

/ = 5363.6 + 7151.5 + 2648.7 = 15163.8 N. Ans. 

(b) Position of centre of pressure 

Let the total force F is acting at a depth of h* from the free surface of liquid, i.e., from A. 

Taking the moments of all forces about A, we get 

Fxh* =F, x 0.6 + F 2 x 1.2 + F 3 x 1.3 

F { x 0.6 + F 2 x L2 + F 3 x 1.3 

or h * = ----- 

F 

_ 5363.6 x 0.6 + 7151.5 x 1.2 + 2648.7 x 1.3 
15163.8 

= 1.005 m from A. Ans. 


► 3.4 HORIZONTAL PLANE SURFACE SUBMERGED IN LIQUID 

Consider a plane horizontal surface immersed in a static fluid. As every point of the surface is at the 
same depth from the free surface of the liquid, the pressure intensity will be equal on the entire surface 
and equal to,/? = p gh, where h is depth of surface. scanned by Fahid 
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Let A = Total area of surface FR EE SURFACE 

Then total force, F, on the surface 

= p x Area = pg x h xA - pgAh 

w here 7 - Depth of C.G. from free surface of liquid = h 
also h* - Depth of centre of pressure from free surface = h. 

Problem 3.13 Fig. 3.17 shows a tank full of water. Find : 

(i) Total pressure on the bottom of tank. Fig. 3.16 

(ii) Weight of water in the tank. 

(Hi) Hydrostatic paradox between the results of (i) and (ii). Width of tank is 2 rn. 

Solution. Given : o. 4 m 

Depth of water on bottom of tank 

h t = 3 + 0.6 = 3.6 m 
Width of tank = 2 m 

Length of tank at bottom ~ =4m 
/. Area at the bottom, A=4x2 = 8m 2 
(/') Total pressure F, on the bottom is 

F = pgAh = 1000 x 9.81 x 8 x 3.6 
= 282528 N. Ans. 

(ii) Weight of water in tank = pg x Volume of tank 

= 1000 x 9.81 x [3 x 0.4 x 2 + 4 x .6 x 2] 

= 1000 x 9.81 [2.4 + 4.8] = 70632 N. Ans. 

(Hi) From the results of (/') and (ii), it is observed that the total weight of w’ater in the tank is much 
less than the total pressure at the bottom of the tank. This is known as Hydrostatic paradox. 



► 3.5 INCLINED PLANE SURFACE SUBMERGED IN LIQUID 


Consider a plane surface of arbitrary shape immersed in a liquid in such a way that the plane of the 
surface makes an angle 0 with the free surface of the liquid as shown in Fig. 3.18. 



Fig. 3.18 Inclined immersed surface. 

Let A = Total area of inclined surface 

h = Depth of C.G. of inclined area from free surface 
h* = Distance of centre of pressure from free surface of liquid 
0 = Angle made by the plane of the surface with free liquid surf banned by Fahid 
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Let the plane of the surface, if produced meet the free liquid surface at O. Then 0-0 is the axis 
perpendicular to the plane of the surface. 

Let y = distance of the C.G. of the inclined surface from 0-0 

y* = distance of the centre of pressure from O-O. 

Consider a small strip of area dA at a depth ‘h’ from free surface and at a distance y from the axis 
0-0 as shown in Fig. 3.18. 

Pressure intensity on the strip, p = pgh 

Pressure force, dF , on the strip, dF = px Area of strip = pgh x dA 


Total pressure force on the whole area, F = J dF = J pghdA 


But from Fig. 3.18, 


li h h* . 

— = — = — = sin 0 

y y y* 

It = v sin 0 


F - Jpg x y x sin 0 x dA = pg sin 0 j ydA 
j ydA = A y 


where y = Distance of C.G. from axis 0-0 

F = pg sin 0 y x A 

= pgAh 

Centre of Pressure (h*) 


(v h = y sin 0) ...(3.6) 


Pressure force on the strip, dF = pglidA 

= pgy sin 0 dA 

Moment of the force! dF, about axis 0-0 

= dF xy = pgy sin 0 dA x y = pg sin 0 y 2 dA 
Sum of moments of all such forces about 0-0 


[h = y sin 0] 


= J pg sin 9 y 2 dA = pg sin 0 J y 2 dA - 
Jy 2 dA = M.O.I. of the surface about 0-0 = / 0 


Sum of moments of all forces about 0-0 = pg sin 67 0 
Moment of the total force, F, about 0-0 is also given by 

= Fxy* 

where y* = Distance of centre of pressure from O-O. 

Equating the two values given by equations (3.7) and (3.8) 
F x y* = pg sin 0 / 0 

* pg sin 0 /„ 

or y* =- - - 


...(3.7) 


...(3.8) 


...(3.9) 


v* = — F= pgA li 
sin 0 


and / 0 by the theorem of parallel axis = l c + A y*. 
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Substituting these, values in equation (3.9), we get 

_ £gsin_0 T/ c + 
sin 6 o eAh •- J 


pgAh 

,2 I 


But 


A h 

h -lx 

— = sin 8 or v - — - 
y sin 8 

h 2 


h* = 


sin 2 6 


Ah 


I c +Ax 2 
sin U 


I r sin 2 8 t 
h* = G = — + h 
Ah 


...(3.10) 


or " Ah 

If 8 = 98°, equation (3.10) becomes same as equation (3.5) which is applicable to vertically plane 



Using equation (3.10), we have 

I sin 2 8 - bd 3 2 X 3 3 . 4 

h* = ——=— + /i, where/ G =— = —-r- 4 5 m 

Ah 1/14 


h* = 


4.5 x - 

+ 2.25 = + 2.25 

6x2.25 6x2.25 


4.5 x sin 2 30° 


= 0.0833 + 2.25 = 2.3333 in. Ans. scanned by Fahid 
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Problem 3.14 (b) A rectangular plane surface 3 in wide and 4 m deep lies in watei 
that its plane makes an angle of 30° with the free surface of water. Determine the total 
and position of centre of pressure, when the upper edge is 2 m below the free surface. 

(Delhi Univers 

Solution. Given : 

Free surface of water 

6 = 3 m , d = 4 m. 0 = 30° f A D 

Distance of upper edge from free surface of water = 2 m V+" | ; : 

(/) Total pressure force is given bv equation (3.6) as 2. h 2m 

■ F=p gAji 1 

where p = 1000 kg/m J , — 


View normal 
to plate 


h = Depth of C.G. of plate from 
free water surface 
= 2 + BE = 2 + BC sin 9 


2 + 2 x—=3m ^ X 

2 Fig. 3.19 (a) 

1000 x 9.81 x 12 x 3 = 353167 N = 353.167 kN. Ans. 


(ii) Centre of pressure (h*) 
Using equation (3.10), we have It* 


where /, 


12x3 36 ' 

Problem 3.15 (a) A circular plate 3.0 m diameter is immersed in water in such a way that its 
greatest and least depth below the free surface are 4 m and 1.5 m respectively. Determine the total 
pressure on one face of the plate and position of the centre of pressure. 

Solution. Given : free WATER SURFACE 

Dia. of plate, d = 3.0 m _ * E D 


Distance DC = 1.5 i 

Distance of C.G. from free surface 


—— = 0.8333 v 

3-0 - scanned by Fahid . 
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I 


(i) Total pressure (F) 

J _ 

, F=pgAh 

= 1000x9.81 x 7.0685 x 2.749= 190621 N. Ans. 
(/7) Centre of pressure (h*) 


/ c sin 2 0 j 

Using equation (3.10), we have h* - —- =— + « 


where I G = — d 4 = — (3) 4 = 3.976 m 4 
' 64 64 


/,* _ 3-976 x (.8333) x .8333 + 2 ?49 _ 0 j420 + 2.749 
7.0685 x 2.749 


= 2.891 m. Ans. j 

Problem 3.15 (b) If in the above problem, the given circular plate is having a concentric circular 
hole of diameter 1.5 m, then calculate the total pressure and position of the centre of pressure on one 
face of the plate. 


Dia. of plate, 


d = 3.0 m 


» — = — (1-5) 2 = 1.7671 m 2 

4 0 4 


Area of solid plate = — d 2 = ^ 

4 4 

Dia. of hole in the plate, d 0 = 1.5 m 

.-. Area of hole 

Area of the given plate. A = Area of solid plate - Area of hole 
= 7.0685- 1.7671 = 5.3014 m 2 
Distance CD = 1.5, BE = 4 m 
Distance of C.G. from the free surface, 

h - CD + GC sin 0 
= 1.5 + 1.5 sin 0 

AB BE-AE 4 - 1.5 _ 2.5 
3 3 


)1 


jhhe 

e/ 

4m 


■ 


(3) 2 = 7.0685 m 2 

1 


m 

■\p View normal 

\. / to plate 



Fig. 3.20 ( a ) 


But 


sin 0 = 


BC 


BC 


2.5 


h = 1.5 + 1.5 x — = 1.5 + 1.25 = 2.75 m 
3 


(i) Total pressure force (F) 

F=pgAh 

= 1000x9.81 x 5.3014x2.75 
= 143018 N = 143.018 kN. Ans. 
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(/'/') Position of centre of pressure (h*) 
Using equation (3.10), we have 


h* = 


I n sin~ 0 - 


Ah 


+ h 


where I c = [ d 4 - J 4 ] = [3 4 - 1,5 4 1 m 4 

_ .. 64 64 

A = ^[d 2 -d 0 2 ] = ^ [3 2 - 1.5 2 ] m 2 


sin 8 = — and It = 2.75 
3 


h* = 


- [3 2 - 1.5 2 ] x 2.75 


2.75 


+ 2.75 


+ 2.75 ^ 1X1125 X6 ' 25 +2.75 


16x2.75x9 



= 0.177 + 2.75 = 2.927 m. Ans. 

Problem 3.16 A circular plate 3 metre diameter is submerged in water as shown in Fig. 3.21. Its 
greatest and least depths are below the surfaces being 2 metre and I metre respectively. Find: (i) the 
total pressure on front face of the plate, and (ii) the position of centre of pressure. 

(A.M.I.E., Winter, 1983) 

Solution. Given : Water surface 

Dia. of plate, d = 3.0m . -~zns - P_ _ v _ . i—I 


Distance, 


In A ABC, sin 0 =-= —;—-=-=-= — 

AC BC BC 3.0 3 F'g- 3.21 

The centre of gravity of the plate is at the middle of BC, i.e., at a distance 1.5 m from C. 

The distance of centre of gravity from the free surface of the water is given by 

h = CD + CG sin 0 = 1.0 + 1.5 x ^ (v sin 0= $") 

= 1.5 m. 

(0 Total pressure on the front face of the plate is given by 
F = pgA It 

■ = 1000 X 9.81 x 7.0685 x 1.5 = 104013 N. Ans. 

Let the distance of the centre of pressure from the free surface of the water belt*. Then using equation 
*3.10), we have 
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w. •- 


_j 


where 1 G = — d* = — (3) 4 . A = — d : . h = 1.5 m and sin 8 = \ 


64 64 

Substituting the values, we get 


h* = 


K ,„ 1 

- d x 
64 U 

— d~ x 1.5 
4 


t/- 1 

+ 1.5 = — x--- 

16 9x1.5 


+ 1.5 


= ___+ 1.5 = .0416 + 1.5 = 1.5416 m. Ans. 

16x9x1.5 

Problem 3.17 A rectangular gate 5mx2 m is hinged at its base and inclined at 60° to the horizon¬ 
tal as shown in Fig. 3.22. To keep the gate in a stable position, a counter weight of 5000 kgf is 
attached at the upper end of the gate as shown in figure. Find the depth of water at, which the gate 
begins to fall. Neglect the weight of the gate and friction at the hinge and pulley. 

Solution. Given : 

Length of gate =5m . 

Width of gate .. ..= 2 m 

6 = 60° 

Weight, W = 5000 kgf 

= 5000 x 9.81 N 

= 49050 N (v 1 kgf =9.81 N) 

As the pulley is frictionless, the force acting at B = 49050 N. First 
find thu total force F acting on the gateAB for a given depth of water. 

AE h 5 2h 



HINGE 


Fig. 3.22 


From figure. 


AD 


sin0. sin 60 V3 /2 -J3 


2/i 


4/i 


Area of gate immersed in water, A = AD x Width x —j= x 2 - m" 


— * h 

Also depth of the C.G. of the immersed area = h = — =0.5 h 

4h h 

:. Total force F is given by F = pgAh = 1000 x 9.81 x x ~j= 
The centre of pressure of the immersed surface, h* is given by 

h * = ic™l* + ~ h 

Ah 


19620 

: S 


/i 2 N 


where / c = M.O.I. of the immersed' area 

_ b x (AD? _ 2 


12 

16/i 5 


= — x 

12 


2h 

V3 


AD = ^ 

73 


4/r 


12x3x73 9x73 


m 
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■ (3 


Now in the A CHD, 


9xS 4h k 2 18/2- X 2 

73 2 

2h 


+ -=^Lx-=-+!l = !l± 21 l-^l 
6 2 6 3 


C// -/i* = —, ZCZW = 60° 


CH 

CD 


= sin 60° 


C£> = 


CH 


2h 


4h 


sin 60° sin 60° 3x73 

2 

AC = An~rn-Hl-^ lt _ 6/z-4/? _ 2ft 


Taking the moments about hinge, we get 


V3 373 3/3 3 v / 3 


in 


49050 x 5.0 = f x AC = ft* x — 

73 373 


.245250 = 


39240 ft 3 
3x3 


3 _ 9x245250 


ft J = 


= 56.25 


39240 

h = (56.25) l/3 = 3.83 m. Ans. ' “• 

Solution. Given : - ( AMI -E., Summer, 1980) 

A = Area of gate = 1.2 x 5.0 = 6.0 m 2 
Depth of C.G. of the gate from free surface of the water = ft 

- DG = BC-BE FREE WATER SURFACE O C D 


= 5.0 - BG sin 45° 


= 5 0 - 0.6 x~ = 4.576 m 
V2 

The total pressure force (F) acting on the gate. 

F - pgA Ti 

= 1000 x 9.81 x 6.0 x 4.576 
= 269343 N 

This force is acting at H, where the depth of H front 
free surface is given by 

/l * = !c™^- + h 

A11 
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, , r bd 5.0 x 1.2 5 „ 

where I G = M.O.I. of gate =-=-= 0.72 m 

12 12 


Depth of centre of pressure h* = 


But from Fig. 3.23 (rt). 
Distance, 


0.72 x.sin 2 45° 
6x4.576 


+ 4.576 = 0.13 + 4.576 = 4.589 m 


= sin 45° 


sin 45° 


= 4.589 x -fl = 6.489 m 


Distance, 

Distance, 

Distance 


BO = —— = 5 x V2 = 7.071 m 
sin 45° 

BH = BO - OH = 7.071 - 6.489 = 0.582 m 
AH = AB - BH = 1.2-0.582 = 0.618 m 


Taking the moments about the hinge A 

P X AB = Fx (AH) 

where P is the force normal to the gate applied at B 

Px 1.2 = 269343 x 0.618 

n 269343x0.618 

P= -—-= 138708 N. Ans. 

Problem 3.19 A gate supporting water is shown in Fig. 3.24. Find the height h of the water so that 
the gate tips about the hinge. Take the width of the gate as unity. 

Solution. Given : 0 = 60° 

Distance, AC = —-— = — 

. sin 60° V3 

where h = Depth of water. 

The gate will start tipping about hinge B if the resultant pressure force acts at B. If the resultant 
pressure force passes through a point which is lying from B to C anywhere on the gate, the gate will tip 
over the hinge. Hence limiting case is when the resultant force passes through B. But the resultant force 
passes through the centre of pressure. Hence for the given position point B becomes the centre of pres¬ 
sure. HenJe depth of centre of pressure, 

h* = (h - 3) m FREE WATER SURFACE /9 


But h* is also given by 
Taking width of gate unity. Then 


= !o^ + - h 


A=ACx\=~xl ; — 

s/3 2 


Ixf-Y Fig. 3.24 

/ - bd * - lx ^C 3 _ X [s/3 J 8/j 3 _ 2 h 3 
°~' 2 ~ I 2 12 ~ 
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h* = 


2/r 


3 3 

_ sin 2 60° h_ x 4 h_h /j 2/r 

9xV3 X ^. x * + 2 9/r + 2 _ 6 + 2~T 

S 2 


Equating the two values of h*. 


h-3 = 


2h , 2/i h „ 

— or h -=3 or — = 3 

3 3 3 


h = 3 x 3 = 9 m 

Height of water for tipping the gate = 9 m. Ans. 

Problem 3.20 A rectangular sluice gate AB, 2 m wide and 3 in long is hinged at A as shown in 
Fig. 3.25. It is kept closed by a weight fixed to the gate. The total weight of the gate and weight fixed 
to the gate is 343350 N. Find the height of the water 'h' which will just cause the gate to open. The 
centre of gravity of the weight and gate is at G. 

Solution. Given : 

Width of gate, i? = 2m; Length of gate L = 3,m 

Area, A - 2 x 3 = 6 nr 

Weight of gate and W = 343350 N 

Angle of inclination, 0 = 45° 

Let h is the required height of water. 

Depth of C.G. of the gate and weight = h 
From Fig. 3.25 (a). 


h = h- ED = h - (AD - AE) 
= h- (AB sin 0 - EG tan 0) 


{- 


AE 1 

tan 0 =-.-. AE = EG tan 0 > 

EG J 


/ =h — (3 sin 45° - 0.6 tan 45°) 

= h- (2.121 - 0.6) = (A - 1.521) m 
The total pressure force, F is given by 

F = pgAh = 1000 x 9.81 x 6 x (/z - 1.521) 

= 58860 (h - 1.521) N. 

The total force F is acting at the centre of pressure as shown in Fig. 3.25 (b) at H. The depth of H from 
free surface is given by h* which is equal to 


h* = 


I a sin 2 0 r 


Ah 


+ h. where I G = 


, . 4.5 x sin‘ 45 

h* =-+ (h ■ 

6 x (h - 1.521) 


bdjf 2 x 3 3 54 

12 

521) = 


1,2 

0.375 


= — =4.5 nV* 
12 


(h- 1.521) 


+ (/i- 1.521) m 
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FREE WATER SURFACE 





Fig. 3.25 


Now taking moments about hinge A, we get 
343350 x EG = Fx AH 


343350 x 0.6 = F x 


sin 45° 

From AAKH, Fig. 3.24 (b) AK = AH sin 6 = AH sin 45° .'. AH = 

_ 58860 (h - 1.521) x A 
sin 45° 

AK _ 343350 x 0,6 x sin 45 _ 0.3535 x 7 
58860 (/» - 1.521) ~ (h- 1.521) 


sin 45° 


But AK = h* —AC= -^ — +{h- 1.521)-AC 

{h- 1.521) 

But AC = CD - AD = h-AB sin 45 =h-3 x sin 45° = h - 2.121 

.'. Substituting this value in (ii), we get 

375 

AK= u + (*-l-5 2 0-(*-2.121) 

h - 1.521 

375 375 

= -■■■ - + 2.121 - 1.521 = - + 0.6 

1 1 11 ~ h^ihned by Fahid 
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0.3535 x 7 


0.375 


+ 0.6 


or 

or 


h- 1.521 h- 1.521 

0.3535 x 7 = 0.375 + 0.6 (It - 1.521) = 0.375 + 0.6 li - 0.6 x 1.521 

0.6/i = 2.4745 - .375 + 0.6 x 1.521 = 2.0995 + 0.9126 = 3.0121 

. 3.0121 ... 

h - -= 5.02 m. Ans. 


0.6 

Problem 3.21 Find the total pressure and position of centre of pressure on a triangular plate of 
base 2 in and height 3 m which is immersed in water in such a way that the plan of the plate makes an 
angle of 60° with the free surface of the water. The base of the plate is parallel to water surface and at 
a depth of 2.5 m from water surface. 

Solution. Given : 

Base of plate, b = 2 m 

Height of plate, h = 3 m 

. . bxh 2x3 „ 2 

.'. Area, A =-=-= 3 m 

2 ; 2 

Inclination, 0 = 60° 

Depth of centre of gravity from free surface of water, 

h = 2.5 + AG sin 60° 

1 - V3 

2 

= 2.5 + .866 m = 3.366 m 

(0 Total pressure force (F) 

F = pgAh = 1000x9.81 x3 x3.366 = 99061.38 N. Ans. 

(ii) Centre of pressure (h*). Depth of centre of pressure from free surface of water is given by 

I c sin 2 6 - 

h* = ——=—+ h 
Ah 

2 x 3 3 3 4 

-= — = 1.5 m 

36 2 



= 2.5 + - x 3 x 
3 


Fig. 3.26 

AG = ^ of height of triangle j 


where 1 G = 


bid 

36 


h* = —- * - S - in 60 + 3.366 = 0.1114 + 3.366 = 3.477 m. Ans. 

3 x 3.366 

». 3.6 CURVED SURFACE SUB-MERGED IN LIQUID 

Consider a curved surface Afi, sub-merged in a static fluid as shown in Fig. 3.27. Let dA is the area 
of a small strip at a depth of h from water surface. 

Then pressure intensity on the area dA is = pgh 

and pressure force, dF = p x Area = pgh x dA ...(3.11) - 

This force dF acts normal to the surface. 

Hence total pressure force on the curved surface should be 

F- f pglidA ...(3.12) 
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(a) 


(b) 


Fig. 3.27 

But here as the direction of the forces on the small areas are not in the same direction, but varies from 
point to point. Hence integration of equation (3.11) for curved surface is impossible. The problem can. 
however, be solved by resolving the force dF in two components dF x and dF y in the * and v directions 
respectively. The total force in the ,v and y directions, i.e ., F x and F v are obtained by integrating dF and 
dr y . 1 hen total force on the curved surface is * 




+ F: 


F 

and inclination of resultant with horizontal is tan <ji = — 


...(3.13) 

...(3.14) 


{ v (IF = pghdA ) 

...(3.15) 

...(3.16) 


Resolving the force iff given by equation (3.11) in.r andy directions : 

dF x = dF sin 0 = pghdA sin 0 
anci dF x = dF cos 9 = pghdA cos 9 

Total forces in the x and y direction are : 

F r = / dF x = J pghdA sin 9 = pg J lulA sin 0 

and F y = J dF y = J pghdA cos 0 = pg J hdA cos 0 

Fig. 3.27 (b) shows the enlarged area dA. From this figure, i.e., AEFG, 

EF = dA 
FG = dA sin 0 
, EG = dA cos 0 

Thus in equation (3.15)<M sin Q = FG = Vertical projection of the areatM and hence the expression 

pg J hdA sin 0 represents the total pressure force on the projected area of the curved surface on the 
vertical plane. Thus 

F x = Total pressure force on the projected area of the curved surface on vertical plane (3 17) 

Also dA cos 9 = EG = horizontal projection of dA and hence lidA cos 0 is the volume of the liquid 

contained in the elemental}' area dA up to free surface of the liquid. Thus J hdA cos0 is the total volume 
contained between the curved surface extended upto free surface. 

Hence pg J hdA cos 0 is the total w eight supported by the curs ed surface. Thus 

F x = pg- [ hdA cos 0 scanned by Fahid - 
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Fig. 3.28 


= weight of liquid supported by the curved surface upto free 

surface of liquid. ...(3.18) q. _ WATER SURFACE 

In Fig. 3.28, the curved surface AB is not supporting any fluid. In ! v>'yXyiyXv. 
>uch cases, f \ is equal to the weight of the imaginary liquid supported 

by AB upto free surface of liquid. The direction of F will be taken in i A " 

upward direction. ' j-Z-ZrZ-ZrZ-Z 

Problem 3.22 Compute the horizontal and vertical components * _yyy-Z-Z-Z 

of the total force acting on a curved surface AB, which is in the form B i^^**"**"** 

of a quadrant of a circle of radius 2 m as shown in Fig. 3.29. Take p io 3 28 

the width of the gate as unity. ^ 

Solution. Given : | 

Width of gate =1.0m | 

1 i n FREE SURFACE OF WATEI 

Radius of the gate = 2.0 m JL — 

/. Distance AO - OB = 2 m 1 5 m i _ Q 

Horizontal force, F r exerted by water on gate is given by * \ A f F 

2m \ t r x 

equation (3.17) as | \. 

F x = Total pressure force on the projected area of curved 

surface AB on vertical plane - ^ ^ 7X) 

= Total pressure force on OB 

{projected area of curved surface on vertical plane = OB x 1} 

= P gAh 


| D FREE SU 
1.5 ml ■-* c t 

T\ts 0 T 


FREE SURFACE OF WATER 


Fig. 3.29 


= 1000x9.81 x2x lx^l.5 + |j {v AreaofOB = A = BOx 1 =2x 1 =2. 


h = Depth of C.G. of OB from free surface = 1.5 + } 

F =9.81 x 2000 x 2.5 = 49050 N. Ans. 


The point of application of F x is siven. by h* = —=■ + h 

Ah 


tfjere Iq = M.O.l. of OB about its C.G. = 


1 x 2? 2 4 

-= — m 

12 3 


2x2.5 


+ 2.5 m 


= 0.1333 + 2.5 = 2.633 m from free surface. 

Vertical force, F, exerted by water is given by equation (3.18) 

F = Weight of water supported by AB upto free surface 
= Weight of portion DABOC 
= Weight of DAOC + Weight of water AOB 
= pg [Volume of DAOC + Volume of AOB\ 


= 1000 x 9 .: 


ADxAOx 1+ 


~ {AO) 2 x 1 
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98 Fluid Mechanics 


= 100.0x9.81 


1.5 x 2.0 x 1 + — x 2 : x ll 

4 J 


= 1000 x 9.81 [3.0 + 7 cJN = 60249.1 N. Ans. 

Problem 3.23 Fig. 3.30 shows a gate having a quadrant shape of radius 2 m. Find the resultant 
force due to water per metre length of the gate. Find also the angle at which the total force will act 
Solution. Given : 

= 2 m 
= 1 m 


Radius of gate 
Width of gate 
Horizontal Force 


WATER SURFACE A 




F x = Force on the projected area of the 
curved surface on vertical plane 
- Force on BO = p gAh 

where A = Area of BO = 2x1=2 m 2 . A = - x 2 = 1 m • 

2 

F x = 1000 x 9.81 x 2 x 1 = 19620 N 
2 4 

This will act at a depth of — x 2 = — m from free surface of liquid. 

Vertical Force, F v 

F y = Weight of water (imagined) supported by AB 
= pg x Area of A OB x 1.0 

= 1000x9.81 x- (2) 4 x 1.0 = 30819 N 
4 

This will act at a distance of — = - * 2 0 = 0.848 m from OB 

2>n 37t 



Fig. 3.30 


Resultant force, F is given by 


= V19620 +30819 = N /384944400 + 949810761 
= 36534.4 N. Ans. 

The angle made by the resultant with horizontal is given by 

Q fv 30819 

tan 0 = — =-= 1.5708 

F x 19620 

9 = tan' 1 1.5708 = 57° 31'. Ans. 

Problem 3.24 Find the magnitude and direction of the resultant force due to water acting on a 
roller gale oj cylindrical form of 4.0 m diameter, when the gate is placed on the dam in such a wav 
that water is just going to spill. Take the length of the gate as B m 
Solution. Given : 

Dia. of gate =4m 

.% Radius, R =2 m 

Length of gate, ' 7 = 8 m 
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Horizontal force, F, acting on the gate is WATER 

- _ . , , . , SURFACE A 

F i =pgAh= Force on projected area of curved surface AC is ^ -j- 

on vertical plane ' ; A 

= Force on vertical area AOB F , : -~ ( r *° j 4 ° m 

where A = Area of AOB = 4.0 x 8.0 = 32.0 nr \M|r/ dam J_ 

h = Depth of C.G. of AOB = 4/2 = 2.0 m 

F t = 1000 x 9.81 x 32.0x2.0 1////////K 

= 627840 N. Pig. 3.31 

Vertical force, F y is given by 

I\. = Weight of water enclosed or supported (actually or imaginary) by 
the curved surface ACB 
= pg x Volume of portion A CB 
= pg x Area of ACB x / 

= 1000 x 9.81 x ~ (R) 2 x 8.Q = 9810 x Yl) 2 x 8.0 = 493104 N 
It will be acting in the upward direction. 

Resultant force, F = -J~F~ + Ff = v 627840 + 493104 = 798328 N. Ans. 

F. 493104 

Direction of resultant force is given by tan 0 = -±- = —-—— = 0.7853 

r t o2/o4U 

0 = 31=8'. Ans. 

Problem 3.25 Find the horizontal and vertical component of water pressure acting on the face of 
a winter gate of 90 ° sector of radius 4 in as shown in Fig. 3.32. Take width of gale unity. 

Solution. Given : water surface a x \ 

Radius of gate. R - 4m --z z z< z z z z z z< z --" / /,'\ 

Horizontal component, F x of force acting on the gate is ' / ; \ \ 

F, = Force on area of gate [ _ 90_A\ 0 

pro jected on vertical plane \ ] Y 

= Force on area ADB \^B / Y 

= ps aJi 

where A = AB x Width of gate 

= 2 x AD x 1 (v AB - 2AD) Fig. 3.32 

= 2 x 4 x sin 45° = 8 x .707 = 5.656 nr jv 30 = 4 sin 45°) 

- = AR = F656 = 2 g28 m 
2 2 


Fig. 3.32 


Vertical component 


F x = 1000 x 9.81 x 5.6j6 x 2.828 N = 156911 N. Ans. 

F = Weight of water supported or enclosed by the curved surface 
= Weight of water in portion AC.BDA 
= ps x Area of A CBDA x Width of gale 
= 1000 x 9.81 x j Area of sector ACBOA - Area of A ABO] x I 
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_ oew . fjt D : AOxBOl 

JblOx ^A -- [v AAOB is a right angled] 


= 9810 x = 44796 N.Ans. 

Problem 3.26 Calculate the horizontal and vertical components of the water pressure exerted on 
a tanner gate of radius 8 m as shown in Fig. 3.33. Take width of gate unity. 

Solution. The horizontal component of water pressure is given by 

F .x = P &Mt = Force on the area projected on vertical plane 

= Force on the vertical area of BD water surface 

where A = BD x Width of gate = 4.0 x 1 = 4.0 m 

h = I x 4 = 2 m 

F, = 1000 x 9.81.x 4.0 x 2.0 = 78480 N. Ans. 

Vertical component of the water pressure is given by 

Fy = Weight of water supported or enclosed (imaginary) by curved 
surface CB 



= Weight of water in the portion CBDC 

- PS x [Area of portion CBDC ] x Width of gate 

= pg x [Area of sector CBO - Area of the triangle BOD) x 1 


= 1000x9.81 x 


30 BDxDO 

-— x kR- - 

360 2 


= QS1 n y fi-TT V 8 2 - 4 -° x 8 ~ 8 C0S 30 ° 

L12 2 J 



{v DO = BO cos 30° = 8 x cos 30°} 
13.856] =28439 N.Ans. ' 

long has water on its both sides as shown in 
-i °f the resultant force exerted by the water 
so that it may not be lifted away from the floor 


= 9810 x [16.755 - 

Problem 3.27 A cylindrical gate of 4 m diameter 2 m I 
Fig. 3.34. Determine the magnitude, location and direction 
on the gate. Find also the least weight of the cylinder 
Solution. Given : 

Dia. of gate = 4 m 

Radius = 2 m 

(/) The forces acting on the left side of the cylinder are 
The horizontal component, F x 
where F ( = Force of water on area projected on vertical 
plane 

= Force on area AOC 

= P gAh where A 

= 1000x9.81 x 8 x 2 


\ WATER 
jD SURFACE 


AC x Width = 4x2 
8 m 2 


scanned by Fahid 

PDF created by AAZSwapnil 


156960 N 

























f' V| = weight of water enclosed by ABCOA 


±R 2 

2 


= 1000x9.81 x 
Right Side of the Cylinder 

F x = p gA 2 li 2 = Force on vertical area CO . 


x 2.0 = 9810 x - x 2 2 x 2.0 = 123276 N. 
9 


= 1000x9.81 x 2 x 2 x — jv A, = COxl = 2x\ = 2m 7 ,hi =-- = 1.0 

2 1 2 

= 39240 N 

F = Weight of water enclosed by DOCD 


= pgx 


4 


x Width of gate 


= 1000 x 9.81 x - x 2 2 x 2 = 61638 N 
4 

Resultant force in the direction ofx, 

F = F - F= 156960 - 39240 = 117720 N 

A A j A i 

Resultant force in the direction of y, 

F = F +F, = 123276 + 61638 = 184914 N 

> 'l >2 

(0 Resultant force, F is given as 


F = + F? = yj(\ 17720) 2 + (184914) 2 = 219206 N. Ans. 

(//) Direction of resultant force is given by 

tan0= ^=i«. ,.5707 
F x 117720 

0 = 57° 31'. Ans. 

(Hi) Location of the resultant force 


Force, F acts at a distance of 


2x4 


= 2.67 m from the top surface of water on left side, while F x , 


acts at a distance of — x 2 = 1.33 in from free surface on the right side of the cylinder. The resultant 

fcrce F x iri the direction of x will act at a distance of y from the bottom as 
F x xy = F Xi [4 - 2.67J - [2 - 1.33] 

117720 x y = 156960 x 1.33 - 39240 x .67 = 208756.8 - 26290.8 = 182466 
182466 




! 17720 


= 1.55 m from the bottom. 


4R 4x20 

f . rce F. acts at a distance — from AOC or at a distance-— = 0.8488 m from AOC towards 

371 37t 


left of AOC. 


4 R 


Also F acts at a distance —- = 0.8488 m from AOC towards the rich! of AOC. The resultant force 
37t 

F, mill act at a distance x from AOC which is given by 
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F y x a- = F v< x .8488 - F v , x .8488 

or 184914 x a- = 123276 x .8488 - 61638 x .8488 = .8488 [ 123276 - 61638] = 52318.4 

5^318 4 

x = -- = 0.2829 m from AOC. 

184914 

(i'v) Least Weight of Cylinder. The resultant force in the upward direction is 
F y = 184914 N 

Thus the weight of cylinder should not be less than the upward force F y . Hence least weight of 
cylinder should be at least. 

= 184914 N.Ans. 

Problem 3.28 Fig. 3.35 shows the cross-section of a tank full of water under pressure. The length 
of the tank is 2 m. An empty cylinder lies along the length of the tank on one of its comer as shown. 
Find the horizontal and vertical components of the force acting on the curved surface ABC of the 
cylinder. (A.M.I.E., May 1974) 

Solution. Radius, R = 1 m o.2kgf/cm 2 

Length of tank. / = 2 m (7) ^|-. 

Pressure, p = 0.2 kef/cm 2 = 0.2 x 9.81 N/cm 2 FTTrr A 


Pressure head. 


R=lra 
/ = 2 m 

p = 0.2 kgf/cnr = 0.2 x 9.81 N/cm 2 
= 1.962* N/cm 2 = 1.962 x 10 4 N/m 2 

, p 1.962 xlO 4 „ 
h = — =-= 2 m 


0.2 kgf/cm 


rX5m\B ' ' , 


pg 1000 x 9.81 

.'. Free surface of water will be at a height of 2 m from 
the top of the tank. 

Fig. 3.36 shows the equivalent free surface of water. 

(i) Horizontal Component of Force 

F x = pgAh 

where A = Area projected on vertical plane 
= 1.5 x2.0 = 3.0 m 2 

h = 2 + — =‘2.75 
2 

F x = 1000 x 9.81 x 3.0 x 2.75 


-TANK FULL OF WATER." 


Fig. 3.35 
F E 


-•-■-•-■---t-BL j 6 /n' 


= 80932.5 N. Ans. 

(li) Vertical Component of Force 'yly' X'vM 

F y = Weight of water enclosed or supported " ^ ^ 

actually or imaginary by curved surface ABC 
= Weight of water in the portion CODE ABC 
= Weight of water in CODFBC - Weight of w r ater in AEFB 
But weight of water in CODFBC 

= Weight of water in [COB + ODFBO ] 


-BOxOD x 2 = 1000 x 9.81 -xl : +1.0x2.5 x 

|_4 


= 64458.5 N 

Weight of water in AEFB = pg [Area of AEFB] x 2.0 
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= 1000 x 9.81 [Area of (AEFG + AGBH - AHB)] x 2.0 

In A AHO, sinG = — = — = 0.5 .-. 0 = 30° 

AO 1.0 

BH = BO - HO = l.O-A0cos6 = 1.0- 1 x cos 30° = 0.134 
Area, ABH = Area ABO - Area AHO 

= x ”, - ' AH * HO = - °-- 5 X ' 866 = 0.0453 

360 2.0 12 2 

Weight of water in AEFB 

= 9810 x [AE x AG + AG x AH - 0.0453] x 2.0 
= 9810 x [2.0 x .134 + .134 x .5 - .0453] x 2.0 
= 9810 x [.268 + .067 - .0453] x 2.0 = 5684 N 
F y = 64458.5 - 5684 = 58774.5 N. Ans. 

Problem 3.29 Find the magnitude and direction of the resultant water pressure acting on a curved 

X 2 

face of a dam which is shaped according to the relation y = — as shown in Fig. 3.37. The height of 

the water retained by the dam is 10 m. Consider the width of the dam as unity. 

Solution. Equation of curve AB is , 


V = — or x~ - 9v 
9 


_ c_ 

1 dam 

dr, v -— 

10 m ■ ,\ ,• >; 


x=j9y=3jy io m ; <v'' 

Height of water, h = 10 m • 9 vO 

Width, b = 1 m —v— — , 

B x 

The horizontal component, F x is given by 3.37 

F x - Pressure due to water on the curved area projected on vertical plane 
= Pressure on area BC 

= P gAh 

where A = BC x 1 = 10 x 1 m 2 , h = 4 x!0 = 5m 
F x = 1000 x 9.81 x 10 x 5 = 490500 N 
Vertical component, F is given by 

F y = Weight of water supported by the curve AB 
= Weight of water in the portion ABC 
= pg[ Area of ABC] x Width of dam 


Area of strip = xdy :. Area ABC 


= pg xx r/yj x 1.0 jArca of strip = xdy .\ Area 

= 1000x9.81 x f'°3 Jydy 
Ju 

M2 l’ 11 ^ 

= 29430 = 29430 x ~ [ = 19620 110' 2 ] 


”P} 


x = ljy] 


= 19620 x 31.622 = 620439 N 
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Resultant water pressure on dam 

F = -Jf* + F? = yj( 490500) 2 + (620439) 2 

= 790907 N = 790.907 kN. Ans. 
Direction of the resultant is given by 

_ F, 620439 , _ 

tan 9 = — =-- 1.265 

F x 490500 

6 = 51° 40'. Ans. 


Problem 3.30 A dam has a parabolic shape y = y 0 |—J as shown in Fig. 3.38 below having x 0 = 6 m 
and y 0 = 9 m. The fluid is water with density = 1000 kg/m 3 . Compute the horizontal, vertical and the 


resultant thrust exerted by water per metre length of the dam. 
Solution. Given : 

Equation of the curve OA is 


v = Jo 


= 9 - = 9 x —- = —- 

UJ 36 4 


.r = 4y 

x=4^=2y m 

Width of dam, b = 1 m. 

(0 Horizontal thrust exerted by water 

F x = Force exerted by water on vertical surface 
OB, i.e., the surface obtained by projecting 
the curved surface on vertical plane 

= pgAh 


(A.M.I.E., Summer, 1985) 


A 

p-T 




M/A i 

vyy/Z\ y o= 9 m 


.wm 


Fig. 3.38 


= 1000 x 9.81 x (9 x 1) x - = 397305 N. Ans. 

2 

(it) Vertical thrust exerted by water 

F y = Weight of water supported by curved surface OA upto free surface of 


= Weight of water in the portion ABO 
= p gx Area of OAB x Width of dam 


= 1000x9.81 x 


= 1000 x 9.81 x 


£j\r x dy x 1.0 


(v x = 2y ,/2 ) 


= 19620 * 7 ^ = 19620 x ^ [9 3/2 j 
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(i/i) Resultant thrust exerted by water 

F=ftf+ F; = ^397305 + 353160 = 531574 N. Ans. 

Direction of resultant is given by 

. F y 353160 

tan 0 = — =-=0.888 

F x 397305 

0 = tan " 1 0.888 = 41.63°. Ans. 

Problem 3.31 A cylinder 3 m in diameter and 4 m long retains water on one side. The cylinder is 
supported as shown in Fig. 3.39. Determine the horizontal reaction at A and the vertical reaction at 
B. The cylinder weighs 196.2 kN. Ignore friction. WATER SURFACE C 

Solution. Given : \ 

Dia. of Cylinder =3m ! \ \ 

Length of cylinder =4m "‘I _ \h& 

Weight of cylinder, W= 196.2 kN = 196200 N 3 m _F a Id | w A/ 

Horizontal force exerted by water | \ lF y ! J 

F x = Force on vertical area HOC 

~PZ A h Fig. 3.39 


where A = BOC x 1 = 3x4=12 m 3 , h = — x 3 = 1 5 rn 

2 

F x = 1000 x 9.81 x 12 x 1.5 = 1 76580 N 
The vertical force exerted by water 

F y = Weight of water enclosed in BDCOB 


= pg x f ^/? 2 ] x .'= 1000X 9.81 x — x (1.5 ) 3 x 4 = 138684 N 


= pg x | — k | x; = tuw x y.ts l x — 
V 2 j 2 

Force F y is acting in the upward direction. 

For the equilibrium of cylinder 
Horizontal reaction at A = F x — 176580 N 
Vertical reaction at B = Weight of cylinder - F 

= 196200 - 1386'.' 1 =57516 N. Ans. 


► 3.7 TOTAL PRESSURE AND CENTRE OF PRESSURE ON LOCK GATES 

Lock gates are the devices used for cv.angi ■ the water level in a canal or a river for navigation. 
Fig. 3.40 shows plan and elevation of a pair < - ck gates. Let AB and 3C be the two lock gates. Each 
gate is supported on two hinges fixed on their -no and bottom at the ends A and C. In the closed position, 
the gates meet at B. 

Let h — Resultant force due to water on tire gate AB or BC acting are right angles to the gate 
R = Reaction at the lower and upper hinge 

P — Reaction at the common contact surface of the two gates and acting perpendicular to the 
contact surface. 

Let the force P and F meet at O. Then the reaction R must pass through O as the gate AB is in the 
equilibrium under the action of three forces. Let 0 is the inclination of the lock gate with the normal to 
the side of the lock. scanned by Fahid 
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In ZABO. ZOAB = ZABO = 0. 

Resolving all force along the gate AB and putting equal to zero, we get 

R cos 0 - Pcos 0 = 0 or R = P ...(3.19) 



Fig. 3.40 


Resolving forces normal to the gate AS 

R sin 0 + P sin 0 - F = 0 
F = R sin 0 + P sin 0 = 2 P sin 0 

P = —t— 

2 sin 0 

To calculate P and R 


...(3.20) 


In equation (3.20), P can be calculated if F and 0 are known. The value of 0 is calculated from the 
angle between the lock gates. The angle between the two lock gate is equal to 180 - 20. Hence 0 can be 
calculated. The value of F is calculated as : 


Let H x = Height of water on the upstream side 

H 2 = Height of water on the downstream side 
F, = Water pressure on the gate on upstream side 
F 2 = Water pressure on the gate on downstream side of the gate 
/ = Width of gate 


Now’' F, = pgA , h i 

„ , H \ 

= pgx//,x/x-^- 

, Hr [ - H, 1 

= p gl -j- v A = H ] x /, hi = -j- 

Similarly, F 2 = pgAJn = p jx (H 2 x /) x 

Resultant force F = F, - F, = L - - ~ ^ 2 

2 2 

Substituting the value of 0 and F in equation (3.20), the value of P and R can be calculated. 


Reactions at the top and bottom hinges 

Let R t = Reaction of the top hinge 
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R b = Reaction of the bottom hinge 
Then R - R t + R b 

The resultant water pressure F acts normal to the gate. Half of the value of F is resisted by the hinges 
of one lock gates and other half will be resisted by the hinges of other lock gale. Also F ] acts at a 

H H 

distance of — from bottom while F-, acts at a distance of —F from bottom. 

3 ' 3 

Taking moments about the lower hinge 

„ . - „ F, F 2 #2 

R, X Sill 0 X H = — X — - i- X —- (i) 

2323 

where // = Distance between two hinges 
Resolving forces horizontally 

F F 

R, sin 0 + R b sin G = — - -j- ...(H) 

From equations (/) and («), we can find R, and R B . 

Problem 3.32 Each gate of a lock is 6 in high and is supported by two hinges placed on the top and 
bottom of the gate. When the gates are closed, they make an angle of 120°. The width of lock is 5 m. 
If the water levels are 4 in and 2 in on the upstream and downstream sides respectively, determine the 
magnitudes of the forces on the hinges due to water pressure. 

Solution. Given: r t 


Height of lock =6m 

Width of lock =5m 

Width of each lock gate. =AB 




Angle between gates 


AD 2.5 I 

cos 30" cos 30° 

= 2.887 m 
= 120 ‘ 

0 = —- 0 - ~ 120 _ - 30 ° 

2 2 


i b— ; H 

ELEVATIO N HINGE._ R B R 


UPSTREAM 


b\ Id f 


Height of water on upstream side 
H\ = 4 m 

and fl,=2m 

Total water pressure on upstream side 


J 2.5 m ; DOWNSTREAM 


PLAN A 30° 
Fig. 3.41 


F, = pgA l hi, where A, = H t X / = 4.0 X 2.887 m 2 
= 1000 x 9.81 x 4 x 2.887 x 2.0 


hi = — = — = 2.0 m 


= 226571 N 


Force F, will be acting at a distance of —^ = — = 1.33 ni from bottom. 

3 3 

Similarly, total water pressure on the downstream side 

F 2 = pgA 2 /i 2 , where A 2 = // 2 x / = 2 x 2.887 nr 


= 1000 x 9.81 x 2x 2.887 x 1.0 


IF 2 

hi = ——= — = 1.0 m 
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= 56643 N 
H 

F 2 will act at a distance of —y = j = 0.67 m from bottom, 

Resultant water pressure on each gate 

F = F, - F 2 = 226571 - 56643 =. 169928 N. 

Let x is height of F from the bottom, then taking moments of Fj, F 2 and F about the bottom, we have 
Fx.v = F, x 1.33-F 2 x 0.67 
169928 x .v = 226571 x 1.33 - 56643 x 0.67 


226571 x 1.33 - 56643 x 0.67 301339 - 37950 


169928 

From equation (3.20). F = ——— = -—-—- = 169928 N. 
H 2 sin0 2 sin 30 


169928 


= 1.55 m 


From equation (3.19), R = P = 169928 N. 

If F r and R B are the reaction at the top and bottom hinges, then R T + R B = R- 169928 N. 
Taking movements of hinge reactions R T , R B and R about the bottom hinges, we have 
R t x 6:0 + R b x 0 = R x 1.55 



169928x1.55 

6.0 


=43898 N 


R B = R-R T =\ 69928 - 43898 = 126030 N. Ans. 

Problem 3.33 The end gates ABC of a lock are 9 m high and when closed include on angle of 120°. 
The width of the lock is 10 m. Each gate is supported by two hinges located at 1 m and 6 m above the 
bottom of the lock. The depths of water on the two sides are 8 m and 4 m respectively. Find : 

(ij Resultant water force on each gate, 

(ii) Reaction between the gates AB and BC, and 

(Hi) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane 
as resultant water pressure. 

Solution. Given: 

Height of gate = 9 m 

Inclination of gate = 120° 


180-120 

2 



A 



(a) PLAN 



(b) ELEVATION 
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Width of lock = 10 m 

Width of each lock =—or/= 5.773 m 

cos 30 


Depth of water on upstream side, //, = 8 m 
Depth of water on downstream side, H 2 = 4 m 
(i) Water pressure on upstream side 

F\ = pg'Mi 

where Aj = / x = 5.773 X 8 = 46.184 m, hi = = —= 4.0 m 

F, = 1000x9.81 x 46.184 X 4.0= 1812260 N= 1812.26 kN 
Water pressure on downstream side, 

F 2 = pgA 2 hi 

where A 2 = lxH 2 = 5.773 x 4 = 23.092 m, ha = ~ = 2.0 

F 2 = 1000 x 9.81 x 23.092 x 2.0 = 453065 N = 453.065 kN 

.-. Resultant water pressure 

= F, - F 2 = 1812.26 i 453.065 = 1359.195 kN 

(if) Reaction between the gates AB and AC. The reaction (F) between the gates AB and AC is 
given by equation (3.20) as 


F 1359.195 . 

F =---= 1359.195 kN. Ans. 

2 sin 0 2 x sin 30 


(»/) Force of each hinge. If/J r and A' ., are the reactions at the top and bottom hinges then 
Rj + Rft = R 

But from equation (3.19),F = P = 1359.195 
R T + R b = 1359.195 

H 8 4 

The force F, is acting at — = — = 2.67 m from bottom and F 2 at — = — = 1.33 m from bottom. 7 he 
3 3 3 3 

resultant force F will act at a distance x from bottom given by 

F x a = F] x 2.67 - F, x 1.33 


or 


A, x2.67 - A; x 1.33 _ 1812.26x2.67-453.065xl.33 
F ~ 1359.195 


4838.734 -602.576 
1359.195 

Hence R is also acting at a distance 3.11m from bottom. 

Taking moments of R T and R about the bottom hinge 
R T x [6.0 - 1.0] =Rx (a- 1.0) 

r Rx(x-lO) 1359.195 x 2.11 _ 573 5g N 
r 5.0 5.0 

R b = R - R t = 1359.195 - 573.58 
= 785.615 kN. Ans. 


scanned by Fahid 

PDF created by AAZSwapnil 



110 Fluid Mechanics 



► 3.8 PRESSURE DISTRIBUTION IN A LIQUID SUBJECTED TO CONSTANT 
HORIZONTAL/VERTICAL ACCELERATION 


In chapters 2 and 3. the containers which contains liquids, are assumed to be at rest. Hence the liquids 
are also at rest. They are in static equilibrium with respect to containers. But if the container containing 
a liquid is made to move with a constant acceleration, the liquid particles initially will move relative to 
each other and after some time, there will not be any relative motion between the liquid particles and 
boundaries of the container. The liquid will take up a new position under the effect of acceleration 
imparted to its container. The liquid will come to rest in this new position relative to the container. The 
entire fluid mass moves as a single unit. Since the liquid after attaining a new position is in static 
condition relative to the container, the laws of hydrostatic can be applied to determine the liquid pres¬ 
sure. As there is no relative motion between the liquid particles, hence the shear stresses and shear 
forces between liquid particles will be zero. The pressure will be normal to the surface in contact with 
the liquid. 

The following are the important cases under consideration : 

(0 Liquid containers subject to constant horizontal acceleration. 

(/'/') Liquid containers subject to constant vertical acceleration. 

3.8. i Liquid Containers Subject to Constant Horizontal Acceleration. Fig. 3.43 (a) 
shows a tank containing a liquid upto a certain depth. The tank is stationary and free surface of liquid is 
horizontal. Let this tank is moving with a constant acceleration 'a in the horizontal direction towards 
right as shown in Fig. 3.43 (£>). The initial free surface of liquid which was horizontal, now takes the 
shape as shown in Fig. 3.43 (b). Now AB represents the new free surface of the liquid. Thus the free 
surface of liquid due to horizontal acceleration will become a downward sloping inclined plane, with the 
liquid rising at the back end the liquid falling at the front end. The equation for the free liquid surface 
can be derived by considering the equilibrium of a fluid element C lying on the free surface. The forces 
acting on the element C are : 

Free surface of 

liquid ^ N l . Original liquid 

I I | . ] y/' surface 

Free surface of A * i . 

j liqu ' d / obv/ ; 'I Moving horizontal 

Tank / >I-CvQC I 1 L—-Tank \ 

(stationary) i_ B , 9 / X^ mx a 


moving 


(/) the pressure torce P exerted by the surrounding 13uid on the element C. This force is normal to the 
free surface. 

(») 'he weight of the fluid element Le„ in xg acting vertically downward. 

U>i) accelerating force i.e.. m x a acting in horizontal direction. 

Resolving the forces horizontally, we get scanned by Fahid 
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P sin 0 + tn x a = 0 

P sin 0 = - ma 
Resolving the forces vertically, we get 
P cos Q -mg = 0 

P cos Q = m x g 
Dividing (/) by (/;'), we get 


tan 0 = - — I or — Numerically I ...(3.20/t) 

S V 8 ) 

The above equation, gives the slope of the free surface of the liquid which is contained in a tank 
which is subjected to horizontal constant acceleration. The term (a/g) is a constant and hence tan 0 will 
be constant. The -ve sign shows that the free surface of liquid is sloping downwards. Hence the free 
surface is a straight plane inclined down at an angle 0 along the direction of acceleration. 

Now let us find the expression for the pressure at any pointD in the liquid mass subjected to horizon¬ 
tal acceleration. Let the pointD is at a depth of ‘/i’ from the free surface. Consider an elementary prism 
DE of height 'h' and cross-sectional area dA as shown in Fig. 3.44. 


Lines of constant 
pressure 



N K— pgh 2 —i- 


Fiy. 3.44 


Consider the equilibrium of the elementary prism DE. 

The forces acting on this prism DE in the vertical direction are : 

(i) the atmospheric pressure force (p 0 x dA) at the top end of the prism acting downwards, 

(//') the weight of the element (p x g x h x dA) at the C.G. of the element acting in the downward 
direction, and 

(iii) the pressure force (p x dA) at the bottom end of the prism acting upwards. 

Since there is no vertical acceleration given to the tank, hence net force acting vertically should be 
zero. 

p x dA - p 0 x dA - p gh dA = 0 

or p-p Q -pgh = 0 or p=p 0 + pgh 

or P~Po = Pgh 

or Gauge pressure at point D is given by 

P = PS 1 ' 


or pressure head at point D, 
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From the above cquaiion. it is clear that pressure head at any point in a liquid subjected to a constant 
onzontal acceleration is equal to the height of the liquid column above that point. Therefore the pressure 
d,s nbution in a liquid subjected to a constant horizontal acceleration is same as hydrostatic pr 3 e 

F g 3 « TlS“3T4 a^T"" T"" m "T ef0re ' Pa ' a "" '° ,h ' indi ” d sorf,ce “ s 
g _ This Fig. 3.44 also shows the variation of pressure on the rear and front of the tank. 

If h x = Depth of liquid at the rear end of the tank 

h 2 = Depth of liquid at the front end of the tank 
F } = Total pressure force exerted by liquid on the rear side of the tank 
F 2 = Total pressure force exerted by liquid on the front side of the tank 
Fj = (Area of triangle AML) x Width 

= (y xLMx AM x b) = 4 x pgh, xh,xb = b 

2 

F 2 = (Area of traingle BNO) x Width 

= (7 x BN x NO) = j x h 2 x p gh 2 xb ~ pgbJl 2 

where b = Width of tank perpendicular to the plane of the paper. i I 

The values of Fj and F\ can also be obtained as 
[Refer to Fig. 3.44 (n)] 

F \ = P xg x A, x Tn. whereA, = h.xb and 


then 


and 


= px«x (/t, xF)x ~ = I p g.b.h x : 


and F 2 = pxgxA 2 xhi 

fh 


where A 2 = h 2 xb and hi = -T 

2 


= P xgx(h 2 xb)x!h- 
2 

= - pg .bx h 2 2 . 



, , -iw V iuiucs u.e., r, — is eaual to the fnrr*> 

required to accelerate the mass of the.liquid contained in the tank L, 

Fj - F 2 = M x a 

where M = Total mass of the liquid contained in the tank 
a = Horizontal constant acceleration. 

equation tan 0 =-will be developed. 

sv JnLollT P H nly <1 " i ed T' 1 ’ HqUid 3nd ° Pen “ ‘ he tOP iS SUbjCC,ed 10 3 Cons,am horizonIal acceleration 
p lling of the liquid may take place depending upon the magnitude of the acceleration 

tiJ'then 1 ,! 3 ‘r-r P M ely fllle , d Whh ,iqUid and “ thC l ° P " SUb ^ C,ed IO 3 consIan t horizontal accelera¬ 

tion, the liquid would not spill out from the tank and also there will be no adjustment in the surface elevation 

of the liquid. But the equation tan 0 = - — is applicable for this case also. scanned by Fahid 





















Hydrostatic Forces on Surfaces 113 

Problem 3.34 A rectangular tank is moving horizontally in the direction of its length with a con¬ 
stant acceleration of 2.4 m/s 2 . The length, width and depth of the tank are 6 rn, 2.5 m and 2 rn respec¬ 
tively. If the depth of water in the tank is 1 in and tank is open at the top then calculate : 

(/') the angle of the water surface to the horizontal, 

(/'/') the maximum and minimum pressure intensities at the bottom, 

(hi) the total force due to water acting on each end of the tank. 

Solution. Given : a F ; e J (e Original free 

Constant acceleration, a = 2.4 m/s 2 . T su ace 

Q 

Length = 6 m ; Width = 2.5 m and depth = 2 ni. 2 m »- - - - - 

Depth of water in tank, h = 1 m _ 3 _ m iTt 

(0 Thea,.„ .4 the water surface to the horizontal h | -z-yff ~ " a - 2 4 m ^s 2 


Let 0 = the angle of water surface to the honzontal 1 f T1 i 

jh 2 = 0.2662 

Using equation (3.20), we get m r . c . - z -:rs .c - i -r— a-r . - . --- 1 

a 2.4 H - 6m - w 

tan 0 = —-= — 0.2446 Fio x 4 c 

g 9.81 F, S- 3 45 

(the -ve sign shows that the free surface of water is sloping downward as shown in Fig. 3.45) 

tan 0 = 0.2446 (slope downward) 

0 = tan " 1 0.2446 = 13.7446° or 13° 44.6'. Ans. 

( 11 ) The maximum and minimum pressure intensities at the bottom of the tank 

From the Fig. 3.45, 

Depth of water at the front end, 

h ] = 1 - 3 tan 0 = 1 - 3 x 0.2446 = 0.2662 m 

Depth of water at the rear end, 

h 2 = 1 + 3 tan 0 = 1 + 3 x 0.2446 = 1.7338 m 

The pressure intensity will be maximum at the bottom, where depth of water is maximum. 

Now the maximum pressure intensity at the bottom will be at point A and it is given by, 

Pmax = P><gXh 2 

= 1000 x 9.81 x 1.7338 N/m 2 = 17008.5 N/m 2 . Ans. 

The minimum pressure intensity at the bottom will be at point L and it is given by 
Pmin = pxgxh l 

= 1000 x 9.81 x 0.2662 = 2611.4 N/m 2 . Ans. 

(iii) The total force due to water acting on each end of the tank 

Let F | = total force acting on the front side (i.e., on face BD) 

F 2 = total force acting on the rear side (i.e., on face AC) 

Then F, = pgAfu, where A, = BD x width of tank = /i, x 2.5 = 0.2662 x 2.5 


-“JU 0^=0.1331 n 
2 2 2 

= 1000 x 9.81 x (0.2662 x 2.5) > 0.1331 

= 868.95 N. Ans. 
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J 


and 


F-, = p .g.Ayliz- where A 2 = ABx width of tank = h 2 x 2.5 = 1.7338 x 2.5 


- AB h 2 1.7338 . 

2 2 2 

= 1000 x 9.81 x (1.7338 x 2.5) x 0.8669 
= 36861.8 N. Ans. 

Resultant force = F, - F 2 

= 36861.8 N-868.95 
= 35992.88 N 

Note. The difference of the forces acting on the two ends of 
the lank is equal to the force necessary to accelerate the liquid 
mass. This can be proved as shown below : 

Consider the control volume of the liquid i.e.. control vol¬ 
ume is ACDBA as shown in Fig. 3.46. The net force acting on 
the control volume in the horizontal direction must be equal to 
the product of mass of the liquid in control volume and accel¬ 
eration of the liquid. 

(F, - F 2 ) - M x a 

= (p x volume of control volume) x a 
= (1000 x Area of ABDCE x width) x 2.4 


Liquid (water) 



6 m- 
Fig. 3.46 


1000 x 


AC+ BD 


xABx width 


x 2.4 


Area of trapezium 




AC + BD 


xAB 


= 1000 x 


e 


.7338 + 0.2662 3 


"J 


x 6 x 2.5 x 2.4 


= 36000 N 

(v ,4C = h 2 = 1.7338 m, BD = /i, = 0.2662 m, and AB = 6 m, width = 2.5 m) 
The above force is nearly the same as the difference of the forces acting on the two ends of the tank, (i.e., 
35992.88 = 36000). 

Problem 3.35 The rectangular tank of the above problem contains water to a depth of 1.5 in. Find 
the horizontal acceleration which may be imparted to the tank in the direction of its length so that 
(i) the spilling of water from the tank is just on the verge of taking place, 

(H ) the front bottom corner of the tank is just exposed, 

(Hi) the bottom of the tank is exposed upto its mid-point. 

Also calculate the total forces exerted by the water on each end of the tank in each case. Also prove 
that the difference between these forces is equal to the force necessary to accelerate the mass of water 
tank. 

Solution. Given : 

Dimensions of the tank from previous problem, . „ c 

„ , , . ,PDF created by AAZSwapnil 

L = 6 m, width ( b) = 2.5 m and depth =FZ m 
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Depth of water in tank. h = 1.5 m 

(i) Horizontal acceleration imparted to the tank _ c 
(a) When the spilling of water from the tank is just j m ■- 
on the verge of taking place : 

Let a = required horizontal acceleration : 

When the spilling of water from the tank is just on the 1 Snr i 
verge of taking place, the water would rise upto the rear \ 
top corner of the tank as shown in Fig. 3.47 (a) - 1 — i | 

-AC2(2-1.5)_0.5 =(U667 " 


Original free 
surface ■ 


----- - 87^0 


tan 9 = 


Fig. 3.47 (a) Spilling of water is just i 

the verge of taking place. 


But from equation (3.20) tan 0 = — (Numerically) 

8 

a = g x tan 9 = 9.81 x 0.1667 = 1.635 m/s 2 . Ans. 

(/>) Total forces exerted by water on each end of the tank 

The force exerted by water on the end CE of the tank is 

F, = pgAftu where A, = CE x width of the tank = 2 x 2.5 

7 CE 2 . 

In = -= — = 1 m 

7 7 


= 1000x9.81 x (2 x 2.5) x 1 

= 49050 N. Ans. 

The force exerted by water on the end FD of the tank is 

F 2 = pgA 2 x J 12 . where A 2 = ED x width = 1 x 2.5 

(v AC = SD = 0.5 m, .;. FD = BF-BD= 1.5-0.5=1) 

! ■ - FD 1 

= 1000x9.81 x(l x 2.5) x 0.5 In = — = - =0.5 m 

= 12262.5 N. Ans. 

(c) Difference of the forces is equal to the force necessary to accelerate the mass of water in the tank 
Difference of the forces = F { - F 2 

= 49050 - 12262.5 = 36787.5 N 

Volume of water in the tank before acceleration is imparted to it = L x b x depth of water 

= 6x2.5 x 1.5 = 22.5 nr. 

The force necessary to accelerate the mass of water in the tank 

= Mass of water in lank x Acceleration 

= (p x volume of water) x 1.635 (V a = 1.635 m/s') 

= 1000 x 22.5 x 1.635 [There is no spilling of water and volume of 

water = 22.5 m 1 ] 


= 36787.5 N 
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Hence the difference between the forces on the two ends of the tank 
accelerate the mass of water in the tank. 

Volume of water in the tank can also be calculated as volume 
Fig. 3.47 («)] 

f 2 + 1 


is equal to the force necessary to 


xEFx Width [Refer to 


Free surface Original free 
after acceleration surface 


(") ( a) Horizontal accelet. : on when the front 
bottom comer of the tank is jus exposed. 

Refer io Fig. 3/7 (6). In thi case tire free sur¬ 
face of wa-r in r’.o tank will b along ( 0. 

Let a = required horizontal acceleration. 


But from equation (3.17) 


(Numerically) 


(b) 'total forces exerted by water on each end of the tank 
The force exerted by water on the end CE of the tank is 

F, = pgxA, x h\ 

where A , = CE x width = 2x2.5 =5 m 2 


= 49050 N. Ans. 

The force exerted by water o . the end BD of the tank is zero as there is no water against the face BD 


Difference of forces = 49050 - 0 = 49050 N 

(c) Difference of forces is equal to the force necessary to accelerate the mass of water in the tank. 
Volume of water in the tank = Area of CED x Width of tank 

( CE x ED\ 

- x 2.5 (y Width of tank = 2.5 m) 


Force necessary to accel ate the mass of water in the tank 

= Mass of water in tank x Acceleration 
- (1000 x Volume of water) x 3.27 

= 1000 x 15 x 3.27 = 49050 N 
Difference of two forces is also = 49050 N 
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Hence difference between the forces on the two ends of 
the tank is equal to the force necessary to accelerate the 
mass of water in the tank. 

(h' 0 (a) Horizontal acceleration when the bottom of 
the tank is exposed upto its mid-point. 

Refer to Fig. 3.47 (c). In this case the free surface of 
water in the tank will be along CD*, where D* is the mid¬ 
point of ED. 

Let a = required horizontal acceleration from 

Fig. 3.47 (c), it is clear that 

CE 2 


tan 0 



FI) 


But from equation (3.20) numerically 

a 


Fig. 3.47 (c) 


tan 0 = — 
8 


a = g x tan 0 = 9.81 x — = 6.54 m/s 2 . Ans. 


(b) Total forces exerted by water on each end of the tank 
The force exerted by water on the end CE of the tank is 


where 


F\ =p xgxA, x h\ 
A, =CEx Width = 2 x 2.5 = 5 m 2 


r CE 2 

in =-= — = 1 m 

2 2 


= 1000 x 9.81 x 5 x 1 

= 49050 N. Ans. 

The force exerted by water on the end BD is zero as there is no water against the face BD. 

F 2 = 0 

Difference of the forces = F l -F 2 = 49050 - 0 = 49050 M 

(c) Difference of the two forces is equal to the force necessary to accelerate the mass of water 
remaining in the tank. 

Volume of water in the tank = Area CED x Width of tank 


CEx ED 2x3 _ 3 

x 2.5 =-x 2.5 = 7.5 m 


(v a = 6.54. m/s 2 ) 


2 2 

Force necessary to accelerate the mass of water in the tank 

= Mass of water x Acceleration 
= p x Volume of water x 6.54 
= 1000 x 7.5 x 6.54 
= 49050 N 

This is the same force as the difference of the two forces on the two ends of the tank. 

Problem 3.36 a rectangular tank of length 6 m, width 2.5 and heiffi'YM&JSfofffttlWfiljed with 


water when at rest. The tank is open at the top. The tank is subjected ^ 
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Solution. Given : 

L = 6 m, b = 2.5 m and height. H = 2 m 
Horizontal acceleration, a = 2.4 m/s 2 . 

The slope of the free surface of water after the tank is subjected to linear constant acceleration is 

given by equation (3.20) as Original free 

Free surface surface 

a after acceleration 

tan 9 = — (Numerically) 


BC = AB x tan 0 ± 

= 6x0.2446 h 6 "^ 

Fig. 3 

(y AB = Length = 6 m ; tan 0 = 0.2446.) 

= 1.4676 m 

Volume of water spilled = Area of ABC x Width of tank 

= (y x AB x BC) x 2.5 (-. 

= |x6xl.4676x2.5 (v 

- 11.007 m 3 . Ans. 

3.8.?. Liquid Container Subjected to Constant Vertical Acceleration. Fig. 3.49 shows 
a tank containing a liquid and the tank is moving vertically upward with a constant acceleration. The 
liquid in the tank will be subjected to the same vertical acceleration. To obtain the expression for the 
pressure at any point in the liquid mass subjected to vertical upward acceleration, consider a vertical 
elementary prism of liquid CDFE. 

_ i Free surface 

F = m.a | 

p„dA I I Po dA 


Width 


I ig. 3.4't 

Let dA = Cross-sectional area of prism 
h = Height of prism 

p Q — Atmospheric pressure acting on the face CE 
p = Pressure at a depth h acting on the face DF 
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The forces acting on the elementary prism are : 

(/) Pressure force equal to p 0 x dA acting on the face CE vertically downward 

(//) Pressure force equal to p 0 x dA acting on the face DF vertically upward 

(Hi) Weight of the prism equal to p x g x dA x /; acting through C.G. of the element vertically 
downward. 

According to Newton’s second law of motion, the net force acting on the element must be equal to 
mass multiplied by acceleration in the same direction. 

Net force in vertically upward direction = Mass x acceleration 
p x dA - p 0 x dA - p gdA . h - (p x dA x It) x a (v Mass = p x dA x h) 

or P~ Po~ Pgh = ph x a (Cancelling dA to both sides) 

or P-Po~ P8 h + P h( > 


’l + * 

. 8 . 


...(3.21) 


But (p - p 0 ) is the gauge pressure. Hence gauge pressure at any point in the liquid mass subjected to 
a constant vertical upward acceleration, is given by 


P g = P8h 1+- ' .,.(3.22) 

L 8 . 

= pgh + pita ■ ...(3.22 A) 

where p s = p - p 0 = gauge pressure 

In the equation (3.22) p, g and a are constant. Hence variation of guage pressure is linear. Also when 
/; = 0, p = 0. This means p - p 0 = 0 or p = p 0 . Hence when h = 0, the pressure is equal to atmospheric- 
pressure. Hence free surface of liquid subjected to constant vertical acceleration will be horizontal. 
j From the equation (3.22A) it is also clear that the pressure at any point in the liquid mass is greater 

than the hydrostatic pressure (hydrostatic pressure is = pgh) by an amount ofpx/ixa. 

The Fig. 3.49 Shows the variation of pressure for the liquid mass subjected to a constant vertical 
upward acceleration. 

If the tank containing liquid is moving vetically downward with a constant acceleration, then the 
gauge pressure at any point in the liquid at a depth of h from the free surface will be given by 


* 


(P ~ Po) = P 8 h 1 - - = pgh - p ha ...(3.23) 
8 _ 

The above equation shows that the pressure at any 
point in the liquid mass is less than the hydrostatic pres¬ 
sure by an amount of p ha. The Fig. 3.50 shows the vari¬ 
ation of pressure for the liquid mass subjected to a con- 
stant.vertical downward acceleration. 

If the tank containing liquid is moving downward with 
a constant acceleration equal tog (i.e., when*/ = g), then 
equation reduces to p - p 0 = 0 or p = />„. This means the 
pressure at any point is the liquid is equal to surrounding 



atmospheric pressure. There will be no force on the walls Pj„ ^ -g 

or on the base of the tank. 

Note. If a tank containing a liquid is subjected'to a constant acceleration in the inclined,dLrcction, then the 
acceleration may be resolved along the horizontal direction and vertical diretSfi^/WemPdCTt^nirese cases may 
be separately analysed in accordance with the above procedure. PDF Cl'C’Cllcd by AAZSwCipiiil 
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Problem 3.37 A tank containing water apto a depth of500 mm is moving vertically upward with a 
constant acceleration of 2.45 m/s 2 . Find the force exerted by water on the side of the tank. Also 
calculate the force on the side of the tank when the width of tank is 2 m and 

(i) tank is moving vertically downward with a constant acceleration of 2.45 m/s 2 , and 

(ii) the tank is not moving at all. 

Solution. Given : 

u a = 2.45 m/s 2 

Depth of water, Ii = 500 mm = 0.5 m ; 

Vertical acceleration, a — 2.45 m/s 2 // ;500mm rV??rVr 

Width of tank, b = 2 m y'/ >> F?-Ef 

To find the force exerted by water on the side of y / 55 F5555 Hi-:-:-: 

the tank when moving vertically upward, let us first / / _ E-5 

find the pressure at the bottom of the tank. c ^ pgh _ 

The gauge pressure at the bottom (i.e., at point B) | ^ a | , 

for this case is given by equation as f 99 ' 1+ w H 


This pressure is represented by line BC. 

Now the force on the side AB - Area of triangle ABC. x Width of tank 

= (? x AB x BC) x b 

= (l x 0.5 x 6131.25) x 2 (v BC - 6131.25 and b = 2 m) 

= 3065.6 N. Ans. 

(/') Force on the side of the tank, when tank is moving vertically downward. 

The pressure variation is shown in Fig. 3.52. For this case, the pressure at the bottom of the tank 
(i.e., at point B) is given by equation (3.23) as i i 


= 3678.75 N/m • 

This pressure is represented by line BC. 

Now the force on the sideAB = Area of triangle ABC x Width 

= (4 x AB x BC] x b 
= (4 x 0.5 x 3678.75) x 2 
= 1839.37 N. Ans. 
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(/';') Force on the side of the tank, when tank is stationary. 

The pressure at point B is given by, 

p B = pgl,= 1000 x 9.81 x 0.5 = 4905 N/m 2 

This pressure is represented by line BD in Fig. 3.52 

Force on the side AB = Area of triangle ABD x Width 

= (jx3fix BD) x b 

= (ix 0.5 x 4905) x 2 (v BD = 4905) 

= 2452.5 N. Ans. 

For this case, the force on AB can also be obtained as 
f ab = P8A-Ti 

where A = AB x Width = 0.5 x 2 = 1 m" 


h = = 0.25 m = 1000 x 9.81 x 

7 7 


x 0.25 




J c 




1 T E 
h f1.5m 

^ „ 




= 2452.5 N. Ans. 

Problem 3.38 A tank contains water upto a depth of 1.5 m. The length and width of the tank are 4 m 
and 2 m respectively. The tank is moving up an inclined plane with a constant acceleration of 4 m/s 2 . 
The inclination of the plane with the horizontal is 30° as shown in Fig. 3.53. Find, 

(i) the angle made by the free surface of water with the horizontal. 

(ii) the pressure at the bottom of the tank at the front and rear ends. 

Solution. Given : 

Depth of water, /i=1.5m; Length, L = 4 m and 
Width, b = 2m 

Constant acceleration along the inclined plane, 
a = 4 m/s 2 

Inclination of plane, a = 30° 

Let 9 = Angle made by the free surface of water after 
the acceleration is imparted to the tank 

p A = Pressure at the bottom of the tank at the front end and 

p D = Pressure at the bottom of the tank at the rear end. Fig. 3 53 

This problem can be done by resolving the given acceleration along the horizontal direction and 
vertical directions. Then each of these cases may be separately analysed according to the set procedure. 
Horizontal and vertical components of the acceleration are : 

a x = a cos a = 4 cos 30° = 3.464 m/s' 

a v = a sin a = 4 sin 30° = 2 m/s' 

When the tank is stationary on the inclined plane, free surface of liquid will be along EF as shown in 
Fia. 3.53. But when the tank is moving upward along the inclined plane the free surface ol liquid will be 
along BC. When the tank containing a liquid is moving up an inclined plan w-ith a constant acceleration, 
the angle made by the free surface of the liquid with the horizontal isSg&mi&yi by Fahid 
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= 0.2933 


tan 9=-*— = ■ 

ci y + g 2 + 9.81 

0 = tan" 1 0.2933 = 16.346° or 16° 20.8'. Ans. 

Now let us first find the depth of liquid at the front and rear end of the tank. 

Depth of liquid at front end = /?, = AB 

Depth of liquid at rear end = h 2 = CD 


From the Fig. 5.21, in triangle COE, tan 0 = 


Similarly 


CE-EO tan 0 = 2 x 0.2933 (v EO = 2 m, tan 0 = 0.2933) 

= 0.5866 m 

CO = h 2 = ED + CE = 1.5 + 0.5866 = 2.0866 m 
h l =AB = AF-BF I 

= 1.5- 0.5866 (v AF = 1.5, BE = CE= 0.5866) 

= 0.9134 m 


The pressure at the bottom of lank at the rear end is given by, 


Pd = PS>i 2 ! 1 + ~ 


= i000 x 9.81 x 2.0866 1 + -— j - 24642.7 N/nr. Ans. 

I 9.81,' 


The pressure at the bottom of tank at the front end is given by 


Pa = PS^\ I * + J 

= 1000 x 9.81 x 0.9134 f 1 + —) ---10787.2 N/m 2 . Aas. 
V 9.81 J 


HIGHLIGHTS 

1. When the fluid is at rest, the shear stress is zero. 

2. 3 he force exerted by a static fluid on a vertical, horizontal or an inclined plane immersed surface, 

F = p gA h 

where p = Density of the liquid, 

A = Area of the immersed surface, and 

h = Depth of the centre of gravity of the immersed surface from free surface of the liquid. 

3. Centre of pressure is denned as the point of application of the resultant pressure. 

4. The depth of centre of pressure of an immersed surface from free surface of the liquid, 


li* = —L + h 
Ah 


n ^ + h 


for vertically immersed surface. 
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The centre ol pressure tor a plane vertical surface lies at a depth of two-third the height of the immersed 
surface. 


6. The total force on a curved surface is given by F = ^F x + F* 

where F x = Horizontal force on curved surface and is equal to total pressure force on the projected area 
of the curved surface on the vertical plane, 

= P gAh 

and F y = Vertical force on submerged curved surface and is equal to the weight of liquid actually or 
imaginary supported by the curved surface. 


7. The inclination of the resultant force on curved surface with horizontal tan 0 = —— 

F x ' 

8. The resultant force on a sluice gate, F=F l -F 1 

where F , = Pressure force on the upstream side of the sluice gate and 
F 2 = Pressure force on the downstream side of the sluice gate. 

9. For a lock gate, the reaction between the two gates is equal to the reaction at the hinge, R = P. 

r 

Also the reaction between the two gates, P =- 

2 sin 0 

where F = Resultant water pressure on the lock gate = F l ~F 1 

and 0 = Inclination of the gate with the normal to the side of the lock. 


EXERCISE 3 


(A) THEORETICAL PROBLEMS 

1. What do you understand by ‘Total Pressure’ and ‘Centre of Pressure’ ? 

2. Derive an expression for the force exerted on a sub-merged vertical plane surface by the static liquid and 
locate the position of centre of pressure. 

3. Prove that the centre of pressure of a completely sub-merged plane surface is always below the centre of 
gravity of the sub-merged surface or at most coincide with the centre of gravity when the plane surface is 
horizontal. 

4. Prove that the total pressure exerted by a static liquid on an inclined plane sub-merged surface is the same 
as the force exerted on a vertical plane surface as long as the depth of the centre of gravity of the surface is 
unaltered. 

?. Derive an expression for the depth of centre of pressure from free surface of liquid of an inclined plane 
surface sub merged in the liquid. 

^ wou *d > ou determine the horizontal and vertical components of the resultant pressure on a sub¬ 
merged curved surface ? 

(/?) Explain the procedure of finding hydrostatic forces on curved surfaces. 

_ IDelhi University Dec. 2002) 

Explain how you would tind the resultant pressure on a curved surface immersed in a liquid. 

8 (A.M.I.E., Summer 1981) 

8 ’ wh > f lhe resul,anl pressure on a curved sub-merged surface is determined by first finding horizontal and 
vertical forces on the curved surface ? Why is the same method not adopted for a plane inclined surface 
sub-merged m a liquid ? scanned by Fahid 
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124 Fluid Mechanics 

9. Describe briefly-with sketches the various methods used for measured pressure exerted by fluids. 

(A.M.I.E.. Summer 1980) 

10. Prove that the vertical component of the resultant pressure on a sub-merged curved surface is equal to the 
weight of the liquid supported by the curved surface. 

11. What is the difference between sluice gates and lock gates ? 

12. Prove that the reaction between the gates of a lock is equal to the reaction at the hinge. 

13. Derive an expression for the reaction between the gates as P = ——_ 

2 sin 0 

where F = Resultant water pressure on lock gate, 0 = inclination of the gate with normal to the side of the lock. 

14. When will centre of pressure and centre of gravity of an immersed plane surface coincide ? 

(A.M.I.E., Summer 1990) 

15. Find an expression for the force exerted and centre of pressure for a completely sub-merged inclined plane 

surface. Can the same method be applied for finding the resultant force on a curved surface immersed in 
the liquid? If not, why? (Delhi University, 1992) 

16. What do you understand by the hydrostatic equation ? With the help of this equation dcri vfc the expressions 
for the total thrust on a sub-merged plane area and the buoyant force acting on a sub-merged body. 

(A.M.I.E., Summer 1990) 

(B) NUMERICAL PROBLEMS 


*. Determine the total pressure and depth of centre of pressure on a plane rectangular suriace of 1 m wide and 
3 m deep when its upper edge is horizontal and (a) coincides with water surface (h) * m below the free 
water surface. [Ans. (a) 44145 N, 2.0 m, (h) 103005 N, 3.7)4 m] 

?. Determine the total pressure on a circular plate of diameter 1.5 m which is placed vertic ally in water in 
tich a way that centre of plate is 2 m below the free surface of wmicr. Find the position of centre of pressure 

a!so - 1 Ans. 34668.54 N, 2.07 m] 

'• A rectangular sluice gate is situated on the vertical wall of a lock. The vertical side oi the sluice is 6 m in 
length and depth of centroid of area is 8 nt below the water surface. Prove that the depth of centre of 
pressure is given by 8.475 m. 

A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of 3 m diameter which can 
rotate about a horizontal diameter. Calculate : (/) the force on the disc, and (if) the’torque required to 
maintain the disc in equilibrium in the vertical position when the head of Water above the horizontal 
diameter is 6 m. [Ans. (i) 416.05 kN (*/) 39005 NtnJ 

■ he pressure at the centre of a pipe of diameter 3 m is 29.43 N/cm". The pipe contains oi! of sp. gr. 0.87 and 
is filled with a gate valve. Find the force exerted by the oil on the gate and position of centre of pressure. 

[Ans. 2.08 MN, .0Iffm below centre of pipe] 
Determine the total pressure and centre of pressure on an isosceles triangular plafe of base j m and altitude 
5 rn when the plate is immersed vertically is an oil of sp. gr. 0.8. The base of the plate is' 1 m below the free 
surface of water. • [Ans. 261927 N, 3.19 m] 

7. i he opening in a dam is 3 m wide and 2 m high. A vertical sluice gate is used to cover the opening. On the 
upstream of the gate, the liquid of sp. gr. 1.5. lies upto a height of 2.0 m above the top of the gate, whereas 
on the downstream side, the water is available upto a height of the top of the gate. Find the resultant force 
acting on the gate and position of centre of pressure. Assume that the gate is higher at the bottom. 

[Ans. 206010 N, 0.964 in above the hinge] 
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8 . A^aisson for closing the entrance to a dry dock is of trapezoidal form 16 in wide at the top and 12 in wide 

at the bottom and 8 m deep. Find the total pressure and centre of pressure on the caisson if ihe water on the 
outside is 1 m below the top level of the caisson and dock is empty. (Winter I9S0) 

[Aits. 3.164 MN, 4.56 m below water surface] 

9. A sliding gate 2 m w'ide and 1.5 m high lies in a vertical plane and has a co-efficient of friction of 0.2 

between itself and guides. If the gate weighs one tonne, find the vertical force required to raise the gate if 
its upper edge is at a depth of 4 m from free surface of water. [Ans. 37768.5 N] 

10. A tank contains water upto a height of 1 m above the base. An immiscible liquid of sp. gr. 0.8 is filled on 

the top of water upto 1.5 m height. Calculate : (/) total pressure on one side of the tank, (if) the position of 
centre of pressure for one side of the tank, which is 3 m wide. [Ans. 76518 N, 1 .686 m from top] 

11. A rectangular tank 4 m long, 1.5 m wide contains water upto a height of 2 m. Calculate the force due to 
water pressure on the base of the tank. Find also the depth of centre of pressure from free surface. 

{Ans. 117720 N. 2 m from free surface] 

12. A rectangular plane surface 1 m wide and 3 m deep lies in water in such a way that its plane makes an 

angle of 30° with the free surface of water. Determine the total pressure and position of centre of pressure 
when the upper edge of the plate is 2 m below the free w'ater surface. [Ans. 80932.5 N. 2.318 nt] 

13. A circular plate 3.0 m diameter is immersed in water in such a way that the plane of the plate makes an 
angle of 60° with the free surface of water. Determine the total pressure and position of centre of pressure 
when the upper edge of the plate is 2 m below the free w'ater surface. 

[Ans. 228.69 kN, 3.427 m from free surface] 

14. A rectangular gate 6 m x 2 m is hinged at its base and inclined at 60° to the horizontal as shown in Fig. 3.54. 

To keep the gate in a stable position, a counter weight of 29430 N is attached at the upper end of the gate. 
Find the depth of water at which the gate begins to fall. Neglect the weight of the gate and also friction at 
the hinge and pulley. [Ans. 3.43 m] 



Fig. 3.54 Fig. 3.55 


15. An inclined rectangular gate of width 5 m and depth 1.5 m is installed to control the discharge of water as 
shown in Fig. 3.55. The end A is hinged. Determine the force normal to the gate applied at B to open it. 

[Ans. 97435.8 N] 

16. A gate supporting w ater is shown in Fig. 3.56. Find the height 7i‘ FREE WATER SURFACE ^ 

of the water so that the gate begins to tip about the hinge. Take the ^ *■">"' f " GATE 

width of the gate as unity. (Delhi University, 1986) 

|Ans. 3 x 73 m| 

17. Find the total pressure and depth of centre of pressure on a trian¬ 
gular plate of base 3 m and height 3 m w hich is immersed in w ater Fig. 3.56 

in such a way that plane of the plate makes an angle of 60° w ith the free surface. The base of the plate is 
parallel to water surface and at a depth of 2 m from water surface. [Ans. 126.52 kN. 2.996 m] 

scanned by Fahid 

PDF created by AAZSwapnil 


HINGE 












126 Fluid Mechanics 


18. Find the horizontal and vertical components of the total force acting on a curved surface AB, which is in 
the form of a quadrant of a circle of radius 2 m as shown in Fig. 3.57. Take the width of the gate 2 m. 

[Ans. F x = 117.72 kN, F y = 140.114 kNJ 



19. 

20 . 


Fig*>3.57 Fig. 3.58 

Fig. 3.58 shows a gate having a quadrant shape of radius of 3 m. Find the resultant force flue to water per 
metre length of the gate. Find also the angle at which the total force will act. [Ans. 82.20 l kN, 0 = 57° 31'] 
A roller gate is shown in Fig. 3.59. It is cylindrical form of 6.0 m diameter. It is placed on the dam. Find the 
magnitude and direction of the resultant force due to water acting on the gate when the water is just going 
to spill. The length of the gate is given 10 m. [Ans 2 245 MN 0 = 38° R'l 

ROLLER ‘ ’ 1 


GATE 



Fig. 3.59 


Fig. 3.60 


’!. Find the horizontal and vertical components of the water pressure exerted on a tainler gate of radius a m as 
shown in Fig. 3.60. Consider width of the gate unity. [Ans. F x = 19.62 kN, l\ = 7102.44 N] 

22. Find the magnitude and direction of the resultant water pres¬ 
sure acting on a curved face of a dam which is shaped accord- 

mg to t, relar n y = — as shown in Fig. 3.61. The height 

ci water retained by the dam is 12 m. Take the width of dam 
as 5Jf>ily. [Ans. 970.74 kN, 0 = 43° 19'] 

73. Each ga e of a lock is 5 m high andis supported by two hinges 

placed on the top and bottom of the gate. When the gates are Fig. 3.61 



closed, they make an angle of 120°. The width of the lock is 4 m. If the depths of water on the two sides of 
the gates are 4 m and 3 m respectively, determine : (/) the magnitude of resultant pressure on each gate, and 
(//) magnitude of the hinge reactions. [Ans. (/) 79.279 kN (,;) K, = 27.924 kN. A‘„ = 51.355 kNJ 

I ,ie en ^ s ales ABC of a lock are 8 m high and where closed make an angle of 120°. The width of lock is 
I ( m. hach gate is supported by two hinges located at I m and 5 in above the bottom of the lock The depth 
Ot water on the upstream and downstream sides of the lock arc 6 m ttitdAiiMgshArtisFljARAd : 

(/) Resultant water force on each gate. /' , 
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(ii) Reaction between the gates AH and BC. and 

(/';'/) Force on each hinge, considering the reaction of the gale acting in the same horizontal plane as 
resultant water pressure. [Ans. 566.33 kN, (ii) 566.33 kN and ( Hi) Hj — 173.64 kN, R B = 392.69 kN] 

25. A hollow circular plate of 2 m external and I m internal diameter is immersed vertically in water such that 
the centre of plate is 4 m deep from water surface. Find the total pressure and depth of centre of pressure. 

(Punjab, 1972) [Ans. 92.508 kN, 4.078 ml 

26. A rectangular opening 2 m wide and 1 m deep in the vertical side of a'tank is closed by a sluice gate of the same 
size. The gate can turn about the horizontal centroidal axis. Determine : (i) the total pressure on the sluice gate 
and (ii) the torque on the sluice gate. The head of water above the upper edge of the gate is 1.5 m. 

[Ans. (i) 39.24 kN and (if) 1635 Nm| 

27. Determine the total force and location of centre of pressure on one face of FREE SURFACE OF LIQUID 
the plate shown in Fig. 3.62 immersed in a liquid of specific gravity 0.9. 

[Ans. 62.4 kN, 3.04 m] 

28. A circular opening. 3 nt diameter, in the vertical side of water tank is closed 
by a disc of 3 m diameter which can rotate about a horizontal diameter ? 

Calculate : (/) the force on the disc, and (if) the torque required to maintain 
the disc in equilibrium in the vertical position when the head of water above 
the horizontal diameter is 4 m. [Ans. ( i) 270 kN, and (if) 38 kN m] 

29. A penstock made up by a pipe of 2 in diameter contains a circular disc of 

same diameter to act as a valve which controls the discharge passing through 
it. It can rotate about a horizontal diameter. If the head of water above its 
centre is 20 m. find the total force acting on the disc and the torque required 
to maintain it in the vertical position. (A.M.I.E., Summer 1990) 

30. A circular drum 1.8 m diameter and 1.2 m height is submerged with its axis vertical and its upper end at a 
depth of 1.8 m below water level. Determine : 

(f) total pressure on top. bottom and curved surfaces of the drum. 

(ii) resultant pressure on the whole surface, and 

(iff) depth of centre of pressure on curved surface. (A.M.I.E., Winter 1991) 

31. a circular plate of diameter 3 m is immersed in water in such a way that its least and greatest depth Irom 

the free surface of water are 1 m and 3 m respectively. For the front side of the plate, find (i) total lorce 
exerted by water and (ii) the position of centre of pressure. (Delhi University, Dec. 1996) 

[Ans. (i) 138684 N ; (ii) 2.125 ml 

32. A tank contains water upto a height of 10 m. One of the sides of the tank is inclined. The angle between 

free surface of water and inclined side is 60°. The width of the tank is 5 m. Find : (i) the force exerted by 
water on inclined side and (ii) position of centre of pressure. (Delhi University, June 1996) 

[Ans. (0 283.1901 kN (ii) 6.67 m] 

33. A circular plate of 3 m diameter is under water with its plane making 

an angle of 30° w ilh the water surface. If the top edge of the plate is 1 0 = 30” 

m below the water surface, find the force on one side of the plate and 
its location. (J-N. T. U.. Hyderabad S 2002) 

+ 1.5 x sin 30° 

= 1.75 


Fig. 3.62 


[Hint d = 3 m. 0 = 30 3 , height of lop edge = 1 in. It 


'i-j l~rnj^ v . 


F = pgAI> = 1000 x 9.81 x 


(M 


.75 = 121.35 k.N. Ans. 


n ii ->r 


/,* = 


/ f ;sin-6 + 64 


Ah 


-t + 


1.75 = 0.08 + 1.75 = 1.83 m. Ans.) 


3- x 1.75 
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4.1 INTRODUCTION 

In this chapter, the equilibrium of the floating and sub-merged bodies will be considered. Thus the 
chapter will include : 1. Buoyancy, 2. Centre of buoyancy, 3. Metacentre, 4. Metacentric height, 
5. Analytical method for determining metacentric height, 6. Conditions of equilibrium of a floating and 
sub-merged body, and 7. Experimental method for metacentric height. 

► 4.2 BUOYANCY 

When a body is immersed in a fluid, an upward force is exerted by the fluid on the body. This 
upward force is equal to the weight of the fluid displaced by the body and is called the force of 
buoyancy or simply buoyancy. 


► 4.3 CENTRE OF BUOYANCY 


It is defined as the point, through which the force of buoyancy is supposed to act. As the force of 
buoyancy is a vertical force and is equal to the weight of the fluid displaced by the body, the centre of 
buoyancy will be the centre of gravity of the fluid displaced. 

Problem 4.1 Find the volume of the water displaced and position of centre of buoyancy for a 
wooden block of width 2.5 m and of depth 1.5 in, when it floats horizontally in water. The density of 
wooden block is 650 kg/nr and its length 6.0 m. 

Solution. Given : 


Width 

Depth 

Length 

Volume of the block 


Density of wood. 
Weight of block 


= 2.5 m 
= 1.5 m ' 

= 6.0 m 

= 2.5 x 1.5 x 6.0 = 22.50 m 3 
p = 650 kg/m 3 
= p X g x Volume 



H- 2.5m 


= 650 x 9.81 x 22.50 N = 143471 N 
128 


l ift- 4.1 
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For equilibrium the weight of water displaced = Weight of wooden block 

= 143471 N 

/. Volume of water displaced 

Weight of water displaced _ 143471 _ 

Weight density of water ■ 1000 x 9.81 

(v Weight density of water = 1000 x 9.81 N/m 3 ) 
Position of Centre of Buoyancy. Volume of wooden block in water 

= Volume of water displaced 

or 2.5 x h x 6.0 = 14.625 m 3 . where h is depth of wooden block in water 

, 14.625 . 

• h =-= 0.975 m 

2.5 x 6.0 

Centre of Buoyancy = ——— = 0.4875 m from base. Ans. 

Problem 4.2 A wooden log of 0.6 m diameter and 5 in length is,floating in river water. Find the 

depth of the wooden log in water when the sp. gravity of the log is 0.7. 

Solution. Given : S' 

Dia. of log = 0.6 m - -w'C. 2 e :-$■? = 

Length, L = 5 m ^C> 0 s' 

Sp.gr.. , .5 = 0.7 V J 

Density of log = 0.7 x 1000 = 700 kg/m 3 ^ t I 

D 

.-. Weight density of log, w = p x g 

= 700 x 9.81 N/m 3 .. Fig. 4.2 

Find depth of immersion or h 

Weight of wooden log = Weight density x Volume of log 

; = 700 x 9.81 x - (D) 2 x L 

4 

= 700 x 9.81 x — (,6) 2 x 5 N = 989.6 x 9.81 N 


For equilibrium, 
Weight of wooden log 


= Weight of water displaced 

= Weight density of water x Volume of water displaced 


Volume of water displaced =-—-- = 0.9896 m 

• 1000x9.81 


(v Weight density of water = 1000 x 9.81 N/m ') 


Let li is the depth of immersion 

Volume of log inside water = Area of ADCA x Length 

= Area of ADCA x 5.0 

But volume of log inside svater = Volume of water displaced = 0.9896^11^ ^ p a hid 
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0.9896 = Area of ADCA x 5.0 


.'. Area of ADCA 


0.9896 


= 0.1979 nr 


But area of ADCA = Area of curved surface ADCOA + Area of AAOC 

,[360-201 1 „ 

= nr -+ — /■ cos 0 x 2 r sin 0 

L 360 J 2 

, [ o 1 , 

= nr 1-+ r cos 0 sin 0 

L 180 J 

0.1979 = tc (.3) 2 1—— + (,3) 2 cos 0 sin 0 

L 180 J 

0.1979 = .2827 - .00157 0 + 0.9 cos 0 sin 0 

or .00157 0 - .09 cos 0 sin 0 = .2827 - .1979 = 0.0848 

n -09 . A .0848 

0-cos 0 sin 0 =- 

.00157 .00157 

or 0 - 57.32 cos 0 sin 0 = 54.01. 

or 0 - 57.32 cos 0 sin 0 - 54.01 = 0 

For 0 = 60, 60 - 57.32 x 0.5 x .866 - 54.01 = 60 - 24.81 - 54.01 = - 18.82 

For 0 = 70, 70 - 57.32 x.342 x 0.9396 - 54.01 = 70- 18.4 - 54.01 =-2.41 

For 0 = 72, 72 - 57.32 x .309 x .951 - 54.01 = 72 - 16.84 - 54.01 = + 1.14 

For 0 = 71. 71 - 57.32 x .325 x .9455 - 54.01 = 71 - 17.61 - 54.01 = - 0.376 

.'. 0 = 71.5°, 71.5 - 57.32 x .3173 x .948 - 54.01 = 71.5 - 17.24 - 54.01 = + .248 

Then h- r+r cos 71.5° 

= 0.3 + 0.3 x 0.3173 = 0.395 m. Ans. 

Problem 4.3 A stone weighs 392.4 N in air and 196.2 N in water. Compute the volume of stone 
and its specific gravity. 

Solution. Given : 

Weight of stone in air = 392.4 N 

Weight of stone in water = 196.2 N 
For equilibrium, 

Weight in air - Weight of stone in water = Weight of water displaced 
or 392.4 - 196.2 = 1.96.2 = 1000 x 9.81 x Volume of water displaced 

Volume of water displaced 

= v ~= — m 3 = — x 10 6 cm 3 = 2 x 10 4 cm 3 . Ans. 


Volume of stone 


1000x9.81 50 

= Volume of stone 

= 2 x 10 4 cm 3 . Ans. 
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Specific Gravity of Stone 
Mass of stone 


Density of stone 


Weight in air 

392.4 _ 4 

£ 

9.81 

Mass in air 

40.0 kg _ A 

Volume 

im 5 


50 

Density of stone _ 2000 


= 40 x 50 = 2000 -H 
nr 


1000 


2.0. Ans. 


Sp. gr. of stone Density of water - 

. , weighs 1962 N in water. Find its weight 

Problem 4.4 A body of dimensions 1.5 mxl.O in x 2 m. g 

in air. What will be its specific gravity ? 

Solution. Given : „ . 3 

, - 1 50 x 1.0 x 2.0 = 3.0 m 

Volume of body 1JU 

Weight of body in water = 1962 N j 

Volume of .he water displaced = Volume of .he body-U. 

• Weigh, of water displaced = 1000 X 9.81 X 3.0 - 29430 N 
For the equilibrium of the body 

Weight of body in air - Weight of water displaced = Weight in water 

. “ \v . r - 29430= 1962 

W = '>9430 + 1962 = 31392 N 

r air 


Mass of body 
Density of the body 


Weight in air __ 31392 _ 32 oo 



.-. Sp. gravity of the body - mnn ” ■ , 

Problem 4.5 . « * Mr* — £& tZZ 

13.6 and water such that 40% ofits volume is sub-merged in mercury 

Solution. Let the volume of the body - V m 


Volume 

1066.67 


9.81 

3200 = 1066.67 


3.0 

= 1.067. Ans. 


Then volume of body sub-merged in mercury 

- V = 0.4 V m 3 


100 


Volume of body sub-merged in water 

_ j®, x V = 0.6 V nr 
100 



Fig- 4.3 


For the equilibrium of the body 

due 10 

Fume of buoyancy due .» wa.cr = ^ ■ *'^ Vo|ume of water displaced 

= 1000 x,;x Volume of body in water 
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and Force of buoyancy due lo mercury 


= 1000 x g x 0.6 xVN 

= Weight of mercury displaced by body 

= 8 x Density of mercury x Volume of mercury displaced 

= S x 13.6 x 1000 x Volume of body in mercury 

= g x 13.6 x 1000 x 0.4 V N 

= Density x g x Volume of body = p x g x V 


Weight of the body 
where p is the density of the body 
For equilibrium, we have 
Total buoyant force = Weight of the body 

1000 xgx0.6 x V+ 13.6 x 1000 xgx.4V=pxgxV 

° r ^ p = 600+ 13600 x.4 = 600 + 54400 = 6040.00 kg/m 3 

Density of the body . = 6040.00 kg/m 3 . Ans. 

Problem 4 6 A float valve regulates the flow of oil ofsp. gr. 0.8 into a cistern. The spherical float 
is 15 cm in diameter. AOB is a weightless link carrying the float at one end, and a valve at the other 
end which closes the pipe through which oil flows into the cistern. The link is mounted in a frictionless 
hinge at O and the angle AOB is 135°. The length of OA is 20 cm, and the distance between the centre 
of the float and the lunge is 50 cm. When the flow is stopped AO will be vertical. The valve is to be 
pressed on to the seat with a force of 9.81 N to completely stop the flow of oil into the cistern It was 
observed that the flow of oil is stopped when the free surface of oil in the cistern is 35 cm below the 
hinge Determine the weight of the float. (U.P.S.C., Engg. Services, 1975) 

bolution. Given : 

Sp. gr. of oil 


on 


.’. Density of oil, 


Dia. of float. 


Force, 


= 0.8 

p 0 = 0.8 x 1000 
= 800 kg/m 3 
D = 15 cm 
ZAOB = 135° 

OA = 20 cm 
P = 9.81 N 



OIL 

SURFACE 


OB = 50 cm 

Find the weight of the float. Let it is equal to W. 

When the flow of oil stopped, the centre of float is shown in Fig. 4.4 

The level of oil is also shown. The centre of float is below the level of oil, by a depth 7i\ 

From A BOD, sin 45° = — - OC + CD _ 35 + h 

OB OB 50 

50 x sin 45° = 35 + /; 

° r h = 50 x ^ - 35 = 35.355 - 35 - 0.355 cm = .00355 m. 


The weight of float is acting through B, but the upward buoyant force is acting through the centre 
of weight of oil displaced. & 


Volume of oil displaced 


— 7tr 3 + h x nr 2 
3 


D 15 

| r = = = 7.5 cm 
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/. Buoyant force 


= | x Jt x (.075 ) 3 + .00355 x tc x (.075) 2 = 0.000945 m 3 
= Weight of oil displaced 
= Po x g x Volume of oil 
= 800 x 9.81 x .000945 = 7.416 N 
The buoyant force and weight of the float passes through the same vertical line, passing through B. 
Let the weight of float is W. Then net vertical force on float 

= Buoyant force - Weight of float = (7.416 — W) 

Taking moments about the hinge O, we get 

P x 20 = (7.416 -W)xBD = (7.416 - IV) x 50 x cos 45° 
or 9.81 x 20 = (7.416-MO x 35.355 

W= 7.416 - 20 X 9 ' 8 -- = 7.416 - 5.55 = 1.866 N. Ans. 

35.355 

► 4.4 META-CENTRE 

It is defined as the point about which a body starts oscillating when the body is tilted by a small 
angle. The meta-centre may also be defined as the point at which the line of action of the force of 
buoyancy will meet the normal axis of the body when the body is given a small angular displacement. 

Consider a body floating in a liquid as shown in Fig. 4.5 (a). Let the body is in equilibrium and G is 
die centre of gravity and B the centre of buoyancy. For equilibrium, both the points lie on the normal 
axis, which is vertical. 



Fig. 4.5 Meta-centre 


Let the body is given a small angular displacement in the clockwise direction as shown in Fig. 4.5 ( b ). 

The centre of buoyancy, which is the centre of gravity of the displaced liquid or centre of gravity of 
the portion of the body sub-merged in liquid, will now be shifted towards right from the normal axis. 

Let it is at B x as shown in Fig. 4.5 ( b ). The line of action of the force of buoyancy in this new position, 
will intersect the normal axis of the body at some point say M. This point’ M is called Meta-centre. 

>. 4.5 META-CENTRIC HEIGHT 

/ 

The distance MG, i.e ., the distance between the meta-centre of a floating body and the centre of 
gravity of the body is called meta-centric height. 
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► 4.6 ANALYTICAL METHOD FOR META-CENTRE HEIGHT 

Fig. 4.6 (a) shows the position of a floating body in equilibrium. The location of centre of gravity 
and centre of buoyancy tn this position is at G and B. The floating body is given a small angular 
displacement m the clockwise direction. This is shown in Fig. 4.6 (, b). The new centre of buoyancy is 
at By The verticaMme through B, cuts the normal axis at M. Hence M is the meta-centre and GM is 



non’ nn thV" Z y ciocKWise direction causes the wedge-shaped prism 

BOB on the nght of the axis to go ms.de the water while the identical wedge-shaped prism repre- 
sented by AOA emerges out of the water on the left of the axis. These wedges represent a gain i, 
buoyant force on the right side and a corresponding loss of buoyant force on the left side The gain is 
iepresented by a vertical force clF B acting through the C.G. of the prism BOB' while the loss is 
represented by an equal and opposite force dF u acting vertically downward through the centroid of 
A° A The couple due to these buoyant forces dF B tends to rotate the ship in the counter clockwise 
direction. Also the moment caused by the displacement of the centre of buoyancy from B to B, is also 
in die counter clockwise direction. Thus these two couples must be equal ' 

Couple Due to Wedges. Consider towards the right of the axis a small strip of thickness dx at a 
i ance x from O as shown in Fig. 4.5 ( b ). The height of strip jr x ZBOB' = x x 0. 

„ . {v ZBOB’^ ZAOA' = BMB,'= 6} 

.. Area of strip = Height x Thickness =jrxBx^.v 

If L is the length of the floating body, then 

Volume of strip = Area x L 

= x x 0 x L x dx 

.’. Weight of strip = pg x Volume = p gx 6L dx 

Similarly if a small strip of thickness dx at a distance j from O towards the left of the a,is is 

** L d '■ Thc 
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= F B x BM x 0 
= W x BM x 0 
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Moment of this couple = Weight of each strip x Distance between these two weights 

= pg.v 8 L dx [a- + a] 

= pg.v QL dx xlx = 2pg.* 2 QL dx 
Moment of the couple for the whole wedge 

= j2p£A 2 0Z.c/A ...(4.1) 

Moment of couple due to shifting of centre of buoyancy from B to /?, 

= F B x BB , 

= F b x BM x 0 { Y BB l = BM x 0 if 0 is very small} 

= W x BM x 0 {v F b = VV} ...(4.2) 

But these two couples are the same. Hence equating equations (4.1) and (4.2), we get 
W x BM x 0 = J 2pgx 2 0 Ldx 
W x BM x 0 = 2pg0 j a 2 Ldx 
W x BM = 2pg 1 x l Ldx 

Now lAx = Elemental area on the water line shown in Fig. 4.6 (c) and = dA 
WxBM=2pg! x 2 dA. 

But from Fig. 4.5 (c) it is clear that 2 I a 2 dA is the second moment of area of the plan of the body 
at water surface about the axis y-v. Therefore 

W x BM = p gl {where I = 2 J a 2 dA } 

BM =^ 

W 

But W= Weight of the body 

= Weight of the fluid displaced by the body 
= pg x Volume of the fluid displaced by the body 
= pg x Volume of the body sub-merged in water 
= pgx V 

_ P 8 X 1 _ 1 Mil 


P*xV 


...(4.3) 


Meta-centric height 


GM = BM - BG = - BG 

V 

= GM = — - BG. 

V 


...(4.4) 


Problem 4.7 A rectangular pontoon is 5 in long, 3 m wide and 1.20 in high. The depth of immer¬ 
sion of the pontoon is 0.80 m in sea water. If the centre of gravity is 0.6 in above the bottom of the 
pontoon, determine the meta-centric height. The density for sea water - 1025 kg/m'. 

(Delhi University, 1992) 


Solution. Given : 
Dimension of pontoon 
Depth of immersion 


= 5 in x 3 m x 1.20 m 
= 0.8 m 
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Distance AG = 0.6 m 

Distance AB = t x Depth of immersion 

= y x .8 = 0.4 m 

Density for sea water = 1025 kg/m 3 

Meta-centre height GM, given by Equation (4.4) is 

GM = — - BG 
V 

where / = M.O. Inertia of the plan of the pontoon about y-y axis 

1 c j 45 4 

= — x 5 X 3 m = — m 
12 4 

V = Volume of the body sub-merged in water 
= 3 x 0.8 x 5.0 = 12.0 m 3 
BG = AG - AB = 0.6 - 0.4 = 0.2 m 


«— 3. m 


B*„ . 0.6 m| 12 m 0.8 m 
- 0.4 m j . 1 _ 

^ i i. 1 



PLAN AT WATER SURFACE 

Fiji. 4.7 


GM = T x Tio ~ 0 2 = ^ “ 02 = 0 9375 " 0 2 = °- 7375 m - Ans - 

Problem 4.8 A uniform body of size 3 m long x2m wide x 1 m deep floats in water. What is the 
weight of the body if depth of immersion is 0.8 m ? Determine the meta-centric height also 
Solution. Given : 3 .0m ~ 

Dimension of body =3x2x1 1 1 

i y \ 

Depth of immersion = 0.8 m ( I \ 

Find (/) Weight of body, IV ~j~~ 

(//) Meta-centric height, GM \. ^ PLAN 

(0 Weight of Body, W 

, H-3.0m—, 

= Weight of water displaced T -r“fc— i — 

_Lfim. —T ~1 2m X 

= pg x Volume of water displaced ' F95 

= 1000 x 9.81 x Volume of body in water y -F g~ ~T 

= 1000 x 9.81 x .3 x 2 x 0.8 N 

A 

= 47088 N. Ans. ELEVATION 

(h) Meta-centric Height, GM Fig. 4.8 

Using equation (4.4), we get 

GM = — - BG 
V 

where • I = M.O.I about v-v axis of the plan of the body 

= ~ x3x2 3 =~=2.0m 3 
12 12 

V = Volume of body in water 

= 3 x 2 x 0.8 = 4.8 m 3 

BG = AG-AB= — -91 =0.5-0.4 = 04 
2 T 

GM = ^ - 0.1 = 0.4167 - 0.1 = 0.3163 mj/AfifeZiy Fahid 
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ELEVATION 
Fig. 4.8 


i- x3x2 3 = —= 2.0m 4 
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0 .8m | 

I h 

± JL 


1.0 —►I 
Fig. 4.9 


Problem 4.9 A block of wood of specific gravity 0.7 foots in water. Determine the meto-centric 
height of the block if its size is 2 m x 1 m x 0.8 m. Y 

Solution. Given : i-r- 1 “T 

Dimension of block = 2 x 1 x 0.8 1 . 1 

Let depth of immersion = h m I I 2 0m 

j 

Sp. gr. of wood = 0.7 

PLAN j , 

Weight of wooden piece = Weight density of wood* x Volume yy 

= 0.7 x 1000 x 9.81 x 2 x 1 x 0.8 N _! JL 

G i '=5;-y4'i 

Weight of water displaced = Weight density of water ~ B I o ; 8 rn h 

x Volume of the wood sub-merged in water I. ~ j _ -A- -- 

= 1000 x 9.81 x 2 x 1 x h N - 1.0 —►! 

For equilibrium. Fig- 4.9 

Weight of wooden piece = Weight of water displaced 

700 x 9.81 x 2 x 1 x 0.8 = 1000 x 9.81 x 2 x 1 x h 

, 700x9.81x2x1x0.8 „ n 

h =-= 0.7 x 0.8 = 0.56 m 

1000x9.81x2x1 

Distance of centre of Buoyancy from bottom, i.e., 

AB = — = —- = 0.28 m 
2 2 

and AG - 0.8/2.0 = 0.4 m 

BG = AG - AB - 0.4 - 0.28 = 0.12 m 
The meta-centric height is given by equation (4.4) or 

GM=— - BG 
V 

where / = — x 2 x 1.0 3 =- m J 
12 6 

V = Volume of wood in water 

= 2x1 x h = 2 x 1 x.56= 1.12 m 3 

GM = — x —-0.12 = 0.1488 - 0.12 = 0.0288 m. Ans. 

6 1.12 

Problem 4.10 A solid cylinder of diameter 4.0 m has a height of 3 metres. Find the meta-centric 
height of the cylinder when it is foaling in water with its axis vertical. The sp. gr. of the cylinder 
= 0 . 6 . 

Solution. Given : 

Dia. of cylinder, D = 4.0 m 

Height of cylinder. It = 3.0 m 


Weight density of wood 


= p x £. where p = density of wood 

= 0.7 x 1000 = 700 kg/m 3 . Hence ve for wood = 700 x 9.81 N/nv\ 
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Sp. gr. of cylinder = 0.6 

Depth of immersion of cylinder 

= 0.6 x 3.0 = 1.8 m 

AB — = 0.9 m 

2 

id AG = — = 1.5 m 

2 

BG - AG - AB 

= 1.5-0.9 = 0.6 m 

Now the meta-centric height GM is given by equation (4.4) 


t 1 *™ 4m-—-*-! 

y 



IA 

Fi«. 4.10 


GM =- BG 

V 

/ = M.O.I. about y-v axis of the plan of the body 

= — D 4 = — x (4.0) J 
64 64 

V = Volume of cylinder in water 
= D 2 x Depth of immersion 


= - (4 ) 2 x 1.8 m 3 
4 


GM = —^- 

-~x(4.0) 2 x 1.8 


= — x - 0.6 = — - 0.6 = 0.55 - 0.6 = - 0.05 m. Ans. 

16 1.8 1.8 

- ve sign means that meta-centre, ( M ) is below the centre of gravity (G). 

Problem 4.11 A body has the cylindrical upper portion of 3 m diameter and 1.8 in deep. The lower 
portion is a curved one. which displaces a volume of 0.6 m 3 of Water. The centre of buoyancy of the 
curx ed portion is at a distance of 1.95 m below the top of the cylinder. The centre of gravity of the 
whole body is 1.20 m below the top of the cylinder. The total displacement of water is 3.9 tonnes. Find 
the meta-centric height of the body. 

Solution. Given : 


Dia. of bodv 


.= 3.0 m 
= 1.8 m 


Depth of body = 1.8 m 

Volume displaced by curved portion 

= 0.6 m 3 of water. 

Let A, is the centre of buovancy of the curved surface and G is the s £$i$H? £ c)f gravity'iff the whole 

body. • • ” PDF created by AAZSwapnil 








Buoyancy and Floatation 139 


Then CB ] = 1.95 m i-«-3.0m— ►; 

CG= 1.20 m /-'y'-x 

Total weight of water displaced by body = 3.9 tonnes _/__ • \ 

= 3.9 x 1000 = 3900 kgf V /plan 

= 3900 x 9.81 N = 38259 N 

Find meta-centric height of the body. 3 | 0m t 

Let the height of the body above the water surface a: m. Total i .95 G 1 j 2m 

weight of water displaced by body -—^—-jr* • 2 - jr 

= Weight density of water x [Volume of water displaced] V B i / 

= 1000 x 9.81 x [Volume of the body in water] A 

= 9810 [Volume of cylindrical part in water + Volume 
of curved portion] 


ly 

b*-3.0m— 


T 

t 

S, 1,2m 

'X 

T 

1.95 

1 

_ 



vil 




A 

ELEVATION 
Fig. 4.T1 


-xD ! x Depth of cylindrical part in water 
= 9810 [4 -| 

+ Volume displace by curved portion 

or 38259 = 9810 -(3 ) 2 x (1.8 -a: )+ 0.6 

.4 

- (3 ) 2 x (1.8 - x) + 0.6 = = 3.9 

4 9810 

- x3 2 x ( 1.8 -a) = 3.9-0.6 = 3.3 
4 

T T x 4 

or 1.8-*=— -= 0.4668 

7 tx3x3 

x = 1 .8 - .4668 = 1.33 m 

Let B 2 is the centre of buoyancy of cylindrical part and B is the centre of buoyancy of the whole 
body. 

Then depth of cylindrical part in water = 1.8 - x = 0.467 m 

467 

CB-, =x + — = 1.33 + .2335 = 1.5635 m. 


The distance of the centre of buoyancy of the whole body from the top of the cylindrical pan is 
given as 

CB = (Volume of curved portion x CB t + Volume of cylindrical part.in water x CB 2 ) 

-s- (Total volume of water displaced) 

0.6x1.95 + 3.3x1.5635 1.17 + 5.159 , ... 

(0.6 + 3.3) 3.9 

Then BG = CB ~ CG = \ .623 - 1.20 = .423 m. 

Meta-centric height, GM, is given by 


GM = —— BG 
V 
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where / = M.O.I. of the plan of the body at water surface about y-v 

.... Jt ^,4 7t -.4 4 

= — x D = — x 3 m 
64 64 

V = Volume of the body in water = 3.9 m 3 
_ 

GM = —- x —-.423 = 1.019 - .423 = 0.596 m. Ans. 

64 3.9 


► 4.7 CONDITIONS OF EQUILIBRIUM OF A FLOATING AND SUB-MERGED 
BODIES 

A sub-merged or a floating body is said to be stable if it comes back to its original position after a 
slight disturbance. The relative position of the centre of gravity (G) and centre of buoyancy (A,) of a 
body determines the stability of a sub-merge’d body. 

4.7.1 Stability of a Sub-merged Body. The position of centre of gravity and centre of buoy¬ 
ancy in case of a completely sub-merged body are fixed. Consider a balloon, which is completely sub¬ 
merged in air. Let the lower portion of the balloon contains heavier material, so that its centre of 
gravity is lower than its centre of buoyancy as shown in Fig. 4.12 (a). Let the weight of the balloon 
is If. The weight Wis acting through G, vertically in the downward direction, while the buoyant force 
F B is acting vertically up. through B. For the equilibrium of the balloon W - F B . If the balloon is given 
an angular displacement in the clockwise direction as shown in Fig. 4.12 (a), then W and F B constitute 
a couple acting in the anti-clockwise direction and brings the balloon in the original position. Thus the 
balloon in the position, shown by Fig. 4.12 (a) is in stable equilibrium. 



(a) (b) (c) 

STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM NEUTRAL EQUILIBRIUM 

Fig. 4.12 Stabilities of sub-merged bodies. 

(a) Stable Equilibrium. When W = F B and point B is above G, the body is said to be in stable 
equilibrium. 

tb) 1 iistable Equilibrium. If W - F B . but the centre of buoyancy ( B ) is below centre of gravity 
(G). the body is in unstable equilibrium as shown in Fig. 4.12 ( b ). A slight displacement to the body, 
in the clockwise direction, gives the couple due to W and F B also in the clockwise direction. Thus the 
body does not return to its'original position and hence the body is in unstable equilibrium. 

. - (c) Neutral Equilibrium. If F B = IE and B and G are at the same point, as shown in Fig. 4.12 (c), 
the body is said to be in Neutral Equilibrium. 

4-7.2 Stability of Floating Body. The stability of a floating the posi¬ 

tion of Meta-cfintre (M). In case of floating body, th'e weight of thei®d')t74 , i9qwfl ta ; t)^0$gljt/idfz7 
liquid displaced. 
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(a) Stable Equilibrium. If the point M is above G, the floating body will be in stable equilibrium as 
shown in Fig. 4.13 («). If a slight angular displacement is given to the floating body in the clockwise 
direction, the centre of buoyancy shifts from B to B, such that the vertical line through B, cuts at M. 
Then the buoyant force F B through B, and weight VV through G constitute a couple acting in the anti¬ 
clockwise direction and thus bringing the floating body in the original position. 


DISTURBING 




(a) Stable equilibrium M is above G (b) Unstable equilibrium M is below G. 

Fig. 4.13 Stability of floating bodies. 

{b) Unstable Equilibrium. If the point M is below G, the floating body will be in unstable equilib¬ 
rium as shown in Fig. 4.13 (b). The disturbing couple is acting in the clockwise direction. The couple 
due to buoyant force F n and W is also acting in the clockwise direction and thus overturning the 
floating body. 

(c) Neutral Equilibrium. If the point M is at the centre of gravity of the body, the floating body 
will be in neutral equilibrium. 

problem 4,12 A solid cylinder of diameter 4.0 m has a height of 4.0 in. Find the meta-centiic 
height of the cylinder if the specific gravity of the material of cylinder = 0.6 and it is floating in water 
with its axis vertical. State whether the equilibrium is stable or unstable. 

*— 4.0 

Solution. Given : D = 4 m 

Height, h — 4 m 

Sp. gr. = 0-6 

Depth of cylinder in water = Sp. gr. x h 

= 0.6 x 4.0 = 2.4 m 

Distance of centre of buoyancy (B) from A 


or 


2 4 

AB= — = 1.2 m 
2 


Distance of centre of gravity (G) from A 


or 


AG = — = = 2.0 m 

2 2 

BG = AG — AB = 2.0 -1.2 = 0.8 m 

Now the m.eia-centric height GM is given by 

* / 

GM = tt - BG 
V 
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where / = M.O.I. of ihe plan of the body about y-y. 

= — D 4 = — x (4.0 ) 4 
64 64 

V = Volume of cylinder in water 

= x D" x Depth of cylinder in water = — x 4 2 x 2.4 m 3 
4.0 4 


* _ 64 

^ 71 x 4 2 x 2.4 

4 


. J_ x il 

16 X 2.4 


= 0.4167 m 


GM = — - BG = 0.4167 - 0.8 = - 0.3833 m. Ans. 
V 


- ve sign means that the meta-centre (M) is below the centre of gravity (G). Thus the cylinder is in 
unstable equilibrium. Ans. 

Problem 4.13 A solid cylinder of 10 cm diameter and 40 cm long, consists of two parts made of 
different materials. The first part at the base is 1.0 cm long and of specific gravity = 6.0. The other 
part of the cylinder is made of the material having specific gravity 0.6. State, if it can float vertically 


Solution. Given : 
Length. 

Length of 1st part. 
Sp. gr., 

Density of 1st part. 
Length of 2nd part, 
Sp. gr„ . 

Density of 2nd part. 


D = 10 cm 
L = 40 cm 
/| = 1.0 cm 
5, = 6.0 


Density of 1st part, p, = 6 x 1000 = 6000 kg/m 3 

Length of 2nd part, l 2 = 40 - 1.0 = 39.0 cm 

Sp. gr„ . S 2 = 0.6 

Density of 2nd part, p 2 = 0.6 x 1000 = 600 kg/m 3 

The cylinder will float vertically in water if its meta-centric height GM is 
positive. To find meta-centric height, find the location of centre of gravity 
(G) and centre of buoyancy (B) of the combined solid cylinder. The distance 
of the centre of gravity of the solid cylinder from A is given as 
AG = [(Weight of 1st part x Distance of C.G. of 1st part from A) 

+ (Weight of 2nd part of cylinder ' 
x Distance of C.G. of 2nd part from A)] 


-* 10 cm*^ 


|A 

Sp.gr = 6.0 
Fig. 4.15 


+ [Weight of 1st part + weight of 2nd part] 

^ D 2 x 1.0 x 6.0 x 0.5 j + ^ D 2 x 39.0 x 0.6 x (1.0 x 39/2) j 


^ D 2 x 1.0 x 6.0 + " D 2 x 39 x 0.6 j 

_ 1.0 x6.0 x 0,5 -4-39.0x , 6 x (20. 5) 

1.0 x 6.0 + 39.0 x 0.6 

71 n : • vr , , j-. . 3.0 + 479.7 4<&2mnedbv Fahid 
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To find the centre of buoyancy of the combined two parts or of the cylinder, determine the depth 
of immersion of the cylinder. Let the depth of immersion of the cylinder is h. Then 
Weight of the cylinder = Weight of water displaced 


7T . . ' 

T X ( J )' 
4 


x 7777 x 600 x 9.81 + ~ (,1 ) 2 x x 6000 x 9.81 = - (.l ) 2 x — x 1000 x 9.81 
100 4 100 4 100 

f v h is in cm] 


... 7t 2 1000 x 9.81 

• cancelling — (.1) x-—- throughout, we get 

39.0x0.6+1.0x6.0 = /i or h = 23.4 + 6.0 = 29.4 
The distance of the centre of the buoyancy B, of the cylinder from A is 

29.4 

AB = h/2 = — = 14.7 
2 

BG = AG - AB = 16.42 - 14.70 = 1.72 cm. 
Meta-centric height GM is given by 


where 


GM =- BG 

V 

/ = M.O.I. of plan of the body about y-y 

= JL £>4 = JL (10)4 cm 4 
64 .64 

V = Volume of cylinder in water 

= -- D 2 x h = — (I0 ) 2 x 29.4 m 3 
4 4 


^ = TT UO) 4 


/ 

V 64 

GM = 0.212 - 1.72 = - 1.508 cm. 


n 1 10 

—(10)- x 29.4= — x-— 
4 16 29.4 


100 
19x29.4 


= 0.212 


As GM - ve. It means that the Meta-centre M is below the centre of gravity (G). Thus the cylinder 
is in unstable equilibrium and so it cannot float vertically in water. Ans. 

Problem 4.14 A rectangular pontoon 10.0 m long. 7 m broad and 2.5 m deep weighs 686.7 kN. It 
carries on its upper deek an empty boiler of 5.0 m diameter weighing 588.6 kN. The centre of gravity 
of the boiler and the pontoon are at their respective centres along a vertical line. Find the meta- 
centric height. Weight density of sea water is 10.104 kN/m \ 

Solution. Given : Dimension of pontoon = 10 x 7 x 2.5 
Weight of pontoon, IF, = 686.7 kN 

Dia. of boiler, D = 5.0 m 

Weight of boiler, W 2 = 588.6 kN 

w for sea water = 10.104 kN/m 3 

To find the meta-centric height, first determine the common cen¬ 
tre of gravity G and common centre of buoyancy B of the boiler and 
pontoon. Let G, and G 2 are the centre of gravities of pontoon and 
boiler respectively. Then 



Fig. 4.16 
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AG. = — = 1.25 in 

1 2 r _ 

AG, = 2.5 + — = 2.5 + 2.5 = 5.0 m 
2 

The distance of common centre of gravity G from A is given as 

W.xAG , + W, x AG, 

AG = — -*-2-1 

w;+iv 2 

_ 686,7 x 1,25 + 588.6 x 5.0 _ 

(686.7 + 588.6) -2.98 m. 

Let h is the depth of immersion. Then 

Total weight of pontoon and boiler = Weight of sea water displaced 
or (686.7 + 588.6) = »v x Volume of the pontoon in water 

fig. 4.17 

= 10.104 x L x b x Depth of immersion 
1275.3 = 10.104 x 10x 7 x/i 

h =- 12753 -- = 1.803 m 

10x7x10.104 

The distance of the common centre of buoyancy B from A is 

AB = !L = ±191 - .9015 m 
2 2 

BG = AG-AB = 2.98 - .9015 = 2.0785 m = 2.078 m 

Meta-centric height is given by GM = — - BG 

V 

where / = M.O.l. of the plan of the body at the water level along y - y 

1 10x49x7 4 

= — x 10.0 x 7 =-m 

12 12 

V = Volume of the body in water 
= L x b x h = 10.0 x7x 1.857 



1 ig. 4.17 Plan of the body 
at li'ater-line 


10x49x7 _ 49 

12x10x7x1.857 ~ 12x1.857 


= 2.198 m 


GM =-BG = 2.198 -2.078 = 0.12 m. 

V - - 

Meta-centric height of both the pontoon and boiler = 0.12 m. Ans. 

Problem 4.15 A wooden cylinder of sp. gr. = 0.6 and circular in cross-section is required to float 
in oil (sp. gr. - 0.90). Find the UD ratio for the cylinder to float with its longitudinal axis vertical in 
oil. where L is the height of cylinder and D is its diameter. 

Solution. Given : 

Dia. of cylinder = D 

Height of cylinder -L 

Sp.gr. of cylinder, 5. = 0.6 T scanned by Fahid 
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Sp. gr. of oil S 2 = 0.9 

Let the depth of cylinder immersed in oil = h 

For the principle of buoyancy 

Weight of cylinder = wt. of oil displaced 

- D 2 x L x 0.6 x 1000 x 9.81= - D 2 x h x 0.9 x 1000 x 9.81 
4 4 

L x 0.6 = h x 0.9 

_ 0 .6xL_ _ 2 L 

1 ~ 0.9 " 3 

The distance of centre of gravity C from A, AG - y 
The distance of centre of buoyancy D from A, 



h 1 [2 ,1 L 
AB = — = — — L \ = — 

2 2 13 J 3 

BG^AG-AB=k_LJJLz2L = k 

2 3 6 6 


The meta-centric height GjW is given by 

GM = — - BG 
V 


where / = — D 4 and V = volume of cylinder in oil = — D 2 x h 
64 4 

V V64 7 4 J 16 /r i6x-/„ 32L 


Fig. 4.18 




<7 U.1Z.-L. 
32 L 6 

For stable equilibrium, GM should be +ve or 


GM >0 or 


3D L 

-> — or 

32 L 6 


^ l -^>0 

32L 6 

3x6 1} 

— >—r 


-T < - 

i 1 32 


L/D < 3/4. Ans. 

Problem 4.16 Show that a cylindrical buoy of I m diameter and 2.0 m height weighing 7.848 kN 
v HI not float vertically in sea water of density 1030 kg/m 3 . Find the force necessary in a vertical 
chain attached at the centre of base of the buoy that will keep it vertical. 
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Solution. Given : Dia. of buoy, D = 1 m 
Height, H = 2.0 m 

Weight, IV = 7.848 kN 

= 7.848 x 1000 = 7848 N 
Density, p = 1030 kg/m 3 

(/') Show the cylinder will not float vertically. 

(ii) Find the force in the chain. 

Part I. The cylinder will not float if meta-centric height is - ve. 

Let the depth of immersion be h 
Then for equilibrium. Weight of cylinder 

= Weight of water displaced 
= Density x g x Volume of cylinder in water 

7848 = 1030 x9.81 x- D 2 x h 



Fi a . 4.19 


= 10104.3 x- (1 ) 2 xh 
4 

/,= 4X7848 = 0.989 m. 

101043 x 7 t 

.\ The distance of centre of buoyancy B from A, 

AB = ~ = ^^- =0.494 m. 

2 2 

20 

And the distance of centre of gravity G, from A is AG = y = 1.0 m 
BG = AG- AB = 1.0 — .494 = .506 m. 


Now meta-centric height GM is given by GM =- BG 

V 

where / = — D 4 = — x (1 ) 4 m 4 
64 64 

and V = Volume of cylinder in water = — D 2 x h = — l 2 x .989 

4 4 

7E 4 K 4 

, —xr —xr 

— = 64 _ 64 

V K D 2 xh — x l 2 x .989 
4 4 

= — x l 2 x —=-!-= 0.063 m 

16 .989 16 x .989 


GM = .063 - .506 = - 0.443 m. Ans. 

As the meta-centric height is - ve, the point M lies below G and ^ef^pi^^yljJi^fvill.be in 
unstable equilibrium and hence cylinder will not float vertically. ppp created by AAZSwapnil 








1_—---:- 

Part II. Let the force applied in a vertical chain attached at the centre 
of the base of the buoy is 7 to keep the buoy vertical. 

Now find the combined position of centre ot gravity (G') and centre * - - 


|- 

: - _ i z - ‘ • 

| 

of buoyancy (S'). For the combined centre of buoyancy, let 
h' = depth of immersion when the force 7 is applied. Then 

G ' 1 


h' 

Total downward force - Weight of water displaced 
or (7848 + 7) = Density of water xjx Volume of cylinder in water 

= 1030 x 9.81 x — O' x h' [ where h' = depth of immersion ] 

4 

B'< 

\ 

A 

1 

_JL 


7848 + 7 


7848 + 7 


10104.3+7~ 
7935.9 ’ 


T 

Fi.>. 4.20 


10104.3 x x D 2 10104.3 x-xr ,yjjy 
4 4 

, h! 1 T 7848 + 7*1 7848 + 7 

AB -— =-=-m. 

• 2 71 7935.9 J 15871.8 

The combined centre of gravity (G') due to weight of cylinder and due to tension 7 in the chain 
from A is 

AG' = [Wt. of cylinder x Distance of C.G; of cylinder from A 

+ 7 x Distance of C.G. of 7 from A] + [Weight of cylinder + 7) 


= I 7848x- 2 + 7x0 + [7848 + T| = 


B'G' = AG’ - AB' = 


J 7848 + 7 

7848 (78 48 + 7) 

(7848 + 7) 15871.8 


The meta-centric height GM is given by GM = — - R’G' 

V 

where = — x D = — x 1 = —— m 
64 64 64 

n , , ji , (7848 + 7) ji 7848 + 7 

and V= - D 2 x/i'= - x l 2 x i—— —-^ = -x ——— 


7935.9 


7935.9 


I '64 1 7935.9 

V “ n (7848 + 7) ~ 16 X (7848 + 7) 


4 7935.9 

GM = ?< ^ - ■ - 

16(7848 + 7) 

For stable equilibrium GM should be positive 


7935.9 

7848 

(7848 + 7)" 

16(7848 + 7) 

(7848 + 7) 

15871.8 


7935.9 

7848 

(7848 + 7) 

16(7848 + 7) 

"(7848 + 7) 

15871.8 


GM > 0 

2l > 0 
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7935.9 7848 . 7848 + 7" 

16(7848+7-) (7848+ 7) + 15871.8 > 

7935.9-16x7848 | (7848 + 7)^ 

16 (7848 + 7) 15871.8 > 

-117632 (7848 + 7) „ 

---F- > 0 

16(7848 + 7) 15871.8 

(7848 + 7) 


117632 


15871.8 16(7848 + 7) 

or (7848 + T) 2 > 117632 x 15871.8 

16.0 

> 116689473.5 

> (10802.3) 2 
7848 + 7> 10802.3 

7 > 10802.3 - 7848 

> 2954.3 N. Ans. 

The force in the chain must be at least 2954.3 N so that the cylindrical buoy can be kept in 
vertical position. Ans. 

Problem 4.17 A solid cone floats in water with its apex downwards. Determine the least apex 
angle of cone for stable equilibrium. The specific gravity of the material of the cone is given 0.8. 
■Solution. Given : 


Sp. gr. of cone =0.8 

Density of cone, p = 0.8 x 1000 = 800 kg/m 3 

Let D = Dia. of the cone 

d = Dia. of cone at water level 
29 = Apex angle of cone 
H - Height of cone 
h - Depth of cone in water 
G = Centre of gravity of the cone 
B = Centre of buoyancy of the cone 
For the cone, the distance of centre of gravity from the apex A is 

AC = 4 height of cone = ^ H 

so AB = j depth of cone in water = jh 

Volume of water displaced = 4 nr x h 
Volume of cone = \ x nR 2 x h 

Weight of cone = 800 x g x j x nR 2 x H 


/PLAN of 
/ CONE AT 
WATER LINE 



I iu- 4.21 


Now from AAEF. 


Similarly, 


. EF R 
tan 0 = — = — 
EA H 

R = H tan 0 _ 

r = h tan 0 
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,\ Weight of cone 


i ,,, „ 800 xgxnx H* tan 2 0 

- 800 x g x ^ x ?t x (7/ tan 0)' x H = ----- 


Weight of water displaced = 1000 xgx^x nr x h 

= 1000 xgx|x n{h tan 0) 2 x h = 

For equilibrium 

Weight of cone = Weight of water displaced 

800 x g x 7t x J7 3 tan 2 6 _ 1000 x 9.81 x rt xh } xtan 2 0 
3X) 3.0 


lOOOxg x uxr tan' 0 


800 xH 3 = 1000 xh 3 

„ 3 1000 H 

H =- xh or — 


_ f1000Y 

_ l 800 J 


800 h v 8 oo; 

For stable equilibrium, Meta-centric height CM should be positive. But CM is given by 

GM = — — BG 
V 

where I = M.O.I. of cone at water-line = — d A 

64 

1 7t , 

V - Volume of cone in water =- d" xh 

3 4 


/ jt ,4 /I n , 

— = ■ d x d- xh 
V 64 / 3 4 


- 12L 3 d - Ml 3 , 2 . = 3 Y 

16 X ~/i ~ 16/? _ 16/7 X ' 4/7 

3 (/! tan0) 2 
~ 4 /7 

= -|/i tan 2 0 

id BG = AG-AB= i//-|/i = |(//-/i) 

GM = |/7 tan 2 0 ~{(//-/j) 

For stable equilibrium GM should be positive or 


r - h tan 0} 


t h tan 2 - - h) > 0 


or h tan" 0 -(//-/;)> 0 


h tan 2 0 > {H - h) or h tan 2 0 + h > H 


/i[tan 2 0 +!]>// 


or 1 + tan 2 0 > H/h or sec 2 0 > — 

h 


" = f 1000 V- 

It v 800 J 


sec 2 0 > 1.077 or cos 2 0 >-= 0.9285 

1.077 

cos 0 > 0.9635 

0 > 15° 30' or 20 >31° sa 

Apex angle (20) should be at least 31°. Ans. nn 
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Problem 4.18 A cone of specific gravity S, is floating in water with its apex downwards. It has a 

d 2 .s' ,3 V 


diameter D and vertical height H. Show that for stable equilibrium of the cone H < 


Solution. Given : 

Dia. of cone = D 
Height of cone = H 
Sp. gr. of cone = S 

Let G = Centre of gravity of cone 
B = Centre of buoyancy 
29 = Apex angle and 
A = Apex of the cone 
h = Depth of immersion 
d = Dia. of cone at water surface 


L_ PLAN OF 
CONEAT 
WATER LINE 


Also weight of cone =Weight of water displaced. 


Distance. 


/ = M.O. Inertia of the plan of body at water surface 


, „ scanned l^y Vahid 

v/ x/ _ 


V = Volume of cone in water 


i wapnil 







;• to 



Now Meta-centric height GM is given as 


V 16.//.S' 3 4 

GM should be +ve for stable equilibrium or GM > 0 


16.H.S' 3 

Also we know R *= H tan 0 and r = h tan 0 


Substituting the value of d in equation (3), we get 


EXPERIMENTAL METHOD OF DETERMINATION OF META-CENTRIC 
HEIGHT f * 

• j , _ V I,: i i; 

leta-centric height of a floating vessel can be determined, provided we know the centre jOfV 
f the floating vessel. Let vv, is a known weight placed over the centre of the vessel as shown. 


(a) Floating body (b) Tilted body 

Fig. 4.23 Mela-centric height. 
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Let IV = Weight of vessel including tv, 

G = Centre of gravity of the vessel 

B = Centre of buoyancy of the vessel • - - • 

The weight ve, is moved across the vessel towards right through a distance x as shown in Fig. 4.23 (b). 
The vessel will be tilted. The angle of heel 8 is measured by means of a plumbline and a protractor 
attached on the vessel. The new centre of gravity of the vessel will shift to G, as the weight w, has 
been moved towards the right. Also the centre of buoyancy will change to B, as the vessel has tilted. 
Under equilibrium, the moment caused by the movement of the load tv, through a distance x must be 
equal to the moment caused by the shift of the centre of gravity from G to G,. Thus 
The moment due to change of G = GG, x VV = W x GM tan 9 
The moment due to movement of tv, = tv, x.v 


tv ,a - WGM tan 0 


Hence GM =- ...(4.5) 

W tan 0 

Problem 4.19 A ship 70 m long and 10 m brocid has a displacement of 19620 kN. A weight of 
343.35 kN is moved across the deck through a distance of 6 in. The ship is tilted through 6°. The 
moment of inertia of the ship at water-line about its fore and aft axis is 75% of M.O.I. of the 
circumscribing rectangle. The centre of buoyancy is 2.25 m below water-line. Find the meta-centric 
height and position of centre of gravity of ship. Specific weight of sea water is 10104 N/m 3 . 

(Anna University, May, 1986) 


Solution. Given : 


Length of ship. L- 70 m 

Breadth of ship. b = 10 m 

Displacement, W= 19620 kN 

Angle of heel, 0 = 6° 

M.O.I. of ship at water-line = 75% of M.O.I. of circumsc 

tv for sea-water = 10104 N/m 3 = 10.104 kN/rt 

Movable weight, tv, = 343.35 kN 

Distance moved by tv,, x = 6 m 

Centre of buoyancy = 2.25 m below water surfaci 

Find (/) Meta-centric height, GM 

, (ii) Position of centre of gravity, G. 

(0 Meta-centric height, GM is given by equation (4.5) 

tv, a 343.35 kNx 6.0 


b= 10 m 
IV = 19620 kN 
0 = 6 ° 

= 75% of M.O.I. of circumscribing rectangle 

= 10104 N/m 3 = 10.104 kN/m 3 
tv, = 343.35 kN 
a = 6 m 

= 2.25 m below water surface 


W tan 0 19620 kN x tan 6° 

343.35 kNx 6.0 a ooo * 

-= 0.999 m. Ans. 

19620 kNx.1051 


(ii) Position of Centre of Gravity, G 


GM =- BG 

V 

where / = M.O.I. of the ship at water-line about y-v 
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WATER LINE 


H--10 m-H 
Fig. 4.24 


G T I 

1.254 


Fig. 4.25 


= 75% of — x 70 x 10 3 = .75 x — x 70 x 10 3 = 4375 m 4 
12 12 

and V = Volume of ship in water =- Weight of ship -_ jj620 _ 294 J 74 m 3 

Weight densit of water 10.104 


/ 4375 

— =-= 2.253 m 

V 1941.74 

GM = 2.253 - BG or .999 = 2.253 - BG 


BG = 2.253 - .999 = 1.254 m. 

From Fig. 4.25, it is clear that the distance of G from free surface of the water = distance of B 
from water surface - BG 

= 2.25 - 1.254 = 0.996 m. Ans. 

Problem 4.20 A pontoon of 15696 kN displacement is floating in water. A weight of 245.25 kN is 
moved through a distance of 8 m across the deck of pontoon, which tilts the pontoon through an angle 
4°. Find meta-centric height of the pontoon. 

Solution. Given : 

Weight of pontoon = Displacement 
or W= 15696 kN 

Movable weight, w, = 245.25 kN 

Distance moved by weight w v x = 8 m 
Angle of heel, 0 = 4° 

The meta-centric height, GM is given by equation (4.5) 

or GM- W ' X -- 24525 8 

W tan 0 15696 kN x tan 4° 

1962 _ 


15696x0.0699 


= 1.788 m. Ans. 


► 4.9 OSCILLATION (ROLLING) OF A FLOATING BODY 

Consider a floating body, which is tilted through an angle by an overturning couple as shown in 
Fig. 4.26. Let the over-turning couple is suddenly removed. The bodySGaWtaarf feditfaMtjl- Thus, 'he 
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body will be in a state of oscillation as if suspended at the meta-ccntre M. This is similar to the case of 
a pendulum. The only force acting on the body is due to the restoring couple due to the weight IV of 
the body force of buoyancy F B . 



Fig. 4.26 

Restoring couple = IV x Distance GA 

= IV x GM sin 0 

This couple tries to decrease the angle 


Angular acceleration of the bodv, a = - 


- ve sign has been introduced as the restoring couple tries to decrease the angle 0. 
Torque due to inertia = Moment of Inertia about Y-Y x Angular acceleration 


— I Y v x — 


W 2 

But ly y= K 2 

g 

where IV = Weight of body, K = Radius of gyration about Y-Y 


Inertia torque 

Equating (/) and (»), we get 




IV x GM sin 0 = - K 2 or GM sin 0 = - 

g dr g dt 


For small angle 0. 


sin0 - 0 

K 2 d 2 e 

GM x 0 =-f 

g dr 


— ~ + GM x 0 = 0 
g dr 


— ... . K ~ d 2 Q GMxgxQ 

Dmdina by-. we get —s- + ——-=0 

S dr K 2 

The above equation is a differential equation of degree second. The solution is 


0 = C, sin 


j GM.g \ GM(gmn ed by Fahid . 

K 2 X ' + 1 cos i created by AAZSwaphil 
















where C, and C-, arc constants of integration. 

The values of C, and C\ are obtained from boundary conditions which are 
(i) at / = 0 , 0 = 0 

(//) at t = —. 0 = 0 
2 

where T is the time period of one complete oscillation. 

Substituting the 1st boundary condition in (hi), we get 

0 = C, x 0 + C, x 1 { v 

C 2 = 0 

Substituting 2nd boundary conditions in (m); we get 


( v sin 0 = 0 , cos 0 = 1 } 


0 = C, sin 


GM.g „ T 
K 2 2 


But C, cannot be equal to zero and so the other alternative is 

I GM.g T . 

sin ,|-r— x — = 0 = sin tt 

V K 2 2 


[GM.g T ' _ „ 

-—= 2 . x — = n or T = 27t 



{v sin tt = 0} 


...(4.6) 


Time period of oscillation is given by equation (4.6). 

Problem 4.21 The least radius of gyration of a ship is 8 m and meta-centric height 70 cm. Calcu¬ 
late the time period of oscillation of the ship. 

Solution. Given : 

Least radius of gyration, K = 8 m . • 

Meta-centric height, GM = 70 cm = 0.70 m 

The time period of oscillation is given by equation (4.6). 


T = 2n 



'0.7x9.81 


= 19.18 sec. Ans. 


Problem 4.22 The time period of rolling of a ship of weight 29430 kN in sea water is 10 seconds. 
The centre of buoyancy of the ship is 1.5 in below the centre of gravity. Find the radius of gyration of 
the ship if the moment of inertia of the ship at the water line about fore and aft. axis is 1000 m . Take 
specific weight of sea water as = 10100 N/m 3 . 

Solution. Given : 

Time period. T = 10 sec 

Distance between centre of buoyancy and centre of gravity. BG = 1.5 m 
Moment of Inertia. /= 10000 m 4 

Weight. IV = 29430 kN = 29430 x 1000 N 

Let the radius of gyration = K 

First calculate the meta-centric height GM , which is given as 


GM = BM - BG =- BG 

V 
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7. 


8 . 


Equilibrium 

Floating Body 

Sub-merged Body 

(i) Stable Equilibrium 
(it) Unstable Equilibrium 
(iii ) Neutral Equilibrium 

M is above G 

M is below G 

M and G coincide 

B is above G 

B is below G 

B and G coincide 


The value of meta-centric height GM, experimentally is given as GM = —— 

W tan 6 

where w, = Movable weight 

x = Distance through which w, is moved 

I 

W = Weight of the ship or floating body including w, 

0 = Angle through the ship or floating body is tilted due to the movement of w,. 

K ^ 

The time period of oscillation or rolling of a floating body is given by T = 2n - 


where K = Radius of gyration, CM = Meta-centric height 
T = Time of one complete oscillation. 


\GMxg 

! 
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where / = M.O. Inertia 

and V = Volume of water displaced 

Weight of ship _ 29430 x 1000 
Sp. weight of sea water 10104 


= 2912.6 m 3 


GM= -- 000 - - 1.5 = 3.433 - 1.5 = 1.933 m. 
2912.6 


Using equation (4.6), we get T = 271 


10 = 27t 


1 GM x g 


11.933x9.81 


10x^/1.933x9.81 


2kK 

’ V1.933x9.81 

= 6.93 m. Ans. 


1 r The upward force exerted by'a liquid On~a body when the body 1s~immefsed in _ the~liquid"is Tnown 
buoyancy or force of buoyancy. 

2. The point through which force of buoyancy is supposed to act is called centre of buoyancy. 

3. The point about which a body starts oscillating when the body is tilted is known meta-centre. 

4. The distance between the meta-centre and centre of gravity is known as meta-centric height. 

5. The meta-centric height (GM) is given by GM = —— BG 

V 

where I = Moment of Inertia of the floating body (in plan) at water surface about the axis Y-Y 
V = Volume of the body sub-merged in water 
BG = Distance between centre of gravity and centre of buoyancy. 

6 . Conditions of equilibrium of a floating and submerged body are : 










EXERCISE 4 


(A) THEORETICAL PROBLEMS 

1. Define the terms ‘buoyancy’ and ‘centre of buoyancy’. 

2. Explain the terms ‘mcta-centre’ and ‘meta-centric height . 

3. Derive an expression for the meta-centric height of a floating body. 

4. Show that the distance between the meta-cent're and centre of buoyancy is given by BM = — 

where / = Moment of inertia of the plan of the floating body at water surface about longitudinal axis. 

V = Volume of the body submerged in liquid. 

S What are the conditions of equilibrium of a floating body and a submerged body? 

( A.S.M.E ., June 1992 : Delhi University, 1982) 

6. How will you determine the meta-centric height of a floating body experimentally ? Explain with neat 
sketch. 

7. Select the correct statement : 

(a) The buoyant force for a floating body passes through the 

(/) centre of gravity of the body («’i) centroid of volume of the body 

III!) meta-centre of the body (/v) centre of gravity of the submerged part of the body 

(v) centroid of the displaced volume. 

( b ) A body submerged in liquid is in equilibrium when . 

(i) its meta-centre is above the centre of gravity 

(ii) its meta-centre is above the centre of buoyancy 

(Hi) its centre of gravity is above the centre of buoyancy 

Ov) its centre of buoyancy is above the centre of gravity ^ ? (fl) (y) _ (fc) (fv)] 

(v) none of these. . . , 

8. Derive an expression for the time period of the oscillation of a floating body tn terms of rad.us 

gyration and meta-centric height of the floating body. , . 

». Define *e M : m««e„t,e. ce„« of buoy.ncy, me,,-cenme heigh., gauge P»=™« ” „ “ 

,0. maTdo you unde,s,and b, .he hydros,„ic epua.ion ? Wifi. ,he help of ,his epu.non 

expression for the buoyant force acting on a sub-merged body. ' , ' 

n. Wid. neat ske.ches, ecpiain ,he condi,ion. o, e,ud«„n, for fioa.ing 

,2 ' D ;“»i^""i,y and kinemafie .i.cosci.y, <10 Ahsolu.e and gauge pressure <*> Staple and 
differenua, (M Ce*. of g-viry and ee„„« of buoyancy ^ ^ ^ ^ 

(B) NUMERICAL PROBLEMS 

,. A wooden Mock of .id,h 2 m. dep.h 1.5 m and leng.h 4 floa.s horizon.ally in wa.e,. 
o, wale, disced and posi.ion o, cen„e buoy.ncy. The 
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2. A wooden log of 0.8 in diameter and 6 m length is floating in river water. Find the depth of wooden 

log in water when the sp. gr. of the wooden log is 0.7. [Ans. 0.54 m] 

3. a stone weighs 490.5 N in air and 196.2 N in water. Determine the volume of stone and its specific 

gravity [Ans. 0.03 m 3 or 3 x I0 4 cm 3 ,1.67] 

4. A body of dimensions 2.0 m x 1.0 m x 3.0 m weighs 3924 N in water. Find its w eight in air. What will be 

its specific gravity ? [Ans.62784 N, 1.0667) 

5. A metallic body floats at the interface of mercury of sp. gr. 13.6 and water in such a way that 30% of 

its volume is submerged in mercury and 70% in water. Find the density of the metallic body. 

[Ans. 4780 kg/m 3 ] 

6. A body of dimensions 0.5 mx0.5mxl.0ni and of sp. gr. 3.0 is immersed in water. Determine the least 

force required to lift the body. [Ans.4905 NJ 

7. A rectangular pontoon is 4 m long, 3 m wide and 1.40 m high. The depth of immersion of the pontoon 

is 1.0 m in sea-water. If the centre of gravity is 0.70 m above the bottom of the pontoon, determine the 
meta-centric height. Take the density of sea-water as 1030 kg/m 3 . [Ans. 0.45 m] 

8. A uniform body of size 4 mr long x 2 m wide x 1 m deep floats in water. What is the weight of the body 
if depth of immersion is 0.6 m ? Determine the meta-centric height also. [Ans. 47088 N, 0.355 m] 

9. A block of wood of specific gravity 0.8 floats in water. Determine the meta-centric height of the block 

if its size is 3 mx 2 mx 1 m. [Ans.0.316 m] 

10. A solid cylinder of diameter 3.0 m has a height of 2 m. Find the meta-centric height of the cylinder when 

it is floating in water with its axis vertical. The sp. gr. of the cylinder is 0.7. [Ans. 0.1017 m] 

11. A body has the cylindrical upper portion of 4 m diameter and 2 m deep. The lower portion is a curved 

one, which displaces a volume of 0.9 m 3 of water. The centre of buoyancy of the curved portion is at a 
distance of 2.10 m below the top of the cylinder. The centre of gravity of the whole body is 1.50 m below 
the top of the cylinder. The total displacement of water is 4.5 tonnes. Find the meta-centric height of 
the body. [Ans. 2.387 m] 

12. A solid cylinder of diameter 5.0 m has a height of 5.0 nr. Find the meta-centric height of the cylinder if 

the specific gravity of the material of cylinder is 0.7 and it is floating in water with its axis vertical. State 
whether the equilibrium is stable or'unstable. [Ans. - 0.304 m, Unstable Equilibrium] 

13. A solid cylinder of 15 cm diametpr and 60 cm long, consists of two parts made of different materials. 
The first part at the base is 1.20 cm long and of specific gravity = 5.0. The other parts of the cylinder is 
made 6f the material having specific gravity 0.6. State, if it can float vertically in water. 

[Ans. GM = - 5.26, Unstable, Equilibrium] 

1,4. A rectangular pontoon 8.0 m long, 7 m broad and 3.0 m deep weighs 588.6 kN. It carries on its upper 
deck an empty boiler of 4.0 m diameter weighing 392.4 kN. The centre of gravity of the boiler and the 
pontoon are at their respective centres along a vertical line. Find the meta-centric heigh). Weight 
density of sea-water is 10104 N/m 3 . [Ans-0.325m] 

15. A wooden cylinder of sp. gr. 0.6 and circular in cross-section is required to float in oil (sp. gr. 0.8). Find 

die I.IO ratio for the cylinder to float with its longitudinal axis vertical in oil where L is the height of 
cylinder and D is its diameter. [Ans. (E/D)<0.8164] 

16. Show that a cylindrical buoy of 1.5 m diameter and 3 m long weighing 2.5 tonnes will not float vertically 

in sea-water of density 1030 kg/m 3 . Find the force necessary in a vertical chain attached at the centre 
of the base of the buoy that will keep it vertical. [Ans. 10609.5 N] 

17. A solid cone floats in water its apex downwards. Determine the least apex angle of cone for stable 

equilibrium. The specific gravity of the material of the cone is given 0.7. [Ans. 39° 7'] 

18. A ship 60 m long and 12 m broad has a displacement of 19620 kN. A weight of 294.3 kN is moved across 
the deck through a distance of 6.5 m. The ship is tilted through 5°. The moment of inertia of the ship at 
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water line about its force and aft. axis is 75% of moment of inertia the circumscribing rectangle. The 
centre of buoyancy is 2.75 m below water line. Find the meta-centric height and position of centre of 
gravity of ship. Take specific weight of sea water = 10104 N/m 3 . 

(Ans. 1.1145 m, 0.53 m below water surface] 

19. A pontoon of 1500 tonnes displacement is floating in water. A weight of 20 tonnes is moved through 

a distance of 6 m across the deck of pontoon, which tilts the pontoon through an angle of 5°. Find 
meta-centric height of the pontoon. [Ans. 0.9145 m] 

20. Find the time period of rolling of a solid circular cylinder of radius 2.5 m and 5.0 m long. The specific 

gravity of the cylinder is 0.9 and is floating in water with its axis vertical. [Ans. 0.35 sec] 

. '% 

' .»■ 
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6 

Chapter 


Dynamics of Fluid Flow 


► 6.1 INTRODUCTION 

In the previous chapter, we studied the velocity and acceleration at a point in a fluid flow, without 
taking into consideration the forces causing the flow. This chapter includes the study of forces causing 
fluid flow. Thus dynamics of fluid flow is the study of fluid motion with the forces causing flow. The 
dynamic behaviour of the fluid flow is analysed by the Newton's second law of motion, which relates 
the acceleration w ith the forces. The fluid is assumed to be incompressible and non-viscous. 

► 6.2 EQUATIONS OF MOTION 

According to Newton’s second law of motion, the net force F x acting on a fluid element in the direc¬ 
tion of x is equal to mass m of the fluid element multiplied by the acceleration a x in the ^-direction. Thus 
mathematically. 

F x = ma x ...(6.1) 

In the fluid flow, the following forces are present: 

(0 F g , gravity force. 

07) F p , the pressure force. 

077) F v , force due to viscosity. 

(tv) F r force due to turbulence. 

(v) F c , force due to compressibility. 

Thus in equation (6.1), the net force 

F x = ( F g)x + {F ,,\< + ( F v\x + ( F ,\x + <- F c\v 

(i) If the force due to compressibility. F c is negligible, the resulting net force 

F x = (Z 7 ,.), + < F ,,)r + < F dx + < F ,K 

and equation ot motions are called Reynold’s equations of motion. 

00 F° r Oow. where (F r ) is negligible, the resulting equations of motion are known as Navier- 
Stokes Equation. 

0/0 It the flow- is assumed to be ideal, viscous force <F t ) is zero and equation of motions are 
known as Euler’s equation of motion. 


256 
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► 6.3 EULER'S EQUATION OF MOTION 


This is equation of motion in which the forces due to gravity and pressure are taken into considera¬ 
tion. 1 his is derived by considering the motion of a fluid element along a stream-line as: 

Consider a stream-line in which flow is taking place in s-direction as shown in Fig. 6.1. Consider a 
cylindrical element of cross-section dA and length dS. The forces acting on the cylindrical element are : 

1. Pressure force pdA in the direction of flow. 


2. Pressure force dsj dA opposite to the direction of flow. 

3. Weight of element pgdAds. 

Let 0 is the angle between the direction of flow and the line of action of the weight of element. 

The resultant force on the fluid element in the direction of s must be equal to the mass of fluid 
element x acceleration in the direction s. 


pdA - p + —— ds I dA - pgdAds cos 0 
V as I 


= p dAds x a s 

where a s is the acceleration in the direction of s. 


...(6.2) 


UV 

a s = —. where v is a function of s and t. 
dt 

dv ds dv rdv dv ( dS 


— v ^ ► I 

ds d, dr ~ ds dr I'' dT" V f f 


If the flow is steady, — =0 
dt 


Substituting the value ofr^ in equation ( 6 . 2 ) and simplifying 
the equation, we get 




pgd Ads 


- ^ dsdA - pg dAds cos 0 = p dAds x p jg 

Dividing by p dsdA, - - g cos 0 = 

p3^ ds 

dp n vdv „ \ 

—— + g cos 0 + v —— = 0 
pas 

But from Fig. 6.1 ( b ), we have cos 0 = — 

ds 

1 dp dz vdv dp 

~ + 8— + -t— = 0 or — + gdz + vdv = 0 

p dp ds ds p 

— + gdz + vdv = 0 
P 

Equation (6.3) is known as Euler’s equation of motion. 


Fig. 6.1 Forces on a fluid element. 


...(6.3) 
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». 6.4 BERNOULLI'S EQUATION FROM EULER’S EQUATION 

Bernoulli’s equation is obtained by integrating the Euler's equation of motion (6.3) as 
j — gdz + J vdv = constant 
If flow is incompressible, p is constant and 


P v , , 

— + gz+ — = constant 

0 2 


— + c + — = constant 
PS 2 S 


— + -— + z = constant 
PS 2 g 


...(6.4) 


Equation (6.4) is a Bernoulli’s equation in which 


— = pressure energy per unit weight of fluid or pressure head. 

P 8 

v : / 2 g = kinetic energy per unit weight or kinetic head. 
z = potential energy per unit weight or potential head. 

► 6.5 ASSUMPTIONS 

The following are the assumptions made in the derivation of Bernoulli’s equation : 

(t) The fluid is ideal, i.e., viscosity is zero (//) The flow is steady 
(tit) The flow is incompressible (tv) The flow is irrotational. 2 

Problem 6.1 Water is flowing through a pipe of 5 cm diameter under a pressure of 29.43 N/cm 
(gauge) and with mean velocity of 2.0 m/s. Find the total head or total energy per unit weight of the 
water at a cross-section, which is 5 rn above the datum line. 

Solution. Given : 

Diameter of pipe = 5 cm = 0.5 m 

Pressure, P = 29.43 N/cm 2 = 29.43 x 10 4 N/m 2 

Velocity, v = 2.0 m/s 

Datuni head, z = 5 m 

Total head = pressure head + kinetic head + datum head 

Pressure head = — = —--——— = 30 m I P f° r water = 1000 —yl 

p g 1000x9.81 1 nr J 


p for water = 1000 


Kinetic head 


2x9.81 


= 0.204 m 


■> 

* Total head — — h -+ c = 30 + 0.204 + 5 = 35.204 nt. Ans. 

P g 

Problem 6.2 A pipe, through which water is flowing, is having diameters, 20 cm and 10 cm at the 
cross-sections 1 and 2 respectively. The velocity of water at section frf ! ^ e 


velocity head at sections I and 2 and also rate of discharge. 
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Solution. Given 

.’. Area, 


D, - 20 cm = 0.2 m 

A, = - D, 2 = - (,2) 2 = 0.0314 nr 
' 4 1 4 

V, = 4.0 m/s 
D 2 = 0.1 m 

A, = - (,1) 2 = .00785 m 2 
2 4 



Fig. 6.2 


(0 Velocity head at section 1 


V, 4.0 x 4.0 „ OI£r A 
= —— =-= 0.815 m. Ans. 

2 g 2x9.81 


(/'»') Velocity head at section 2 = V 2 2 /2g 
To find V 2 , apply continuity equation at 1 and 2 


A,V, = A,V-, or V, = ^- = 42111 x 4.o= 16.0 m/s 
1122 A, .00785 


D 2 = 10 cm 


Velocity head at section 2 



16.0x16.0 

2x9.81 


: 83.047 m. Ans. 


(///') Rate of discharge = A l V l or A 2 V 2 

= 0.0314x4.0 = 0.1256 nv’/s 

= 125.6 litres/s. Ans. {v 1 m 3 = 1000 litres} 

Problem 6.3 State Bernoulli's theorem for steady flow of an incompressible fluid. Derive an 
expression for Bernoulli's equation from first principle and state the assumptions made for such a 
derivation. (A.M.I.E., May 1974) 

Solution. Statement of Bernoulli’s Theorem. It states that in a steady, ideal flow of an incom¬ 
pressible fluid, the total energy at any point of the fluid is constant. The total energy consists of pressure 
energy, kinetic energy and potential energy or datum energy. These energies per unit weight of the fluid 
are : 


Pressure energy = — 

PS 

2 

Kinetic energy = — 

2 8 

Datum energy = z 

Thus mathematically, Bernoulli's theorem is written as 

P v ' 2 n 

— h-+ z = Constant. 

w 2 g 

Derivation of Bernoulli’s theorem. For derivation of Bernoulli’s theorem, the Articles 6.3 and 6.4 
should be written. 

Assumptions are given in Article 6.5. 
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Problem 6.4 The water is flowing through a pipe a ^ 
having diameters 20 cm and 10 cm at sections 1 and < 

2 respectively. The rate of flow through pipe is 
35 litres/s. The section I is 6 in above datum and 
section 2 is 4 m above datum. If the pressure at sec¬ 
tion I is 39.24 N/cm 2 , find the intensity of pressure 
at section 2. 

Solution. Given : 








DATUM LINE 


At section 1, 


At section 2. 


D | = 20 cm = 0.2 m 

A, = — (,2 ) 2 = .0314 m 2 
1 4 

Pi = 39.24 N/cm 2 
= 39.24 x 10 4 N/m 2 
■, = 6.0 m 
D, = 0.10 m 


Fig. 6.3 


A, = — (0.1 ) 2 = .00785 m 2 
- 4 

;•> = 4 m 


Rate of flow, 


Q = 35 lit/s = —— = .035 m 3 /s 
1000 

Q = A,V,=A 2 V 2 

= .035 . 


■ 1,114 m/s 


id V 2 = — = — —- = 4.456 m/s 

A 2 .00785 

Applying Bernoulli’s equation at sections 1 and 2, we get 

£l + Y£. + - - Pt i V* i - 

P S 2 g M p g 2 g 2 

^ io 4 + (H11)! + 6 ,o = - -Q . . + <^+40 

1000x9.81 2x9.81 1000x9.81 2x9.81 

40 + 0.063 + 6.0=-^- + 1.012 + 4.0 
9810 


46.063 = -i-=- + 5.012 
9810 

=46.063 -5.012=41.051 


p, = 41.051 x 9810 N/m" 
> 


41.051 x 9810 
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Problem 6.5 Water is flowing through a pipe having diameter 300 nun and 200 mm at the bottom 
and upper end respectively. The intensity of pressure at the bottom end is 24.525 N/cm 2 and the 
pressure at the upper end is 9.81 N/cm 2 . Determine the difference in datum head if the rate of flow 
through pipe is 40 lit/s. 

D - 

p 2 = 9.81 N/cm 


D, = 300 mm 2 
P) = 24.525 N/cm 


Solution. Given 


Section 1, 

D, - 300 mm = 0.3 m 

p, = 24.525 N/cm 2 = 24.525 x 10 4 N/nr 

Section 2, 

D 2 = 200 mm = 0.2 m 

p 2 = 9.81 N/cm 2 = 9.81 x 10 4 N/m 2 

Rate of flow 

= 40 lit/s 

or 

40 ^ 

Q= = 0.04 m 3 /s 

1000 



Now 


A | F, =A 2 V 2 = rate of flow = 0.04 


DATUM LINE 

Fig. 6.4 


V, = 


.04 .04 


J* 


0.04 

7 (03)J 

4 


= 0.5658 m/s 


^2 = 


c: 0.566 m/s 
.04 '.04 


A, 


J<A>’ 


0.04 

> 2)2 

4 


= 1.274 m/s 


Applying Bernoulli’s equation at (1) and (2), we get 


p | V, 

— + — + z, = 

P# 2 g 


+ | L + ^2 
PS 2 g 


24.525 x 10 
1000x9.87 


.566 x .566 
+ —-— + z, = 


9.81 xlO 4 (1.274) 2 


+ Zi 


or 

or 


2 x9.81 1000x9.81 2x9.81 

25 + .32+ z, = 10+ 1.623 + z 2 
25.32 + z, = 11.623 + z 2 

z 2 -z, = 25.32- 11.623 = 13.697= 13.70 m 
.-. Difference in datum head = z 2 - Z| = 13.70 m. Ans. 

Problem 6.6 The water is flowing through a taper pipe of length 100 m having diameters 600 nun 
at the upper end and 300 mm at the lower end, at the rate of 50 litres/s. The pipe has a slope ofl in 30. 
Find the pressure at the lower end if the pressure at the higher level is 19.62 N/cm 2 . 


Solution. Given : 
Length of pipe, 

Dia. at the upper end, 

/. Area, 


L = 100 m 

D ( = 600 mm = 0.6 m 
n 

or = 

4 

= 0.2827 m 2 
= pressure at upper end 
= 19.62 N/cm 2 


A, = ^D, 2 =^x(.6) 2 


P 



Fie. 6.5 
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Dia. at lower end. 



► 6.6 BERNOULLI’S EQUATION FOR REAL FLUID 

The Bernoulli’s equation was derived on the assumption that fluid is inviscid (non-viscous) and 
therefore frictionless. But all the real fluids are viscous and hence offer resistance to flow. Thus there 
are always some losses in fluid flows and hence in the application of Bernoulli's equation, these losses 
have to be taken into consideration. Thus the Bernoulli’s equation for real fluids between points 1 and 2 
is given as 

— + — + c, = — + ^~ + + h, ...(6.5) 

P g 2 g PS 2* - 

where li L \s loss of energy between points 1 and 2. 
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Problem 6.7 A pipe of diameter 400 mm carries water at a velocity of 25 m/s. The pressures at the 
points A and B are given as 29.43 N/cm 2 and 22.563 N/cm 2 respectively while the datum head at A 
and B are 28 m and 30 m. Find the loss of head between A and B. 

Solution. Given : 


Dia. of pipe, 
Velocity, 

At point A, 


Total energy at A, 







At point B, 


= 30+ 31.85 + 28 = 89.85 m 
p B = 22.563 N/cm 2 = 22.563 x 10 4 N/m 2 
Z B = 30 m 

v B = v = v A = 25 m/s 


Total energy at B, 


e b = ^+ v 


- + Zh 


PS 2 g 
22.563 xlO 4 


25- 


+ 30 = 23 + 31.85 + 30 = 84.85 m 


1000x9.81 2x9.81 

/. Loss of energy 

Problem 6.8 A conical tube of length 2.0 m is Jived vertically with its smaller end upwards. The 
velocity of flow at the smaller end is 5 m/s while.at the lower end it is 2 m/s. The pressure head at the 


= E a - t B = 89.85 - 84.85 = 5.0 m. Ans. 


smaller end is 2.5 m of liquid. The loss of head in the tube is 


0.35{v, - v 2 ) 
2g 


, where v, is the velocity 


v© 


at the smaller end and V 2 at the lower end respectively. Determine the pressure head at the lower end. 
Flow takes place in the downward direction. 

Solution. Let the smaller end is represented by (1) and lower end by (2) 

Given: \ 

Length of tube. L = 2.0 m 

= 5 m/s 

pfpg = 2.5 m of liquid 
v 2 = 2 m/s 


Loss of head 


= >>L = 


0.35(v, - v,)‘ 


Fi<;. (>." 
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Pressure head 


Applying Bernoulli’s equation at sections (1) and (2), we get 


Let the datum line passes through section (2). Then z 2 = 0, z, = 2.0 


or — = (2.5 + 1.27 + 2.0) -(.203 + .16) 

P 8 

= 5.77 - .363 = 5.407 m of fluid. Ans. 

Problem 6.9 A pipe line carrying oil of specific gravity 0.87, changes in diameter from 200 mm 
diameter at a position A to 500 mm diameter at a position B which is 4 metres at a higher level. If the 
pressures at A and B are 9.81 N/cm 2 and 5.886 N/cm ' respectively and the discharge is 200 litres/s 
determine the loss of head and direction of flow. (A.M.I.E., Summer 1976) 

Solution. Discharge, Q = 200 lit/s = 0.2 mVs ^ t- 

Sp. gr. of oil = 0.87 

p for oil = .87 x 1000 = 870 ♦*' — 


Given : At section A 


DATUM LINE 


If datum line is passing throughA. then 


At section B 


5.886 N/cm : = 5.886 x 10 J N/m 2 scanned by Fahid 

PDF created by AAZSwapnil 



Dynamics of Fluid Flow 265 


Z B = 4.0 m 

Vn = -@- =-^-= 1.018 m/s 
Area .1963 


Total energy at A 


-E = — 

~ '-■A ~ 


P 8 2 g 


= 9 - 81xl ° 4 + (6369), +0=n 49 + 2.067 = 13.557 m 
870x9.81 2x9.81 

Total energy at B -E B - — + + Z B 

P« 2g 

= 5 886 Xl ° 4 + ^ 1018 ^ + 4.0 = 6.896 + 0.052 + 4.0 = 10.948 m 
. . 870x9.81 2x9.81 

(r) Direction of flow. As E A is more than E B and hence flow is taking place from A to B. Ans. 
(it) Loss of head = h, = E A -E B = 13.557 - 10.948 = 2.609 m. Ans. 

► 6.7 PRACTICAL APPLICATIONS OF BERNOULLI’S EQUATION 


Bernoulli’s equation is applied in all problems of incompressible fluid flow where energy considera¬ 
tions are involved. But we shall consider its application to the following measuring devices ': 

1. Venturimeter. 

2. Orifice meter. 

3. Pitot-tube. 

6.7.1 Venturimeter. A venturimeter is a device used for measuring the rate of a flow of a fluid 
flowing through a pipe. It consists of three parts : 

(f) A short converging part, (ii) Throat, and (Hi) Diverging part. It is based on the Principle of 
Bernoulli’s equation. 

Expression for Rate of Flow Through Venturimeter 

Consider a venturimeter fitted in a horizontal pipe through which a fluid is flowing (say water), as 
shown in Fig. 6.9. i 

Let d t = diameter at inlet or at section (1), [ -L 

p | = pressure at section ( 1 ) I — 

V| = velocity of fluid at section ( 1 ), _-—rr- 

a = area at section ( 1 ) = — d , 2 *" ^ (J~ = r= f^ ) 

4 —' 


and d 2 , p 2 , v 2 , a 2 are corresponding values at section ( 2 ). 
Applying Bernoulli’s equation at sections (1) and (2), we get 


INLET \hROAT 


Fig. 6.9 Venturimeter. 


— + — + Z, = — + — +Z 2 
P£ PI? 2 g 


As pipe is horizontal, hence 


El + XL 


Pfi 2 g p g 2 g 


Pi ~ Pi _ 2i_±L. 

PS 2g 2 g 
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Pi-P 2 : 


is the difference of pressure heads at sections 1 and 2 and it is equal to li or ——— = It 


Substituting this value of——— in the above equation, we get 


Now applying continuity equation at sections 1 and 2 


...( 6 . 6 ) 


a ,v, = a 2 v 2 or v, = 

Substituting this value of v, in equation (6.6) 


21 

2g 2 g 


a, v; a, - a 


= h_2lL = IL 


8 I «fj 2gl a 


ts- = 2 gh — 


Discharge, 




Q = a 2 v 2 


-x y [W=- y> __ x yj2gh 


...(6.7) 


Equation (6.7) gives the discharge under ideal conditions and is called, theoretical discharge. Actual 
discharge will be less than theoretical discharge. 


Gael - Q x 


*V2iA 


...( 6 . 8 ) 


where C d = Co-efficient of venturimeter and its value is less than 1. 

Value of ‘h’ given by differential U-tube manometer 

Case I. Let the differential manometer contains a liquid which is heavier than the liquid flowing 
through the pipe. Let 

S h = Sp. gravity of the heavier liquid 
S„ = Sp. gravity of the liquid flowing through pipe 
x = Difference of the heavier liquid column in U-tube 

Then A = .r!"— -l] if, qt 


lhe " /l = v |_s _1 J - (6 - 9) 

Case II. If the differential manometer contains a liquid which is lighter than the liquid flowing 
through the pipe, the value of A is given by scanned by Fahid 
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h = x 


A 

s.. 
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...( 6 . 10 ) 


where .9, = Sp. gr. of lighter liquid in CMube 

S 0 = Sp. gr. of fluid flowing through pipe 
x = Difference of the lighter liquid columns in f/-tube. 

Case Ill. Inclined Venturimeter with Differential L-tube manometer. The above two cases are 
given for a horizontal venturimeter. This case is related to inclined venturimeter having differential U- 
tube manometer. Let the differential manometer contains heavier liquid then h is given as 


h = \ 




= X 

[4_ij 

Ips ) 

Ips ) 


_ 


.:.(6 id 


Case IV. Similarly, for inclined venturimeter in which differential manometer contains a liquid 
which is lighter than the liquid flowing through the pipe, the value of h is given as 


h = 


,- +Z > 

^PS 


Jh 

IPS 


' <*2 


= X 


1 


..,( 6 . 12 ) 


Problem 6.10 A horizontal venturimeter with inlet and throat diameters 30 cm and 15 cm respec¬ 
tively is used to measure the flow of water. The reading of differential manometer connected to the 
inlet and the throat is 20 cm of mercury'. Determine the rate of flow. Take C d = 0.98. 

Solution. Given: 


Dia. at inlet. 

Area at inlet, 
Dia. at throat. 


d\ = 30 cm 

fl . = - d,- = -(30) 2 = 706.85 cm 2 
4 4 

d 1 = 15 cm 


or 


a-, = — x 15 2 = 176.7 enr 
4 

C d = 0.98 

Reading of differential manometer = * = 20 cm of mercury. 
.-. Difference of pressure head is given by (6.9) 

i-i 

s„ 


where S h = Sp. gravity of mercury = 13.6, S 0 = Sp. gravity of water - 1 
'13.6 


= 20 


1 


--1 


= 20 x 12.6 cm =252.0 cm of water. 


The discharge through venturimeter is given by eqn. (6.8) 

Q = c d , a A-- xAsh 


= 0.98 x 


706.85x176.7 


% /(706.85) 2 - (176.7) 2 


= x./2x 9.81 x 252 
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86067593.36 
/499636.9- 31222.9 


86067593.36 


= 125756 cm 3 /s = 125756 lit/s = 125.756 lit/s. Ans. 

1000 

Problem 6.11 An oil of sp. gr. 0.8 is flowing through a venturimeter having inlet diameter 20 cm 
and throat diameter 10 cm. The oil-mercury differential manometer shows a reading of 25 cm. Calcu¬ 
late the discharge of oil through the horizontal venturimeter. Take C d = 0.98. 

Solution. Given : 

Sp. gr. of oil, S a = 0.8 

Sp. gr. of mercury, S h = 13.6 

Reading of differential manometer, x = 25 cm 


.'. Difference of pressure head, h = x — - I 


; [—-1 
’ L 0.8 


cm of oil = 25 [17- 1] =400 cm of oil. 


Dia. at inlet. 


d , = 20 cm 


a i = — df = — x 20" = 314.16 cm 2 
4 4 

d 2 = 10 cm 

fl 2 = T x 10 2 = 78.54 cm 2 


C d = 0.98 

The discharge Q is given by equation ( 6 . 8 ) 


Q = c d 


K-7 4 


314.16x78.54 r-— - 

= 0.98 x - x J2x 981x400 

V(314.16) 2 - (78.54) 2 

21421375.68 _ 21421375.68 3 , 

V'98696-6168 ~ 304 Cm 

= 70465 cm 3 /s = 70.465 litres/s. Ans. 

Problem 6.12 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is 
used to measure the flow of oil of sp. gr. 0.8. The discharge of oil through venturimeter is 60 litres/s. 
Find the reading of the oil-mercury differential manometer. Take C d = 0.98. 

Solution. Given : </,=20cm 

fl| =—20“ = 314.16 cm 2 


d-, = 10 cm 
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rt 2 = - x 10 2 = 78.54 cm 2 
2 4 

C d = 0.98 

Q - 60 Iitrcs/s = 60 x 1000 cm 3 /s 


Using the equation ( 6 . 8 ), Q = C d 


= xj2gh 


60 x 1000 = 9.81 x 


314.16x78.54 
/(314.16) 2 - (78.54) 2 


■ x a/ 2 x 981 x h = 


1071068.78V* 


V* = 304 X 60000 =17 029 
1071068.78 

h = (17.029) 2 = 289.98 cm of oil 


h=x ^-1 


where S h = Sp. gr. of mercury = 13.6 
S D = Sp. gr. of oil = 0.8 
x = Reading of manometer 

289.98 = a- — -1 = 16.t 

L 0.8 J 

289.98 , D ,„ 

x =-= 18.12 cm. 

16 

Reading of oil-mercury differential manometer = 18.12 cm. Ans. 

Problem 6.13 A horizontal venturimeter with inlet diameter 20 an and throat diameter 10 an is 
used to measure the flow of water. The pressure at inlet is 17.658 N/cnT and the vacuum pressure at 
the throat is 30 cm of mercury. Find the discharge of water through venturimeter. Take C d = 0.98. 
Solution. Given : 

Dia. at inlet, d, = 20 cm 


Dia. at throat, 


p for water 


a, = - x(20 ) 2 = 314.16 cm 2 

1 4 

d 2 = 10 cm 

a 2 = — x 10 2 = 78.74 cm 2 

2 4 

p, = 17.658 N/cm 2 = 17.658 x 10 4 N/m 2 

= 1000 and /. -^-= 11658x10 = jg m of water 
m 3 PS 9.81x1000 


= - 30 cm of mercury 

= - 0.30 m of mercury = - 0.30 x 13.6 = - 4.08 in of water 
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Differential head = h = —— — = 18 - 4.08) 

PS PS 

= 18 + 4.08 = 22.08 m of water = 2208 cm of water 
The discharge Q is given by equation (6.8) 


Q = c„ 


K-al 


= 0.98 x 


314.16x78.54 
/(314.16) 2 - (78.74) 2 


■x J2x981x2208 


50328837.21 


x 165555 cm Is = 165.555 lit/s. Ans. 


Problem 6.14 The inlet and throat diameters of a horizontal venturimeter are 30 cm and 
10 cm respectively. The liquid flowing through the meter is water. The pressure intensity at inlet is 
13.734 N/cnr while the vacuum pressure head at the throat is 37 cm of mercury. Find the rate of flow. 
Assume that 49c of the differential head is lost between the inlet and throat. Find also the value ofC d 


for the venturimeter. 
Solution. Given 
Dia. at inlet. 


(A.M.I.E., Winter, 1980) 


d, = 30 cm 


a, = - (30)‘ = 706.85 cm 2 


Dia. at throat. 


d 2 = 10 cm 


Pressure, 


Pressure head. 


a 2 = - (10) 2 = 78.54 cm 2 
4 

p, = 13.734 N/cm 2 = 13.734 x 10 4 N/m 2 

p x 13.734 xlO 4 , „ 

— =-= 14 m of water 

p g 1000x9.81 


— = - 37 cm of mercury 
PS 


-37x13.6 


m of water = - 5.032 m of water 


Differential head. 


h = pfpg - p 2 lpg 

= 14.0 - (- 5.032) = 14.0 + 5.032 
= 19.032 m of water = 1903.2 cm 


Head lost. 


/i / =4%of/i = —x 19.032 = 0.7613 m 



19.032 -.7613 
19.032 


= 0.98 
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Discharge 


= C. 




V «| 2 - a 2 

_ 0.98 x 706.85 x 78.54 x p x 981 x 1903^2 
V(706.85) 2 - (78.54) 2 
105132247.8 


V499636.9-6168 


= 149692.8 cm 3 /s = 0.14969 m 3 /s. Ans. 


PROBLEMS ON INCLINED VENTURIMETER 


Problem 6.15 A 30 cm x 15 cm venturimeter is inserted in a vertical pipe carry ing water, flowing 
in the upward direction. A differential mercury manometer connected to the inlet and throat gives a 
reading of 20 cm'. Find the discharge. Take C d = 0.98. 

Solution. Given : 


Dia. at inlet. 


Dia. at throat. 


r/, = 30 cm 

a , = - (30) 2 = 706.85 cm 2 
d 2 = 15 cm 

a 2 = - (15) 2 = 176.7 cm 2 
4 



[£-ll 

= 20 

13.6 

X 

—--1.0 




1.0 


= 20 x 12.6 = 252.0 cm of water 


Discharge, 


C d = 0.98 

Q = c d 


«!« 2 


-^n, 2 - a 


: yflgh 


= 0.98 x 


706.85 x 176.7 


x ^2x981 x252 


A /(706.85) 2 -(176.7) 

= 86067593.36 _ 86067593.36 

~ 7499636.3-31222.9 _ 684.4 

= 125756 cm 3 /s = 125.756 lit/s. Ans. 

Problem 6.16 A 20 cm x 10 cm venturimeter is inserted in a vertical pipe carrying oil of sp. gr. 
0.8, the flows of oil is in upward direction. The difference of levels between the throat and inlet section 
is 50 cm. The oil mercury differential manometer gives a reading of 30 cm of mercury. Find the 
discharge of oil. Neglect losses. 

Solution. Dia. at inlet. 


d x = 20 cm 


Dia. at throat, 


o, = - (20) 2 = 314.16 cm 2 
4 

d 2 = 10 cm 
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«, = - (10)- = 78.54 cm- 
S„ = 0.8 


Sp. gr. of oil. S„ = 0.8 

Sp. gr. of mercury. S g = 13.6 

Differential nianome: r leading ,x = 30cm 


= 30 [ 




i“-,U 

L 0.8 J 


30 [17 - 1] = 30 x 16 = 480 cm of oil 


C,= 1.0 


The discharge. 


Q = C d -r=^=r * fish 

V«f - a 2 

1.0 x 314.16 x 78.54 *—^—-rrx 3 . 

- ■ — x ^2x981 x 480 cm Is 

V(314.16) 2 -(78.54) 2 

= 239326 ~ ,Q - 7 - = 78725.75 cm 3 /s = 78.725 litres/s. Ans. 


V(314.16) 2 -(78.54) 2 
23932630.7 . 


Problem 6.17 i" a vertical pipe conveying oil of specific gravity 0.8, two pressure gauges have 
been installed at A and B where the diametres are 16 cm and 8 on respectively. A is 2 metres above 
B. The pressure gauge readings have shown that the pressure at B is greater than at A by 0.981 N/ 
cm 2 . Neglecting all losses, calculate the flow rate. If the gauges at A and B are replaced by tubes 
filled with-the same liquid and connected to a U-tube containing mercury, calculate the difference of 
■ - • ■ ■■ ■ (A.M.I.E., Summer 1985) 


level of mercury in the two limbs of the U-tube. 
Solution. Given : 

Sd. sr. of oil. = 0.8 


Sp. gr. of oil. S„ = 0.8 

Density. P = 0.8 x 1000 = 800 —=- 

m 

Dia. at A, D A = 16 cm = 0.16 m 

. Area at A. A 1 =—(.16)" = 0.0201 m" 

4 

Dia. at B. T)g — 8 cm = 0.08 m 

.-. Area at B. A, = - (-08) 2 = 0.005026 m 2 

4 

(/) Difference of pressures. p H - p A =0.981 N/cni" 



• 

16 cm 


l 

r 




= 0.981 x 10 4 N/tti 2 = 


98I0N 


Difference of pressure head 


' Pa.-P a _ 9810 _ , 25 

pi? 800x9.81 


Fi s . 6.9 (<r) 
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Applying Bernoulli’s theorem at A andB and taking the reference line passing through sections, we 


Now applying continuity equation at A and B , we get 
F, xA, = V H x A, 


Substituting the value of V B in equation (/), we get 


Rate of flow. 


V a xA 1 

0.99 x 0.0201 = 0.01989 m 3 /s. Ans, 


(/'/') Difference of level of mercury in the U-tube 
Let h = Difference of mercury level. 


where h 
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.V = — 7 - = 0.04687 m = 4.687 cm. Ans. 

16 

Problem 6.18 Find he discharge of water flowing through a pipe 30 cm diameter placed in an 
inclined position where . venturimeter is inserted, having a throat diameter of 15 cm. The differe. 
of pressure between the main and throat is measured by a liquid of sp. gr. 0.6 in an inverted U tube 
which gives a reading of JO c n. The loss of head between the main and throat is 0.2 times the kinetic 
head of the pipe / / 

Solution. Dia. at inlet =30 cm ^ ^ ' 

</, =30 cm / X\ 


Dia. at throat. 


n, = - (30) 2 = 706.85 cm 2 
<7, = 15 cm 


T O'. 

30 = x [:o.e 

1 tl 


% / 


a, = - (15) 2 = 176.7 cm 2 
4 


Reading of differential manometer, x = 30 cm 
Difference of pressure head, h is aiven by 

vps ; vp# j 




where S, = 0.6 and S n = 1.0 


■ , 0.6 

= 30 1-= 

1.0 


30 x .4 = 12.0 cm of water 


cy / 


Fig. 6.10 


Vi 

Loss of head, It, = 0.2 x kinetic head of pipe = 0.2 x — 

2 8 

Now applying Bernoulli’s equation at sections (1) and (2), we get 

- + Z ' + f = ? + Z2+ f + /l2 

P.? 2 g p g 2 g - 


+ *« H i3 -+*2 + T ~~ t =h 

) VPS ) 2g 2 g 


+ 2 . 1 - f — + z 2 = h = 12.0 cm of water 


h L = 0.2 x v , 2 / 2 ,? 

12 .0 + i—£ =0.2x-^ 

2 g 2 g 2 g 


Vi" Vt 

12.0 + 0.8 - 1 - - =0 


2 8 2 g 
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Applying continuity equation at (1) and (2), we get 


O.V, = tf,V, 


a i ' ^(30) 2 4 


Substituting this value of v, in equation (1), we get 

,2.o t MfeVi a0orllo+ iro-: y 

2 5 v 4 ; 2g 2g L16 


^-[.05-1] =-12.0 or = ,2.0 

2* 2g 


(2x981x12.0 


= 157.4 cm/s 


Discharge = a -,\y 

= 176.7 x 157.4 cm 3 /s = 27800 cm 3 /s = 27.8 litres/s. Ans. 
Problem 6. *9 A 30 cm x 15 cm venturimeter is provided in a vertical pipe line earning oil of 
specific gravity 0.9, the flow being upwards. The difference in elevation of the throat section and 
entrance section of the venturimeter is 30 cm. The differential U-tubc mercury manometer shows a 
gauge deflection of 25 cm. Calculate : 

(i) the discharge of oil, and 

(ii) the pressure difference between the entrance section and the throat section. Take the co-effi¬ 
cient of meter as 0.98 and specific gravity of mercury as 13.6. (A.M.I.E., Summer, 1978) 

Solution. Given : 

Dia. at inlet, , d, = 30 cm 

1 

••• Area, a, = - (30) 2 = 706.85 cm 2 

4 

Dia. at throat, d 2 =15cm 

••• Area, a 2 = ~ (15) 2 = 176.7 cm 2 

4 

Let section (1) represents inlet and section (2) represents throat. Then z 2 -Z,= 30 cm 

Sp. gr. of oil, S n = 0.9 

Sp. gr. of mercury, S g = 13.6 

Reading of diff. manometer, x = 25 cm 

The differential head, Ii is given by 

KPS ) Ip* J 


S g 1 r 13.6 1 scanned by Fahid 
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(/) The discharge, Q of oil 


V“l ~ u 2 

0.98x706.85x176.7 
V(706.85) 2 - (176.7) 2 
101832219.9 .. 


•= J2 x 981 x 352.77 


= 148790.5 cm7s 


= 148.79 litres/s. Ans. 

(») Pressure difference between entrance and throat section 


VPi ) l Pi 


+ z 2 = 352.77 


—- —] + z, - z 2 = 352.77 
Pi’ PSJ 


z 2 - Z] = 30 cm 
) - 30 = 352.77 


ii-Z?. -30 = 352.77 tft 

Pi P g) 111 

Fig. 6.11 

— - — = 352.77 + 30 = 382.77 cm of oil = 3.8277 m of oil. Ans. 
Pi Pi 

Oh - p 2 ) = 3.8277 x pg 

= Sp. gr. of oil x 1000 kg/m 3 
= 0.9 x 1000 = 900 kg/cnr 



But density of oil 


(/>, - p-,) = 3.8277 x 900 x 9.81 77- 

m 

33795 

= N/cm 2 = 3.3795 N/cm 2 . Ans. 

Problem 6.20 Crude oil of specific gravity 0.85 flows upwards at a volume rate of flow of 60 litre 
per second through a vertical venturimeter with an inlet diameter of200 mm and a throat diameter of 
100 mm. The co-efflcient of discharge of the venturimeter is 0.98. The vertical distance between the 
pressure tappings is 300 mm. 

{i) If two pressure gauges are connected at the tappings such that they are positioned at the levels 
of their corresponding tapping points, determine the difference of readings in N/cm 2 of the two pres¬ 
sure gauges. 

(ii) If a mercury differential manometer is connected, in place of pressure gauges, to the tappings 
such that the connecting tube upto mercury are filled with oil, determine the difference in the level of 
the mercury column. (A.M.I.E., Summer 1986) 

Solution. Given : 

Specific gravity of oil, S,, = 0.85 
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Density, 


p = 0.85 x 1000 = 850 kg/m 2 


Discharge. 

Q - 60 litre/s 


= — — = 0.06 nrVs 
1000 

Inlet dia. 

d| = 200 min = 0.2 m 

Area, 

a, = - (,2) 2 = 0.0314 m 2 

4 

Throat dia., 

d 2 = 100 mm = 0.1 m 

Area, 

a 2 = - (0.1 ) 2 = 0.00785 m 
4 

Value of Q 

= 0.98 



t ' 

300 mm 


~ J© 

m/~ 

W~*\ 


Let section (1) represents inlet and section (2) 0 . 

represents throat. Then 

z 2 - z t = 300 mm = 0.3 m 

(0 Difference of readings in N/cin 2 of the nvo pressure gauges -"... 

The discharge Q is given by, 


SL71 f 


Q-Cj -r=== X figh 

V a f - a 2 


Fig. 6.11 (a) 


0.98x0.0314x0.00785 u ■—- 
0.06 = — - x Jl x 9.81 x h 

v0.0314 2 -0.00785 2 
0.98 x 0.00024649 . rr 

‘ -55553-* 4 ' 429 ' ft 

V5=-006x00304_ 

0.98 x 0.00024649 x 4.429 


I h = 1.705 2 = 2.908 m 

But for a vertical venturimeter, h = (— + ?,!-(— + z 2 


2.908 = f^ + z,U^ + z 2 ) = f^-^) + z,-z 


P 8 PS 


= 2.908 + z 2 - z, = 2.908 + 0.3 (v 0.3 m) 

P.? 

= 3.208 m of oil 
P]~P 2 = PS x 3.208 

- 850 x 9.81 x 3.208 x ., ■> 

= 850 x 9.81 x 3.208 N/nr =- ; -N/cnr 


= 2.675 N/cm 2 . Ans. 
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(*'/) Difference in the levels of mercury columns (i.e., a ) 


The value of h is given by, h=x — — 1 

S„ 


_ JM-il 

“ 10.85 J ' 


[16- 1J = 15 a 


2 908 

x = — -= 0.1938 m = 19.38 cm of oil. Ans. 

15 


Problem 6.21 In a 100 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has 
been fixed. The head of water on the metre when there is no flow is 3 m (gauge). Find the rate of flow 
for which the throat pressure will be 2 metres of water absolute. The co-efficient of meter is 0.97. Take 


atmospheric pressure head = 10.3 m of water. 
Solution. Given : 


(A.M.I.E., Winter 1976) 


Dia. of pipe, 
Area, 

Dia. at throat, 


Head of water for no flow 


d | = 100 mm = 10 cm 

= - d? = - (10) 2 = 78.54 cm 2 

4 4 

d 2 = 0.5 x d\ -= 0.5 x 10 = 5 cm 

a 2 = - (5) 2 = 19.635 cm 2 
2 4 

= = 3 m (gauge) = 3 + 10.3 = 13.3 m (abs.) 


Throat pressure head 


= — = 2 m of water absolute. 


Difference of pressure head, /» = —-—= 13.3 - 2.0 = 11.3 m = 1130 cm 

P g PS 


Rate of flow, Q is given by Q = C d 


■xjlgh 


= 0.97 x r 78 54 X19 635 x V2x 981x1130 

V( 78.54) 2 -(19.635) 2 


2227318.17 


= 29306.8 cnr/s = 29.306 litres/s. Ans. 


6.7.2 Orifice Meter or Orifice Plate. It is a device used for measuring the rate of flow of a 
fluid through a pipe. It is a cheaper device as compared to venturimeter. It also works on the same 
principle as that of venturimeter. It consists of a flat circular plate which has a circular sharp edged hole 
called orifice, which is concentric with the pipe. The orifice diameter is kept generally 0.5 times the 
diameter of the pipe, though it may vary from 0.4 to 0.8 times the pipe diameter. 

A differential manometer is connected at section (1), which is at a distance of about 1.5 to 2.0 times 
the pipe diameter upstream from the orifice plate, and at section (2), which is at ^distance ofabout half 

the diameter of the orifice on the down stream side from the orifice plate™ n,m 1 
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Let p, = pressure at section (1). 
v, = velocity at section (1), 
a i = area of pipe at section (1), and 



p 2 , v 2 * a 2 are corresponding values at section (2). Applying Bernoulli’s equation at sections (1) and 
(2), we get 


£l + ^L 

P S 2 g 





P\ 


PS 




Pi 


PS 


v; 


But 


(£L + Zl }J^ +z%i 

VPS ) Ips , 


2 S 2 g 

= h = Differential head 


■ v, v. _ , 9 1 

h = — ~~ or 2gh = v 2 2 - v, 

2s 2 g 


or v 2 = ij2gh + vf - —(0 

Now section (2) is at the vena contracta and a 2 represents the area at the vena contracta. If a 0 is the 
area of orifice then, we have 

C = — 


where C c = Co-efficient of contraction 

a 2 

By continuity equation, we have 


a 2 ~ a o x Q 


<J| V| = u 2 v 2 or v i = 
Substituting the value of v, in equation (/), we get 

Vi= ll 


_ a () 


...(H) 

...(in) 


„ 2 /~ 2„2 
2 gh + ^- 
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The discharge Q = v 2 x a 2 = v 2 x a 0 C ( 


The above expression is simplified by using 


Substituting this value of C c in equation (iv), we get 


where C d = Co-efficient of discharge for orifice meter. 

The co-efficient of discharge for orifice meter is much smaller than that for 
Problem 6.22 An orifice meter with orifice diameter 10 cm is inserted in a 
The pressure gauges fitted upstream and downstream of the orifice m 
19.62 N/ctn and 9.81 N/cm 2 respectively. Co-efficient of discharge for the me 
the discharge of water through pipe. 
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Solution. Given 
Dia. of orifice. 


d 0 = 10 cm 


Area, 

Dia. of pipe, 
Area, 


a 0 = - (10) 2 = 78.54 cm 2 
4 


d | = 20 cm 


a, = - (20) 2 = 314.I6cm 2 
4 


Pi = 19.62 N/cm 2 = 19.62 x 10 4 N/m 2 


Pi_ _ 19.62 xlO 4 _ 


Similarly 


PS 1000x9.81 
P 2 _ 9.81 xlO 4 


= 20 m of water 


PS 1000x9.81 


= 10 m of water 


h - ~— ~ = 20.0 - 10.0 = 10 m of water = 1000 cm of water 
PS PS 

C d = 0.6 

The discharge, Q is given by equation (6.13) 


Q = C d 


a n a 


o“i 


= x -J2gh 


= 0.6 x 


y a \ a o 

78.54x314.16 


J(314.16) 2 -(78.54) : 


-x^x 981x1000 


20736838.09 


304 


= 68213.28 cm 3 /s = 68.21 litres/s. Ans. 


Problem 6.23 Art orifice meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter. 
The pressure difference measured by a mercury oil differential manometer on the two sides of the 
orifice meter gives a reading of 50 cm of mercury. Find the rate of flow of oil of sp. gr. 0.9 when the 
co-efficient of discharge of the meter = 0.64. 

Solution. Given : 

d 0 = 15 cm 


Dia. of orifice, 
.•. Area, 

Dia. of pipe, 

.•. Area. 


a 0 = ~ (I5) 2 = 176.7 cm 2 
4 


d, = 30 cm 


Sp. gr. of oil, 


a, = - (30) 2 = 706.85 cm 2 
4 


S 0 = 0.9 


Reading of diff. manometer, x = 50 cm of mercury 


Differential head. 


h=x 


i-. 

S . 


= 50 


13.6 


0.9 


-1 
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= 50 x 14.11 = 705.5 cm of oil 
C d = 0.64 

The rate of the flow, Q is given equation (6.13) 


Q = C d . 


= 0.64 x 


176.7x706.85 

7 f\/l OC\2 / | 77 ' 


7(706.85) - (176.7) 


x.J 2x981x705.5 


94046317.78 3 . , . 

=-= 137414.25 cnr/s = 137.414 htres/s. Ans. 

684.4 

6.7.3 Pitot-tube. It is a device used for measuring the 

velocity of flow at any point in a pipe or a channel. It is based on l T 

the principle that if the velocity of flow at a point becomes zero, the . 

pressure there is increased due to the conversion of the kinetic 

energy into pressure energy. In its simplest form, the pitot-tube H 

consists of a glass tube, bent at right angles as shown in Fig. 6.13. ^ -- J y -i- 

The lower end, which is bent through 90° is directed in the up- 
stream direction as shown in Fig. 6.13. The liquid rises up in the 

tube due to the conversion of kinetic energy into pressure energy. - - - - - - - - - 

The velocity is determined by measuring the rise of liquid in the tube. 643 Pitot-tube. 

Consider two points (1) and (2) at the same level in such a way that point (2) is just as the inlet of the 
pitot-tube and point (1) is far away from the tube. 

Let p^- intensity of pressure at point (1) 

v, = velocity of flow at (1) 

p 2 = pressure at point (2) 

v 2 = velocity at point (2), which is zero 

H = depth of tube in the liquid 

h = rise of liquid in the tube above the free surface. 

Applying Bernoulli’s equations at points (1) and (2). we get 

P g 2g p g 2 g 

But = z 2 as points (1) and (2) are on the same line and v 2 = 0. 

P\ 

— = pressure head at (1) = H 


— = ’pressure head at (2) = (h + H) 
P 8 

Substituting these values, we get 

2 ,2 

H + = (li + H) h=^~ or v. 

2 g 2 g 

This is theoretical velocity. Actual velocity is given by 


= J2gb 
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where C„ = Co-efficient of pitot-tube 

Velocity at any point v = C v -J2gh ...(6.14) 

Velocity of flow in a pipe by pitot-tube. For finding the velocity at any point in a pipe by pitot- 
tube, the following arrangements are adopted : 

1. Pitot-tube along with a vertical piezometer tube as shown in Fig. 6.14. 

2. Pitot-tube connected with piezometer tube as shown in Fig. 6.15. 

3. Pitot-tube and vertical piezometer tube connected with a differential (/-tube manometer as shown 
in Fig. 6.16. 

F>IF 7 r> MFTFR-J I i u niTAT Tl IDIT 


PIEZO METER^ 
TUBE 


.PITOT-TUBE 


Fig. 6.14 


Fig. 6.15 




Fig. 6.16 Fig. 6.17 

4. Pitot-static tube, which consists of two circular concentric tubes one inside the other with some 
annular space in between as shown in Fig. 6.17. The outlet of these two tubes are connected to the 
differential manometer where the difference of pressure head ‘A’ is measured by knowing the difference 

of the levels of the manometer liquid say x. Then h=x —— 1 . 

IA J 

Problem 6.24 A pitot-static tube placed in the centre of a 300 mm pipe line has one orifice point¬ 
ing upstream and other perpendicular to it. The mean velocity in the pipe is 0.80 of the central 
velocity. Find the discharge through the pipe if the pressure difference betw een the two orifices is 
60 mm of water. Take the co-efficient of pilot tube as C„ = 0.98. 

Solution. Given : 

Dia. of pipe. d = 300 mm = 0.30 m 

Diff. of pressure head. h = 60 mm of water = .06 m of water 

C v = 0.98 

Mean velocity, V = 0.80 x Central velocity 

Central velocity is given by equation (6.14) 

= C v y[2gh = 0.98 x yjl x 9.81 x .06 = 1.063 m/s 
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V = 0.80 x 1.063 = 0.8504 m/s 


Discharge, Q = Area of pipe x V 

= ^d 2 x V = - (,30) 2 x 0.8504 = 0.06 m 3 /s. Ans. 

4 4 

Problem 6.25 Find the velocity of the flow of an oil through a pipe, when the difference of mercury 
level in a differential U-tube manometer connected to the two tappings of the pitot-tube is 100 mm. 
Take co-efficient of pitot-tube 0.98 and sp. gr. of oil = 0.8. 

Solution. Given : 

Diff. of mercury level, x = 100 mm = 0.1 m 

Sp. gr. of oil, S a = 0.8 

Sp. gr. of mercury', S g = 13.6 

C v = 0.98 

Diff. of pressure head, h=x — - 1 = .1 -^-1 = i6 m ofoil 

S 0 J L 0.8 J 

.-. Velocity of flow = C v -Jlgh = 0.98 ^2x 9.81x1.6 = 5.49 m/s. Ans. 

Problem 6.26 A pitot-static tube is used to measure the velocity of water in a pipe. The stagnation 
pressure head is 6 m and static pressure head is 5 m. Calculate the velocity of flow assuming the co¬ 
efficient of tube equal to 0.98. (A.M.I.E., Winter, 1979) 

Solution. Given : 

Stagnation pressure head, h s = 6 m 
Static pressure head, h, = 5 m 

A=6-5=lm 

Velocity of flow, V = C v ^f2jh = 0.98 ^2 x 9.81 x 1 = 4.34 m/s. Ans. 

Problem 6.27 A sub-marine moves horizontally in sea and has its axis 15 m below the surface of 
water. A pitot-tube properly placed just in front of the sub-marine and along its axis is connected to 
the two limbs of a U-tube containing mercury. The difference of mercury level is found to be 170 mm. 
Find the speed of the sub-marine knowing that the sp. gr. of mercury is 13.6 and that of sea-water is 
1.026 with respect of fresh water. (A.M.I.E., Winter, 1975) 

Solution. Given : 

Diff. of mercury level, x= 170 mm = 0.17 m 

Sp. gr. of mercury, ^ = 13.6 

Sp. gr. of sea-water, S a = 1.026 

h=x i-1 = 0.17 [--llr: 2.0834m 
‘ _S C J 1.026 J 

V = \/2^h = yj2 x 9.81 x 2.0834 = 6.393 m/s 
6.393 x 60 x 60 . 

- - qqq -km/hr = 23.01 km/hr. Ans. 

Problem 6.28 A pitot-tube is inserted in a pipe of300 mm diameter. The static pressure in pipe is 
100 mm of mercury (vacuum). The stagnation pressure at the centre of the pipe, recorded by the pitot- 
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tube is 0.981 N/cm 2 . Calculate the rate offlow of water through pipe, if the mean velocity of flow is 
0.85 times the central velocity. Take C v = 0.98. (Converted to S.I. Units, A.M.I.E., Summer, 1987) 


Solution. Given : 
Dia. of pipe. 


Static pressure head 


Stagnation pressure 


d = 300 mm = 0.30 m 

a = — d 2 = — (,3) 2 = 0.07068 m 2 
4 4 

= 100 mm of mercury (vacuum) 

= —x 13.6 = - 1.36 m of water 
1000 

= .981 N/cm 2 = .981 x 10 4 N/m 2 


Stagnation pressure head = 


.981 xlO 4 


.981 xlO 4 
1000x9.81 


Velocity at centre 


Mean velocity, 

Rate of flow of water 


h = Stagnation pressure head - Static pressure head 
= 1.0 - (- 1.36) = 1.0 + 1.36 = 2.36 m of water 

= cjTgh 

= 0.98 x x 9.81 x 2.36 = 6.668 m/s 

V =0.85 x 6.668 = 5.6678 m/s 
= V x area of pipe 

= 5.6678 x 0.07068 m 3 /s = 0.4006 m 3 /s. Ans. 


► 6.8 THE MOMENTUM EQUATION 

It is based on the law of conservation of momentum or on the momentum principle, which states that 
the net force acting on a fluid mass is equal to the change iri momentum of flow per unit time in that 
direction. The force acting on a fluid mass ‘m’ is given by the Newton’s second law of motion, 

F = mx a 

where a is the acceleration acting in the same direction as force F. 

„ dv 


tv dv 
F = m — 

dt 


(m is constant and can be taken inside the differential} 


F=^I± ...(6.J5) 

dt 

Equation (6.15) is known as the momentum principle. 

Equation (6.15) can be written as F.dt = dlmv) ...(6.16) 

which is known as the impulse-momentum equation and states that the impulse of a force F acting on a 
fluid of mass m in a short interval of time dt is equal to the change of momentum d{mv) in the direction 
of force. 
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Force exerted by a flowing fluid on a Pipe-Bend 

The impulse-momentum equation (6.16) is used to determine the resultant force exerted by a flowing 
fluid on a pipe bend. 

Consider two sections (1) and (2), as shown in Fig. 6.18. 

Let v | = velocity of flow at section (1), 

Pi = pressure intensity at section (1), 

A[ = area of cross-section of pipe at section (1) and 
v 2 , p 2 , ^2 = corresponding values of velocity, pressure and area at section (2). 

Let F x and F y be the components of the forces exerted by the flowing fluid on the bend in x-and y- 
directions respectively. Then the force exerted by the bend on the fluid in the directions ofx andy will be 
equal to F x and F y but in the opposite directions. He nce component of the force exerted by bend on the 
fluid in thex-direction =-F x and in the direction ofy = -F y . The other external forces acting on the fluid 
are /?,/!, and p J A 1 on the sections (1) and (2) respectively. Then momentum equation in x-direction is 
given by / 



Fig. 6.18 Forces on bend. 


Net force acting on fluid in the direction of x = Rale of change of momentum in x-direction 
- p 2 A 2 cos 0 - F. = (Mass per sec) (change of velocity) 

= p Q (Final velocity in the direction of x 

- Initial velocity in the.direction of x) 


= pQ (V 2 c° s 0 - Fj) ...(6.17) 

F x = pQ (V, - V 2 cos 0) + p l A i -P 2 A 2 cos 6 ...(6.18) 

Similarly the momentum equation in y-direction gives 

0-P2^2 s ' n 0 — F y = pQ (Vjsin 0-0) ...(6.19) 

F y = p Q (- V 2 sin 0) - p 2 A 2 sin 0 ...(6.20) 

Now the resultant force ( F R ) acting on the bend 

- (6 - 21) 

And the angle made by the resultant force with horizontal direction is given by 

tan 0 = — ...(6.22) 

F, 


Problem 6.29 A 45° reducing bend is connected in a pipe line, the diameters at the inlet and outlet 
of the bend being 600 mm and 300 mm respectively. Find the force exerted by water on the bend if the 
intensity of pressure at inlet to bend is 8.829 N/cm~ and rate of 
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Solution. Given 
Angle of bend, 
Dia. at inlet. 


Dia. at outlet. 


Area, 


Pressure at inlet. 


0 = 45° 

D, = 600 mm = 0.6 m 

A, = — £>j 2 = — (.6) 2 pA! 

= 0.2827 m 2 -i- 

D 2 = 300 mm = 0.30 m 

A, = - (3) 2 = 0.07068 m 2 
2 4 

p { = 8.829 N/cm 2 = 8.829 x 10 4 N/m 2 
Q = 600 lit/s = 0.6 m 3 /s 



Fig. 6.19 


v..SL, 


= 2.122 m/s 


.07068 


= 8.488 m/s. 


Applying Bernoulli’s equation at section (1) and (2), we get 

■ 

P£ 2 g pg 2 g 


P\ V\ 2 Pi v 2 

— + — = — + — or 

pg 2 g pg 2 g 

9 + .2295 = p 2 /pg + 3.672 


8.829 xlO 4 2.122 2 p 2 8.488 2 

-+-= — +- 

1000x9.81 2x9.81 pg 2x9.81 


/ = 9.2295 - 3.672 = 5.5575 m of water 

p 2 = 5.5575 x 1000 x 9.81 N/m 2 = 5.45 x 10 4 N/m 2 
Forces on the bend in.v- and y-directions are given by equations (6.18) and (6.20) as 

F x = pQ [v, - v 2 cos 9] + pjAj - p^ 2 cos 0 
= 1000 x 0.6 [2.122 - 8.488 cos 45°] 

+ 8.829 x 10 4 x .2827 - 5.45 x 10 4 x .07068 x cos 45° 
= - 2327.9 + 24959.6 - 2720.3 = 24959.6 - 5048.2 
= 19911.4 N 

and F v = pQ [- V 2 s > n 6] - Pi^i sin 0 

= 1000 x 0.6 l- 8.488 sin 45°[ - 5.45 x 10 4 x .07068 x sin 45° 

= - 3601.1 - 2721.1 =-6322.2 N 
-ve sign means F x is acting in the downw ard direction 


Resultant force. 


F k =JF;+F; 
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= ^(19911.4) +(-6322.2)' 
= 20890.9 N. Ans. 

The angle made by resultant force with x-axis is given by 
equation (6.22) or 


19911.4 N 



,an0 = ^ = -^22^ =0 3175 Fig. 6.20 

F x 19911.4 

0 = tarn 1 .3175 = 17° 36'. Ans. 

Problem 6.30 250 litres/s of water is flowing in a pipe having a diameter of300 mm. If the pipe is 
bent by 135° (that is change from initial to final direction is 135°), find the magnitude and direction 
of the resultant force on the bend. The pressure of water flowing is 39.24 N/cm 2 . 

(A.M.I.E., Winter, 1974) 

Solution. Given: “ ; 

Pressure, Pi~P 2 = 39.24 N/cm 2 = 39.24 x 10 4 N/m 2 

Discharge, Q = 250 litres/s = 0.25 m 3 /s 

Dia. of bend at inlet and outlet, D X =D 2 = 300 mm = 0.3 m 

.-. Area, A, = A, = - D, 2 = - x ,3 2 = 0.07068 m 2 

4 4 


= 0.3175 


Fig. 6.20 


Velocity of water at (1) and (2), V =V, = V 2 = —= 3.537 m/s. 
2 12 Area .07068 



Force along x-axis 

= f x = pQ[v Xx - y^ + PiAi +P2A2 

where = initial velocity in the direction of x - 3.537 m/s 

= final velocity in the direction of x = - V 2 cos 45° = - 3.537 x .7071 
p lx = pressure at (1) in x-direction 

= 39.24 N/cm 2 = 39.24 x 10 4 N/m 2 
Plx - pressure at (2) in x-direction 

= p 2 cos 45° = 39.24 x 10 4 x .7071 

F x = 1000 x .25(3.537 - (- 3.537 x .7071)] + 39.24 x 10 4 x .07068 + 39.24 
x 10 4 x.07068 x .7071 

= 1000 x .25(3.537 + 3.537 x .7071] + .7071] 
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= 1509.4 + 47346 = 48855.4 N 


Force along y-axis 

= F y = pQ[V Xy - V 2y ] + (p x A x } y + (py\ 2 ) y 
where V ly = initial velocity in y-direction = 0 

V 2y = final velocity in y-direction = - V 2 sin 45° = 3.537 x .7071 
{p x A x ) y = pressure force in y-direction = 0 
( p 2 A 2 ) y = pressure force at (2) in y-direction 

= - p 2 A 2 sin 45° = - 39.24 x 10 4 x .07068 x .7071 

F y = 1000 x ,25[0 - 3.537 x .7071] + 0 + (- 39.24 x 10 4 x .07068 x .7071) 
’ =-625.2 - 19611.1 =-20236.3 N 


- ve sign means F v is acting in the downward direction 


Resultant force, 

= ^48855.4 2 + 20236.3 2 _ g 

= 52880.6 N S 

The direction of the resultant force F Rl with the *-axis is given as 8 

ii 

. F y 20236.3- ..... uT 

tan 0 = — =- =0.4142 

F. 48855.4 



Fi-r. 6.22 


0 = 22° 30'. Ans. 

Problem 6.31 A 300 mm diameter pipe carries water under a head of 20 metres with a velocity of 
3.5 m/s. If the axis of the pipe turns through 45°, find the magnitude and direction of the resultant 
force at the bend. (A.M.I.E., Summer, 1978) 

Solution. Given : 

Dia. of bend, D = D x — D 2 = 300 mm = 0.30 m 


Area, A = A, = A 2 = — D 2 = — x 3 2 = 0.07068 m 2 

/ 4 4 

Velocity, V = V, = V 2 = 3.5 m/s 

0 = 45° 

Discharge, Q=AxV= 0.07068 x 3.5 = 0.2475 m 3 /s 


f 11 

- 


Pressure head = 20 m of water or — = 20 m of water 

P g 

p = 20 x pg = 20 x 1000 x 9.81 N/m 2 = 196200 N/m 2 
/. Pressure intensity, P = P\ -Pi - 196200 N/m 2 
Now V, t = 3.5 m/s, V 2r = P 2 cos 45° = 3.5 x .7071 

V |v = 0, V, v = V : sin 45° = 3.5 x .7071 
(PiA,), = /t|A| = 196200 x .07068, ( P] A,) v = 0 
(p : A 2 ) x = - p 2 A 2 cos 45°. (pvt,), = - py\ 2 sin 45° 

Force along x-axis, F x = pQ[V ]x - V 2 J + i P \A x ) x + {p 2 A 2 ) x 

= 1000x .2475(3.5-3.5x.7071] + 196200x .07068-pyt 2 xcos45° , 
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253.68 + 196200 x .07068 - 196200 x .07068 x 0.7071 

253.68 + 13871.34 - 9808.04 = 4316.98 N 

PC? [v,v - v^y].+ (p l A i ) > + (/M,) v 

1000 x ,2475[0 - 3.5 x .7071 ] + 0 + [- p^A 2 sin 45°] 

- 612.44 - 196200 x .07068 x .7071 

- 612.44 - 9808 =- 10420.44 N 


Force along y-axis. 


(4316.98) 2 + (10420.44) 2 = 11279 N. Ans. 


Resultant force 


The angle made by F K with jr-axis 


10420.44 


0 = tan' 1 2.411 =67° 28'. Ans. 

Problem 6.32 In a 45° bend a rectangular air duct of l rn 2 cross-sectional area is gradually 
reduced to 0.5 m 2 area. Find the magnitude and direction of the force required to hold the duct in 
position if the velocity of flow at the 1 m 2 section is 10 m/s, and pressure is 2.943 N/cm 2 . Take density 
of air as 1.16 kg/m 3 . (A.M.I.E., Winter, 1980) 

Solution. Given : 

Area at section (1), A, = 1 m 2 

Area at section (2), A 2 = 0.5 m 2 

Velocity at section (1), V, = 10 m/s 

Pressure at section (1), p { = 2.943 N/cm 2 = 2.943 x 10 4 N/m 2 = 29430 N/m 2 

Density of air, p =-1.16 kg/m 3 


Applying continuity equation at sections (1) and (2) 
A,V,=A,V', 
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Discharge 


Applying Bernoulli’s equation at (1) and (2) 


= 2586.2 + 5.0968 - 20.387 = 2570.90 in 
p 2 = 2570.90 x 1.16x9.81 = 29255.8 N 
Force along x-axis, F x = p Q [V u - VJ + (p,A,) x + 

where A u = 10 m/s, V^ = V 2 cos 45° = 20 x .7071, 

(p,A ,) x = pjA, = 29430 x 1 = 29430 N 
and f ~Pt A 2 cos 4 5° = “ Pi A 2 cos 4 5° = _ 29255.8 x 0.5 x .7071 

F x = 1.16 x 10[10 - 20 x.7071] +29430 x 1 - 29255.8 x.5 x .7071 
= - 48.04 + 29430 - 10343.37 = 0 - 19038.59 N 
Similarly force along y-axis, F y = pQ[V / ly - V 2v ] + (p|A,) v + (p 2 A 2 ) y 
where V ly = 0, V 2y = V 2 sin 45° = 20 x .7071 = 14.142 
(P|A|) V 

= 0. (p^ 2 \ =~P 2 A 2 sin 45 ° = " 29255.8 x .5 x .7071 = - 10343.37 
F v = 1.16 x 10(0- 14.142] + 0- 10343.37 
= _ 164.05 - 10343.37 = - 10507.42 N 


(19038.6)" + (10507.42)- = 21746.6 N. Ans, 


Resultant force 


The direction of F R with x-axis is given as 


10507.42 


F, 19038.6 
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F r is the force exerted on bend. Hence the force required to hold the duct in position is equal to 
21746.6 N but it is acting in the opposite direction of F R . Ans. 

Problem 6.33 A pipe of300 mm diameter conveying 0.30 m 3 /s of water has a right angled bend in 
a horizontal plane. Find the resultant force exerted on the bend if the pressure at inlet and outlet of 
the bend are 24.525 N/cm 2 and 23.544 N/cm 2 . 

Solution. Given : 

Dia. of bend, D = 300 mm = 0.3 m 


Area, 

Discharge, 

Velocity, 


A = A, = A 2 = ^ (.3) 2 = 0.07068 m 2 
Q = 0.30 m 3 /s 


v = v. = v 7 = ^ = 


Q 030 


A .07068 


= 4.244 m/s 


©1 



f Vi. PiA, 
U-V- 

_^ 

H 


_- 




Fig. 6.25 

Angle of bend, 0 = 90° 

p, = 24.525 N/cm 2 = 24.5 25 x 10 4 N/m 2 = 245250 N/m 2 

p 2 = 23.544 N/cm 2 = 23.544 x 10 4 N/m 2 = 235440 N/m 2 

Force of bend along jr-axis F x = pQ fV lx - V 2l ] + (PiA,), + ip^Aflx 

where p = 1000, V u = V, = 4.244 m/s, V 2r = 0 

( p l A i ) x = p,A, = 245250 x .07068 
( PiAih = 0 

F x = 1000 x 0.30 [4.244 - 0] + 245250 x .07068 + 0 
= 1273.2 + 17334.3 = 18607.5 N 

Force on bend along y-axis, F y = p<2 [V^. - V 2> ] + (Pi4,) y + (p 2 A 2 ) > . 
where V 1;> . = 0, V 2y = V 2 = 4.244 m/s 

(p x A x \ = 0, = - PtA 2 = - 235440 x .07068 =- 16640.9 

F y = 1000 x 0.30[0 - 4.244] + 0 - 16640.9 


=,- 1273.2- 16640.9 = - 17914.1 N 


Resultant force. 


Fr = ■<]?; + Fy = V(18607.5) 2 +(17914.1) 2 = - 25829.3 N 


, „ Fy 17914.1 no .__ 

tan 0 = —=- = 0.9627 

F x 18607.5 

0 = 43° 54'. Ans. 
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Problem 6.34 A nozzle of diameter 20 mm is fitted to a pipe of diameter 40 mm. Find the force 
exerted by the nozzle on the water which is flowing through the pipe at the rate of 1.2 m 3 /minute. 

Solution. Given : 

Dia. of pipe, £>, = 40 mm = 40 x 10" 3 m = .04 m 

Are a. A ] = ^D, 2 =-(.04) 2 = 0.001256 m 2 

4 4 

Dia. of nozzle, D 2 = 20 mm = 0.02 m 

••• Area, A 2 = ^ (,02) 2 = .000314 m 2 






294 Fluid Mechanics 

Let the force exerted by the nozzle on water = F x 

Net force in the direction of x = rate of change of momentum in the direction of .r 

Mi -/V*2 + F x= PQ( V 2~ v i) 
where p 2 = atmospheric pressure = 0 and p = 1000 

1901472 x .001256 - 0 + F X = 1000 x 0.02(63.69 - 15.92) or 2388.24 + F x = 916.15 
. F x = - 2388.24 + 916.15 = - 1472.09. Ans. 

- ve sign indicates that the force exerted by the nozzle on water is acting from right to left. 
Problem 6.35 The diameter of a pipe gradually reduces from 1 m to 0.7 m as shown in Fig. 6.27. 
The pressure intensity at the centre-line of 1 m section 7.848 kN/m 2 and rate of flow of water through 
the pipe is600 litres/s. Find the intensity of pressure at the centre-line of 0.7 m section. Also deter¬ 
mine the force exerted by flowing water on transition of the pipe. 

Solution. Given : 

Dia. of pipe at section 1, i>, = 1 m 

Area, A, = - (l) 2 = 0.7854 m 2 

i 4 



Fig. 6.27 


Dia. of pipe at section 2, D 2 = 0.7 m 
Area. x m ' 7 ' 2 

Pressure at section 1, 

Discharge, 


A 2 = ~ (0.7r = 0.3848 m z 

Pl = 7.848 kN/m 2 = 7848 N/m 2 

Q = 600 litres/s =-= 0.6 m 3 /s 

1000 


Applying continuity equation, 

A l V l =A 2 V 2 = Q 




0.6 


A 2 0.7854 
0.6 


= 0.764 m/s 


V 2 = ^ = 1.55 m/s 

2 • A 2 .3854 

Applying Bernoulli’s equation at sections (1) and (2), 


— + ^— = — + -^- { v pipe is horizontal, z. = z 2 } 

PS 2g‘ pg 2g ' 

7848 [ (.764) 2 p 2 < (1.55) 2 

1000x9.81 2x9.81 pg 2x9.81 


or 
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Pi _ Q g , (-764) 2 (1.55) 2 
pg ' 2x9.81 2x9.81 

= 0.8 + 0.0297 - 0.122 = 0.7077 m of water 
p 2 = 0.7077 x 9.81 x 1000 

= 6942.54 N/m 2 or 6.942 kN/ni 2 . Ans. 

Let F x - the force exerted by pipe transition on the flowing water in the direction of flow 
Then net force in the direction of flow = rate of change of momentum in the direction of flow 
or P l A l -p 2 A 2 + F x =P(V 2 - V,) 

.-. 7848 x .7854 - 6942.54 x .3848 + F x = 1000 x 0.6[ 1.55 - .764] 

or 6163.8 -2671.5 + F x = 471.56 

F x = 471.56 - 6163.8 + 2671.5 = - 3020.74 N 
.-. The force exerted by water on pipe transition 

= - F x = - (- 3020.74) = 3020.74 N. Ans. 

► 6.9 MOMENT OF MOMENTUM EQUATION 

Moment of momentum equation is derived from moment of momentum principle which states that the 
resulting torque acting on a rotating fluid is equal to the rate of change of moment of momentum. 

Let V, = velocity of fluid at section 1 

r, = radius of curvature at section 1, 

Q = rate of flow of fluid, 
p = density of fluid, 

and V 2 and r 2 = velocity and radius of curvature at section 2 

Momentum of fluid at section 1 = mass x velocity = p£7 x V,/.? 

.’. Moment of momentum per second at section 1, 

= PQ x V, x r, 

Similarly moment of momentum per second of fluid at section 2 

= pQ x V, x r 2 

Rate of change of moment of momentum 

= P QV 2 r 2 - pG Vi = PQ[V 2 r 2 - V.l 

According to moment of momentum principle 
Resultant torque = rate of change of moment of momentum 
or T=pQ{V 2 r 2 - V,r,] ...(6.23) 

Equation (6.23) is known as moment of momentum equation. This equation is applied : 

1. For analysis flow problems in turbines and centrifugal pumps. 

2. For finding torque exerted by water on sprinkler. 

Problem 6.36 A lawn sprinkler with two liozzles of diameter 4 mm each is connected across a top 
of water as shown in Fig. 6.28. The nozzles are at a distance of 30 cm and 20 cm from the centre of the 
tap. The rate offlow of water through tap is 120 cm 3 /s. The nozzles discharge water in the downward 
direction. Determine the angular speed at which the sprinkler will rotate free. 
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Solution. Given:. 

Dia. of nozzles A and B, 


Discharge 


20 cm- 


- 30 cm—►] 


D = D a -D r - 4 mm = .004 m 
A = j (.004) 2 = .00001256 nr 
Q = 120 cm 3 /s 



Fig. 6.28 


Assuming the discharge to be equally divided bttwce: he two nozzles, we have 

Q a = Q b = ( A = i-- = 60 cm 3 /s = 60 x 10^ m 3 /s 


Velocity of water at the outlet of each nozzle. 


V s =% = 


60x10“ 


-=4.777 m/s. 


A .00001256 

The jet of water coming out from nozzles A and B is having velocity 4.777 m/s. These jets of water 
will exert force in the opposite direction, /.<?., force exerted by the jets will be in the upward direction. 
The torque exerted will also be in the opposite direction. Hence torque at/7 will be in the anti-clockwise 
direction and at A in the clockwise direction. But torque at B is more than the torque at A and hence 
sprinkle, if free, will rotate in the anti-clockwise direction as shown in Fig. 6.28. 

Let to = angular velocity of the sprinkler. 

Then absolute velocity of water at A, 

V, = V A + to x r A 

w here r A = distance of nozzle A from the centre of top 

= 20 cm = 0.2 m *• {to x r A = tangential velocity due to rotation} 

V, = (4.777 + to x 0.2) m/s 

Here co x r A is added to V A as V A and tangential velocity due to rotation (co x r A ) are in the same 
direction as shown in Fig. 6.28. 

Similarly absolute velocity of water at B , 


= V B - tangential velocity due to rotation 

= 4.777- 0 )xr s {where r B = 30cm = 0.3 m} 

= (4.777 - co x 0.3) 

Now applying equation (6.23), we get 

T = p Q[V 2 r 2 - V,/-,] Here r 2 = r B , r, = r A 

= P£?,i[^2 r fl - Q-Qa~ Qb 

= 1000 x 60 x 10“* [(4.777 x 0.3 co) x .3 - (4.777 + 0.2 co) x .2] 

The moment of momentum of the fluid entering sprinkler is given zero and also there is no external 
torque applied on the sprinkler. Hence resultant external torque is zero, i.e., T= 0 
1000 x 60 x 10" 6 [(4.777 - 0.3 co) x .3 - (4.777 + 0.2 co) x .2] = 0 
or (4.777 - 0.3 co) x 0.3 - (4.777 + 0.2 co) x .2 = 0 

or • 4.777 x .3 - .09 co - 4.777 x .2 - .04 co = 0 

or 0.1 x 4.777 =>(.09 + ,04)co = .13 co 
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Problem 6.37 A lawn sprinkler shown in Fig. 6.29 has 0.8 cm diameter nozzle at-the end of a 
rotating arm and discharges water at the rate of 10 m/s velocity. Determine the torque required to 
hold the rotating arm stationary. Also determine the constant speed of rotation of the arm. if free to 

r0me ' , m tlO m/sec 

Solution. Dia. of each nozzle = 0.8 cm = .008 in L 20 cm i 25 cm i 


Area of each nozzle 


= - (.008) 2 = .00005026 m 2 
4 


Velocity of flow at each nozzle = lOm/s. | | B 

Discharge through each nozzle, | 

O = Area x Velocity |10 m/sec 

-x Fig 6.29 

= .00005026 x 10 = .0005026 m 3 /s s 

Torque exerted by water coining through nozzle A on the sprinkler = moment of momentum of water 
through A 

= r A x p x Q x = 0.25 X 1000 x .0005026 x 10 clockwise 
Torque exerted by water coming through nozzle B on the sprinkler 

= r s xpxQxV s = 0.20 x 1000 x .0005026 x 10 clockwise 

Total torque exerted by water on sprinkler 

= .25 x 1000 x .0005026 x 10 + .20 x 1000 x .0005026 x 10 
= 1.2565 + 1.0052 = 2.26 Nm 

Torque required to hold the rotating arm stationary = Torque exerted by water on sprinkler 

= 2.26 Nm. Ans. 

Speed of rotation of arm, if free to rotate 

Let to = speed of rotation of the sprinkler 

The absolute velocity of flow of water at the nozzles A and B are 

V, = 10.0- 0.25 x to and V, = 10.0 - 0.20 x co 
Torque exerted by water coming out at A, on sprinkler 

= r A xpx2xl',= 0.25 x 1000 x .0005026 x (10 - 0.25 to) 

= 0.12565 (10-0.25 co) 

Torque exerted by water coming out at B, on sprinkler 

= r B x p x Q x V, = 0.20 x 1000 x .0005026 x (10.0 - 0.2 co) 

= 0.10052 (10.0-0.2 co) 

Total torque exerted by water = 0.12565 (10.0 - 0.25 co) + 0.10052 (10.0 - 0.2 co) 

Since moment of momentum of the flow entering is zero and no external torque is applied on sprin¬ 
kler, so the resultant torque on the sprinkler must be zero. 

0.12565 (10.0-0.25 co) + 0.10052(10.0 - 0.2 CO) = 0 
1.2565 - 0.0314 co + 1.0052 - 0.0201 co = 0 
1.2565 + 1.0052 = co (0.0314+ 0.0201) 

2.2617 = 0.0515 co 

2.2617 ,, n ... 

co =-= 43.9 rad/s. Ans. 

0.0515 
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and 


60 x « 60 x 43.9 


= 419.2 r.p.m. Ans. 


► 6.10 FREE LIQUID JETS 

Free liquid jet is defined as the jet of water coming out from the nozzle in atmosphere. The path 
travelled by the free jet is parabolic. 

Consider a jet coming from the nozzle as shown in Fig. 6.30. Let the jet at A, makes an angle 0 with 
the horizontal direction. If U is the velocity of jet of water, then the horizontal component and vertical 
component of this velocity at A are U cos 0 and -7 sin 0. 

Consider another point P(x.y) on the centre line of the jet. The co-ordinates of P from A are.v and v. Let 
the velocity of jet at P in the.v- and.y-directions area and v. Let a liquid particle takes time 7’ to reach from 
A to P. Then the horizontal and vertical distances travelled by the liquid particle in time Y are : 

vt „ TRAJECTORY 

-path 


C V 

o : 

/ U cos 0 



NOZZLE 


Fig. 6.30 Free liquid jet. 

x = velocity component in ^-direction x t 
= V cos 0 x t 


ld y = (vertical component in v-direction x time - — gt 2 ) 

= f/sin0xr-lgr 2 ...(«) 

( . Horizontal component of velocity is constant while the vertical distance is affected by gravity} 

From equation (i), the value of t is given as t = —-- 

U cos 0 

Substituting this value in equation (ii) 


v = U sin 0 x 


U cos 0 2 


~ T x g x 


U cos 0 


cos 0 2U : cos 2 0 


= * tan 6 “ l77T sec2 0 f.- —Ur = sec 2 @1 ...(6.24) 

[ cos 4- 0 

Equation (6.24) gives the variation ofy with the square of*. Hence this is the equation of aparabola. 

Thus the path travelled by the free jet in atmosphere is parabolic. SCartneaDy Farna 
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(0 Maximum height attained by the jet. Using the relation Vy - V, 2 = - 2 gS, we get in this 
case V, = 0 at the highest point 

V, = Initial vertical component 
= U sin 0 

- ve sign on right hand side is taken as# is acting in the downward direction but particles is moving up. 
0 - (U sin 9) 2 = - 2g x S 

where S is the maximum vertical height attained by the particle. 


U 2 sin 2 0 = - 2 gS 

„ U 2 sin 2 0 


.-..(6.25) 


(«) 1 ' me fiight. It is the time taken by the fluid particle in reaching from A to B as shown in 
Fig. 6.30. Let T is the time of flight. 

Using equation-(/i), we have y = U sin 0 x t - — gt 2 

when the particle reaches at B, y = 0 and t = T 

Above equation becomes as 0 = U sin 0 x T- — v x T 2 

2 


or 0 = U sin 0 - -gT {Cancelling T) 

r,r t 2Usin0 

or T = - ...(6.26) 

...... 8 

(Hi) Time to reach highest point. The time to reach highest point is half the time of flight. Let T* is 
the time to reach highest point, then 

^ T 2Usin0 Usin0 

(iv) Horizontal range of the jet. The total horizontal distance travelled by the fluid particle is called 
horizontal range of the jet, i.e.. the horizontal distance AB in Fig. 6.30 is called horizontal range of the 
jet. Let this range is denoted by.t*. 

Th en x* = velocity component in.r-direction 

x time taken by the particle to reach from A to B 
= U cos 0 x Time of flight 


= U cos 0 x 


2U sin0 


2 U sin 0 


U 2 U 2 

= - 2 cos 0 sin 0 =-sin 20 ..(6 28) 

8 8 

(v) \ alue of 0 for maximum range. The range x* will be maximum for a given velocity of projec¬ 
tion (If), when sin 20 is maximum 

or when sin 20 = 1 or sin 20 = sin 90° = 1 

20 = 90° or 0 = 45° 


Then maximum range, x mn , = — sin 2 0 = — 


( v sin 90° = 1} ...(6.29) 
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300 Fluid Mechanics 


Problem 6.38 A vertical wall is of <S w in 
velocity of 20 tn/s. The nozzle is situated at a 
projection of'he nozzle to the horizontal so i 

Solution. Given: 

Height of wail = 8 Jn 

Velocity -r u = 20 m/s 

Distance oi jet ' om waH, x = 20 m 
Let the n qu»reri angle. =• 0 

Using equation (6.24), we have 


WALL- 


WINDOW 


•• Area - A = -(.05)= 0.001963 

4 

Velocity of jet, f/=13m/s. 

The jet is coming out from nozzle at .4. It strikes the wit 
and let the angle made by the jet at 4 with horizontal is eq 
The co-ordinates of window, with respect to origin at 4. 

a=5in,y= 7.5- 1.5 = ( 
The equation of the jet is given by (6.24) as 


WALL 
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v = x tan 0 - sec 2 0 
2 U- 

g o 1 v ^ 

6.0 = 5 x tan 0- : -■=- [ 1 + tan 2 0] 

2 x 13 2 

6.0 = 5 tan 0 - .7256 (1 + tan 2 0) 

= 5 tan 0 - .7256 - .7256 tan 2 0 
0.7256 tan 2 0 - 5 tan 0 + 6 + .7256 = 0 
0.7256 tan 2 0 - 5 tan 0 + 6.7256 = 0 
This is a quadratic equation in tan 0. Hence solution is 


tan 0 = 


5 ± yjs 2 - 4 x .7256 x 6.7256 
2 x .7256 


sec 2 0=1+ tan 2 0} 


5 + 2.341 


= — V- L = 5.058 or. 1.8322 . 

1.4512 1.4512 

.-. 0 = tan' 1 5.058 or tan' 1 1.8322 = 78.8° or 61.37°. Ans. 

Amount of water falling on window = Discharge from nozzle - ... _ 

= Area of nozzle x Velocity of jet at nozzle ' 

= 0.001963 x U = 0.001963 x 13.0 = 0.0255 m 3 /s. Ans. 
Problem 6.40 A nozzle is situated at a distance of 1 m above the ground level and is inclined at an 
angle of 45° to the horizontal. The diameter of the nozzle is 50 mm and the jet of waterfront the nozzle 
strikes the ground at a horizontal distance of 4 m. Find the rate of flow of water. 

Solution. Given : L-4 m-J 

Distance of nozzle above ground = 1 in ^ ^ ET | 

Angle of inclination. 0 = 45° x 

Dia. of nozzle, d = 50 mm = .05 m \ 


The horizontal distance 


A = —(.05) 2 = .001963 m 2 
4 

x = 4 m 


Fig. 6.33 


The co-ordinates of the point B , which is on the centre-line of the jet of water and is sijuated on the 
ground, with respect to A (origin) are 

x = 4 m andy = - 1.0 m {From A, point B is vertically down by 1 m} 

W ' 2 

The equation of the jet is given by (6.24) as y = x tan 0 - -—5-seC 0 


Substituting the known values as 


981 x4 2 , 

- 1.0 = 4 tan 45°- , x sec 2 45° 


>.48 / rr\2 

-j— X (V2) 


sec 45° 


cos 45° 
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302 Fluid Mechanics 


_ . n - 4 78 48 * 2 78.48 x 2 

10 " 4 - jp - or —jp -= + 4.0+1.0 = 5.0 

,,2 78.48 x 2.0 

^ =-—-= 31.39 

5.0 


V - >/31.39 — 5 .60 m/s 

Now the rate of flow of fluid = Area x Velocity of jet 

= A x U =■ .001963 x 5.6 tttVssc. 

= 0.01099 • .on nvVs. Ans. 

Problem 6.41 A window, in a vertical wall, is at a distance of 30 m above the ground level A jet of 

the no^e n i!3 r £ °f d ' ameter 50 Strike the window. The rate of flow of water through 

, , i ' 5 m/minu,e and no ^ le * situated at a distance of 1 m above ground level Find the 

SoTutiom 0 GKtn ,5M ”^ /r0 " ! ,he " a!l ° fthe n ° ZZle S ° ,hC ‘ !jet ofwa,ers!rike s the window. 

Distance of window from ground level = 30 m 
Dia. of nozzle. d = 50 mm = 0.05 m 


Area 

The discharge, 


A = 4(-05) : = 0.0C 
4 

Q = 3.5 nr/minute 
3.5 


60 


= 0.0583 m 3 /s 



Distance of nozzle from ground = 1 m. 

Let the greatest horizontal distance of the nozzle from the wall =r and let angle of inclination = 0 If 

the jet reaches the window, then the point B on the window is on the centre-line of the jet The co 
ordinates of B with respect to A are. J 

* = *, y = 30-1.0 =29 m 

The velocity of jet. //= Pi sc harge Q .0583 , 

A«, -J-BISJ =2969,n/s ' c . 

using the equation (6.34), which is the equation of jet, 


or 


y = x tan 0 - ~ sec 2 0 

2 U 2 

9.8lx 2 


29.0 =x tan 9- 


sec 2 0 


2 - (29.69) 2 
= r tan 0 - 0.0055 sec 2 0 x x 2 

, „ .0055 x 2 . 

= x tan 0-,— 

cos" 0 

-r tan 0 - .0055;t 2 /cos 2 0 - 29 = 0 n 

Hie maximum value of., -.threaped to 9 is obtained, by differentiating the above equation w.ni 0 

and substituting the value of 4 = 0. Hence different,ing the equation (i) w.r.t. 9. we have 

x sec 2 0 + tan 0 x — , 
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/ 

- 0.0055 a 2 x - 


(- sin 0 ) + ——— x 2a— 
cos"0 dQ 


v — (a sin 0 ) = a sec 2 0 + tan 0 — and — 
dQ dQ dQ 


dQ dQ ^cos 2 0 ) dQ Vcos 2 0 J cos 2 0 dQ 


— (a 3 ) 
wo V / 


2 a 2 sin 0 

2a 

dx 

cos 3 0 

' r : 

c 6 s 2 

e^e 


a sec" 0 - tan 0-.0055 

dQ 


For maximum value of a, w.r.t. 0, we have — =0 

dQ 

Substituting this value in the above equation, we have 

A . ;i V i i*. 


a sec 2 0 - .0055 


2 a sin 0 


cos 2 0 


.0055 x 2a 2 sin 0 2 sin0 

-=-= 0 or x — .011 x a -= 0 

cos 0 cos 0 


a - .011 a 2 tan 0 = 0 or 1 - .011 a tan 0 = 0 


a tan 0 =-= 90.9 

.011 


Substituting this value of x in equation (i), we get 

90-9 . (90.9) 2 

-x tan 0 - .0055 x-— x ■ 


-29 = 0 


tan 0 tan" 0 cos "0 

90.9-i^-29 = 0or 61.9-^ = 0 


n 45.445 . 2a 45445 nn iai 

61.9 =-=— or sin 0 =-=0.7341 

sin 2 0 61.90 

sin 0 = V0.7341 = 0.8568 

0 = tan -1 .8568 = 58° 57.8' ' 

Substituting the value of 0 in equation (fit), we get 

90.9 90.9 90.9 90.9 .. acn 

a =-=-=-=- = 54.759 m 

tan0 tan 58° 57.8' tan 58.95 1.66 

= 54.76 m. Ans. 
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HIGHLIGHTS 


304 Fluid Mechanics 


1. The study of fluid motion with the forces causing flow is called dynamics of fluid flow, which is analysed 

by the Newton’s second law of motion. *» 

2. Bernoulli’s equation is obtained by integrating the Euler’s equation of motion. Bernoulli’s equation states 
"For a steady, ideal flow of an incompressible fluid, the total energy which consists of pressure energv, 
kinetic energy and datum energy, at any point of the fluid is constant”. Mathematically, 

lL + £ +Zl = r±i& + Z2 

Pg 2g p g 2 g 

where P -~ = pressure energy per unit weight = pressure head 
2 

~ - kinetic energy per unit weight = kinetic head 

c, = datum energy per unit weight = datum head. 

3. Bernoulli’s equation for real fluids 


P\ 'T 
— +Z| 

PS 2g 


Pi v\ 

— + + z 2 + h L 

Pg 2g 


where h L = loss of energy between sections 1 and 2. 

4. The discharge, Q, through a venturi meter or an orifice meter is given by 

Q = C d 0,a ’ 


where = area at the inlet of venturimeter, 
a-> - area at the throat o f venturimeter, 
C d = co-efficient of venturimeter. 


h difference of pressure head in terms of fluid head flowing through venturimeter. 
The value of h is given by differential t/-tube manometer h=x 

S, 


^-1 


\' 


when differential manometer contains heavier liquid = x 


1 -- 


wben differential manometer contains lighter liquid = — + 1 - 

Ipg 1 


Pi 

Ip« 


for inclined \ enturimeter and differential manometer contains heavier liquid 


+ Z 2 \= X —- 1 

/ U J 




= X 

'l-il 

Ips ) 

Ip« J 


L 


for inclined venturimeter and manometer contains lighter liquid, 
where x = difference in the readings of differential manometer, 
S h = sp. gr. of heavier liquid 

= S P- 8 r - of fluid flowing through venturimeter 
Si = sp. gr. of lighter liquid. 
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Pitot-tube is used to find the velocity of a flowing fluid at any point in a pipe or a channel. The velocity is 
given by the relation 

V= C y -Jlgh /■ 

where C v = co-efficient of Pitot-tube / 

h = rise of liquid in the tube above free surface of liquid - for channels 


--1 


- for pipes. 


7. The momentum equation states thqj the net force acting on a fluid mass is equal to the change in momen¬ 


tum per second in that direction. This is given as F = —(mV) ' : ■ 

dt ' 


The impulse-momentum equation is given by F. dl = d(mV). -p 

The force exerted by a fluid on a pipe bend in the directions of x and y are given by 


i_ mass ... , • • v- • . • ,. . 

F x = -(Initial velocity in the direction of*-Final velocity mx-dfrection) 


..and _i_ 

-Resultant force, - 


+ Initial pressure force in x-direction + Final pressure force in x-dircction 

= Pf?[V,, r V2,] + (p,A,) 1 + (p 2 A 2 ) J ; 

•F y WpQlYi y • V 2) ] + (j>,A{) y + (PjA 2 )_ v _ ^ 

~f k =.Jf?^f^ 


7 2 '< 


and the direction of the resultant with horizontal is tan 0 = —. 

F r 


10 . 

11 . 


The force exerted by the nozzle on the water is given by F x = p<2[V 2 ,-V| r ] 
and force exerted by the water'on the nozzle is - - F x = p£?[V u - V 2 ,]. 

Moment of momentum equation states that the resultant torque acting on a rotating fluid is equal to the 
rate of change of moment of momentum. Mathematically, it is given by T = p(?[ V 2 r 2 - V|rj). 

Free liquid jet is the jet of water issuing from a nozzle in atmosphere. The path travelled by the free jet is 
parabolic. The equation of the jet is given by 


y = x tan 0 - -^Vsec 2 0 

2 U 1 


where x, y = are co-ordinates of any point on jet w.r.t. to the nozzle 
U = velocity of jet of water issuing from nozzle 
0 = inclination of jet issuing from nozzle with horizontal. 


12 . 


(0 Maximum height attained by jet = 
2U sin0 


U 2 sin 2 0 


00 Time of flight, T 


g 


(iti) Time to reach highest point, 7* = — = - ^ S ' n ^ 

2 g 


U l 


(iv) Horizontal range of the jet, x* =-sin 20 

g 


(v) Value of 0 for maximum range, 0 = 45° 
(W) Maximum range, m* mlx = U 2 /g. 
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EXERCISE 6 


(A) THEORETICAL PROBLEMS 

Name the different forces present in a fluid flow. For the Euler’s equation of motion, which forces are taken 
into consideration. 

What is Euler’s equation of motion ? How will you obtain Bernoulli’s equation from it ? 

Derive Bernoulli’s equation for the flow of an incompressible frictionless fluid from consideration of 
momentum. ( A.M.l.E., Summer, 1988) 

State Bernoulli s theorem for steady flow of an incompressible fluid. Derive an expression for Bernoulli’s 
theorem from first principle and state the assumptions made for such a derivation. 

(Delhi University, 1987) 

What is a venturimeter ? Deiive an expression for the discharge through a venturimeter. 

( A.S.M.E., June 1992 : A.M.l.E., Winter, 1980) 
Explain the principle of venturimeter with a neat sketch. Derive the expression for the rate of How of fluid 
through it. 

Discuss the relative merits and demerits of venturimeter with respect to orifice-meter. 

(Delhi University, Dec. 2002) 

Define an orifice-meter Prove that the discharge through an orifice-meter is given by the relation 


w here a, = area of pipe in which orifice-meter is fitted 

u n = area of orifice ( Technical University of M.P., S 2002) 

What is a pitot-tube ? How will you determine the velocity at any point with the help of pitot-tube ? 

(Delhi University, Dec. 2002 ) 

What is the difference between pitot-tube and pitot-static tube ? 

State the momentum equation. How' will you apply momentum equation for determining the force exerted 
by a flowing liquid on a pipe bend ? 

What is the difference between momentum equation and impulse momentum equation ? 

Define moment of momentum equation. Where this equation is used ? 

What is a free jet of liquid ? Derive an expression for the path travelled by free jet issuing from a nozzle. 

Prove that the equation of the free jet of liquid is given by the expression, 

y = x tan 0 - -^=-sec 2 9 
2 U 2 

where x, y = co-ordinates of a point on the jet U = velocity of issuing jet 
9 = inclination of the jet with horizontal. 

Which of the following statement is correct in case of pipe flow : 

(a) flow takes place from higher pressure to lower pressure ; 

(h) flow takes place from higher velocity to lower velocity ; 

(c) How lakes place from higher elevation to lower elevation ; 

Id) flow takes place from higher energy to lower energy. 

Derive Euler s equation ot motion along a stream line for an ideal fluid stating clearly the assumptions. 
Explain how this is integrated to get Bernoulli's equation along a stream-line. (A.M.l.E., Summer, 1984) 

State Bernoulli’s theorem. Mention the assumptions made. How is it modified while applying in practice? 

List out its engineering application. (A.M.l.E., Winter, 1987) 

Define continuity equation and Bernoulli’s equation. (Delhi University 1992) 
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20. What arc the different forms of energy in a flowing fluid ? Represent schematically the Bernoulli s equa¬ 
tion for flow through a tapering pipe and show the position of total energy line and the datum line. 

(Osmania University, 1990 ) 


21. Write Euler's equation of motion long a streamline and integrate it to obtain Bernoulli's equation. State all 
assumptions made. ( A.M.I.E.. Winter, 1990) 

21. Describe with the help of sketch the construction, operation and use of Pitot-static tube. 

(A.M.I.E.. Winter. 198 $I 

23. Starting with Euler's equation of motion along a stream line, obtain Bernoulli's equation by its integration. 

List all the assumptions made. , (A.M.I.E.. Summer. 1991) 

24. State the different devices that one can use to measure the discharge through a pipe and also through an 

open channel. Describe one of such devices with a neat sketch and explain how one can obtain the actual 
discharge with its help? (A.M.I.E Summer. 1990) 

25. Derive Bernoulli's equation from fundamentals. (J.N.T.U., Hyderabad, S 2002) 


(B) NUMERICAL PROBLEMS 


1. Water is flowing through a pipe of 100 mm diameter under a pressure of 19.62 N/cnr (gauge) and with 

mean velocity of 3.0 m/s. Find the total head of the water at a cross-section, which is 8 m above the datum 
U ne ■ (Ans. 28.45S m] 

2. A pipe, through which w ater is flow ing is having diameters 40 cm and 20 cm at the cross-sections 1 and 2 

respectively. The velocity of water at section 1 is given 5.0 m/s. Find the velocity head at the sections 1 and 
2 and also rate of discharge. [Ans. 1.274 m : 20.3S7 m : 0.62S m />] 

3. The water is flowing through a pipe having diameters 20 cm and 15 cm at sections 1 and 2 respectively. 
The rate of flow through pipe is 40 litres.’*. The section 1 is 6 m above datum h.nc a*'/ section 2 i- m 
above the datum, kf the pressure at section I is 29.43 N/cnr. find the intensity of pressure at section 2 

[Ans. 32.19 N/cnr 1 

4. Water is flow intt throush a pipe having diameters 30 cm and 15 cm at the bottom and tipper end re-pec- 
tivelv. The intensity of pressure at the bottom end is 29.43 K/cnr and the pressure at the upper end i- 
14.715 N/cnr. Determine the difference in datum head if the rate of flow through pipe is 50 lit/s. 

[Ans. 14.618 m] 

5. The water is flowing through a taper pipe of length 50 m having diameters 40 cm at the upper end and 

20 cm at the lower end. at the rate of 60 litres/s. The pipe has a slope of 1 in 40. Find the pressure at the 
lower end if the pressure at the higher level is 24.525 N/cnr. [Ans. 25.5S N cm ] 

6. A pipe of diameter 30 cm carries water at a velocity of 20 m/sec. The pressures at the points A and B are 

given as 34.335 N/cm 2 and 29.43 N/cm : respectively, while the datum head a: A and B are 25 m and 28 m. 
Find the loss of head between A and B. [Ans. 2 m] 

7. A conical tube of length 3.0 m is fixed vertically with its smaller end upwards. The velocity of flow at the 

smaller end is 4 m/s while at the lower end it is 2 m/s. The pressure head at the smaller end is 2.0 m of 
liquid. The loss of head in the tube is 0.95 (v, — v,) 2 /2g. where v, is the velocity at the smaller end and v, 
at the lower end respectively. Determine the pressure head at the lower end. Flow takes place in downw ard 
direction. l Ans - 5 56 ,n of nuid i 

8. A pipe line carrying oil of specific gravity 0.8. changes in diameter from 300 tnm at a position A to 500 mm 

diameter to a position B which is 5 m at a higher level. If the pressures at A and B are 19.62 N/cm and 
14.91 N/cm 2 respectively, and the discharge is 150 litres/s. determine the loss of head and direction of 
fl ow . [Ans. 1.45 m. Flow takes place from A to B| 

9. A hori/.ontal venturi meter with inlet and throat diameters 30 cm and 15 cm respective!;- is Used to measure 


the flow of water. The reading of differential manometer connected to inlet and throat is 10 cm ol mercury. 
Determine the rate of flow. Take C, ( = 0.9S. [ Ans. 88.92 li:re</s| 
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10. An oil of sp. gr. 0.9 is flowing through a venturimctcr having inlet diameter 20 cm and throat diameter 
10 cm. The oil-mercury differential manometer shows a reading of 20 cm. Calculate the discharge of oil 
through the horizontal venturimeter. Take C d = 0.98. (Delhi University. I9S7) [Ans. 59.15 litres/s] 

11. A horizontal venturimeter w ith inlet diameter 30 cm and throat diameter 15 cm is used to measure the flow 

of oil of sp. gr. 0.8. The discharge of oil through venturimeter is 50 lilres/s, find the reading of the oil- 
mercury differentia! manometer. Take C d = 0.98. [Ans. 2.489 cm] 

12. A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is used to measure the flow 

of water. The pressure at inlet is 14.715 N/cm" and vacuum pressure at the throat is 40 cm of mercury. Find 
the discharge of water through venturimeter. [Ans. 162.539 lit./s] 

13. A 30 cmx 15 cm venturimeter is inserted in a vertical pipe carry ing water, flowing in the upward direction. 

A differential mercury-manometer connected to the inlet and throat gives a reading of 30 cm. Find the 
discharge. Take C d = 0.9S. [Ans. 154.02 lit/s] 

14. If in the problem 13. instead of water, oil of sp. gr. 0.8 is flowing through the venturimeter, determine the 

rate of flow of oil in lilres/s. [Ans. 173.56 lit/s] 

15. The water is flow ing through a pipe of diameter 30 cm. The pipe is inclined and a venturimeter is inserted 

in the pipe. The diameter of venturimeter at throat is 15 cm. The difference of pressure between the inlet 
and throat of the venturimeter is measured by a liquid of sp. gr. 0.8 in an inverted (.'-tube which gives a 
reading of 40 cm. The loss of head belween the inlet and throat is 0.3 times the kinetic head of the pipe. 
Find the discharge. ’ [Ans. 22.64 lit./s] 

16. A 20 x 10 cm venturimeter is provided in a vertical pipe line carrying oil of sp. gr. 0.8, the flow being 

upwards. The difference in elevation of the throat section and entrance section of the venturimeter is 50 cm. 
The differential (.'-tube mercury manometer shows a gauge deflection of 40 cm. Calculate : (i) the dis¬ 
charge of oil. and (ii) the pressure difference between the entrance section and the throat section. Take C d 
= 0.98 and sp. gr. of mercury as 13.6. [Ans. (r) 89.132 lit/s. (//) 5.415 N/cm'] 

17. In a 200 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has been fixed. The head of 


water on the venturimeter when there is no flow is 4 m (gauge) Find the rate of flow for which the throat 
pressure will be 4 metres of water absolute. Take C d = 0.97 and atmospheric pressure head = 10.3 m of 
wa t er . [Ans. 111.92 lit/s] 


18. An orifice-meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter. The pressure gauges 
fitted upstream and downstream of the orifice meter give readings of 14.715 Jj[/cm" and 9.81 N/cm 
respectively. Find the rate of flow of water through the pipe in litres/s. Take C d = 0.6.[Ans. 108.434 lit/s] 

19. If in problem 18, instead of water, oil of sp. gr. 0.8 is flowing through the orifice meter in which the 

pressure difference is measured by a mercury oil differential manometer on the two sides of the orifice 
meter, find the rate of flow of oil w hen the reading of manometer is 40 cm. [Ans. 122.68 lit/s] 

20. The pressure difference measured by the two tappings of a pitotstauc tube, one tapping pointing upstream 

and other perpendicular to the flow, placed in the centre of a pipe line of diameter 40 cm is 10 cm of water. 
The mean velocity in the pipe is 0.75 times the central velocity. Find the discharge through the pipe. Take 
co-efficient of pitot-tube as 0.98. [Ans. 0.1293 nv/s] 

21. Find the velocity of flow of an oil through a pipe, w hen the difference of mercury level in a differential 

(7-tube manometer connected to the two tappings of the pitot-tube is 15 cm. Take sp. gr. of oil = 0.8 and 
co-,efficient of pitot-tube as 0.98. [Ans. 6.72 m/s] 

22. A’ sub-marine moves horizontally in sea and has its axis 20 m below the surface of water. A pitot-static 


lube placed in front of sub-marine and along its axis, is connected to the two limbs of a (/-tube containing 
mercury. The difference of mercury level is found to be 20 cm. Find the speed of sub-marine. Take sp. gr. 


of mercury 13.6 and of sea-water 1.026. [Ans. 24.958 km/hr.] 

23. A 45° rcducine bend is connected in a pipe line, the diameters at the inlet and outlet of the bend being 
40 cm and 20 cm respectively . Find the force exerted by water on the bend if the intensity of pressure at 
inlet of bend is 21.58 N/cm : . The rate of flow of w ater is 500 litres/s. [Ans. 22696.5 N ; 20° 3.5'] 
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24. The discharge of water through a pipe of diameter 40 cm is 400 litres/s. If the pipe is bend by 135°. find the 
magnitude and direction of the resultant force on the bend. The pressure of flowing water is 29.43 N/crn". 

[Ans. 7063.2 N, 9 = 22 c 29.9' with .t-axis clockwise] 

25. A 30 cm diameter pipe carries water under a head of 15 metres with a velocity of 4 m/s. If the axis of the 
pipe turns through 45°. find the magnitude and direction of the resultant force at the bend. 

[Ans. 8717.5 N, 0 = 67° 30'] 

26. A pipe of 20 cm diameter conveying 0.20 mVsec of water has a right angled bend in a horizontal plane. 

Find the resultant force exerted on the bend if the pressure at inlet and outlet of the bend are 22.563 N/cm" 
and 21.582 N/cm : respectively. [Ans. 11604.7 N. 9 = 43° 54.2'] 

27. A nozzle of diameter 30 mm is fitted to a pipe of 60 mm diameter. Find the force exerted by the nozzle on 

the water which is flowing through the pipe at the rate of 4.0 mVminute. [Ans. 7057.7 N] 

28. A lawn sprinkler with two nozzles of diameters 3 mm each is connected across a tap of water. The nozzles 

are at a distance of 40 cm and 30 cm from the centre of the tap. The rate of water through tap is 
100 cm'Vs. The nozzle discharges water in the downward directions. Determine the angular speed at which 
the sprinkler will rotate free. [Ans. 2.83 rad/s] 

29. A lawn sprinkler has two nozzles of diameters 8 mm each at the end of a rotating arm and the velocity of 

flow of water from each nozzle is 12 m/s. One nozzle discharges water in the downward direction, while 
the other nozzle discharges water vertically up. The nozzles are at a distance of 40 cm from the centre of the 
rotating arm. Determine the torque required to hold the rotating arm stationary. Also determine the con¬ 
stant speed of rotation of arm, if it is free to rotate. . [Ans. 5.78 Nm, 30 rad/s] 

30. A vertical wall is of 10 m in height. A jet of water is issuing from a nozzle with a velocity of 25 m/s. The 
nozzle is situated at a horizontal distance of 20 m from the vertical wall. Find the angle of projection of the 
nozzle to the horizontal so that the jet of water just clears the tap of the wall. [Ans. 79° 55' or 36° 41'] 

31. A fire-brigade man is holding a fire stream nozzle of 50 mm diameter at a distance of 1 m above the ground 

and 6 m from a vertical wall. The jet is coming out with a velocity of 15 m/s. This jet is to strike a window, 
situated at a distance of 10 m above ground in the vertical wall. Find the angle or angles of inclination with 
the horizontal made by the jet, coming out from the nozzle. What will be the amount of water falling on the 
window ? ’ " [Ans. 79° 16.7' or 67° XT : 0.0294 m 3 /s] 

32. A window, in a vertical wall, is at a distance of 12 m above the ground level. A jet of water, issuing from 

a nozzle of diameter 50 mm, is to strike the window. The rate of flow of water through the nozzle is 
40 litres/sec. The nozzle is situated at a distance of 1 m above ground level. Find the greatest horizontal 
distance from the wall of the nozzle so that jet of w ater strikes the window . [Ans. 29.38 m] 

33. Explain in brief the working of a pitot-tube. Calculate the velocity of flow of w ater in a pipe of diameter 

300 mm at a point, where the stagnation pressure head is 5 m and static pressure head is 4 m. Given the co¬ 
efficient of pilot-tube = 0.97. ( Delhi University. Nov. 1982 ) [Ans. 4.3 m/sec] 

34. Find the rate of flow of water through a venturimeter fitted in a pipeline of diameter 30 cm. The ratio of 

diameter of throat and inlet of the venturimeter is *. The pressure at the inlet of the venturimeter is 
13.734 N/c* : (gauge) and vacuum in the throat is 37.5 cm of mercury. The co-efficient of venturimeter is 
given as 0.98. ( Delhi University, April. 1982) [Ans. 0.15 m 3 /s] 

35. A 30 cm x 15 cm venturimeter is inserted in a vertical pipe carrying an oil of sp. gr. 0.8. flowing in the 

upward direction. A differential mercury manometer connected to the inlet and throat gives a reading of 
30 cm. The difference in the elevation of the throat section and inlet section is 50 cm. Find the rate of flow 
of oil. ( Delhi University, 1988 ) 

36. A venturimeter is used for measurement of discharge of water in horizontal pipe line. If the ratio of up¬ 

stream pipe diameter to that of throat is 2 : 1. upstream diameter is 300 mm, the difference in pressure 
between the throat and upstream is equal to 3 m head of water and loss of head through meter is one-eighth 
of the throat velocity head, calculate the discharge in the pipe. ( A.M.I.E. . Winter. 19S7) 

[Ans. 0.107 m'/si 

37. a liquid of specific gravity 0.8 is flowing upw ards at the rate of 0.08 m /s. through a vertical venturimeter 

with an inlet diameter of 200 mm and throat diameter of 100 mm. The C d = 0.98 and the vertical distance 
between pressure tappings is 300 mm. Find : , , , , 
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(/) the difference in readings of .he two pressure gauges, which are connected to the two pressure tap¬ 
pings. and r 1 

("> d,ffercnce in the level of the mercury columns of the differential manometer which is connected to 
the tappings, m place of pressure gauges. {Delh , .... " 


(Delhi University, 1992) 

Q78 L-M/rr.2 t::\ aa -> _i 


rHint n o no 3 / . „„„ [Ans. (/) 42.928 kN/m 2 . (//) 32.3 cm] 

[Hint. Q - 0.08 m /s, d, = 200 mm = 0.2 m, d 2 = 100 mm = 0.1 m, 

Q = °-98, z 2 -z t = 300 mm = 0.3 m, a, = —(,2 2 ) = 0.0314 m 2 

4 

a 2 = £(. 1 2) = 0.007854 m 2 . Using Q = C d -f 1 * ° 2 x 


Find /r. This value of 


Now use 


Now use the formula 


af - a\ 


h = 5.17 m. 
A o 

Ip.? p. 


+ (z, -z 2 ), where p = 800 kg/m 3 . Find (p, - p 2 ). 


where li 5.17 m, S g - 13.6 and S f = 0.8. Find the value of.v which will be 32.3 cm.l 
' ’ n venIl ’ nmeter ‘ s installed in a 300 mm diameter horizontal pipe line. The throat pipe rates is 1/3. Water 

Ho s through the installation. The pressure in the pipe line is 13.783 N/cm 2 (gauge) and vacuum in the 

jCoaus 37.5 cm of mercury. Neglecting head loss in the venturimeter. determine the rate of flow in the 
P1PC (Osmania University. 1990) [Ans. 0.153 m 3 /sec) 

[Hint. d t = 300 mm = 0.3 m, d 2 = ~ x 300 = 100 mm = 0.1 m, p, = 13.783 N/cm 2 .= 13.783 x 10 4 N/nr. 

Hence P\(pxg- 13.783 x 10 4 /1000x 9.81 

= 14.05 m, p 2 /pg = - 37.5 cm of Hg = - 0.375 x 13.6 m of water 
= - 5.1 m of water. Hence h = 14.05 - (- 5 . 1 ) = 19.15 m of water. 


Value of 


C d = 1 .0. Now use the formula Q=C d ^ x Jlgh ] 

y a \ - a 2 


■ The maximum flow through a 300 mm diameter horizontal main pipe line is 18200 litre/minute. A 
venrunmeter is introduced at a point of the pipe line where the pressure head is 4.6 m of water Find the 
smallest dia. of throat so that the pressure at the throat is never negative. Assume co-efficient of meter as 

(A.M.I.E., Winter. 1989). [Ans. d 2 = 192.4 mm) 
[Hint </, - 300 mm - 0.3 m, Q = 18200 litres/minute = 18200/60 = 303.33 litres/s = 0.3033 m 3 /s, p,/pg 

= 4.6 m.p 2 /pg = 0. Hence h = 4.6 m, C rf = I. d 2 = dia. at throat. Use formula Q = C d ~x fijh and 


find the value of a 2 . Then a 2 = — d; and find d-,.\ 

4 

40. The follow ing are the data given of a change in diameter effected in laying a water supply pipe. The chano e 
in diameter is gradual from 20 cm at A to 50 cm at B. Pressures at A and B are 7.848 N/cm 2 and 5 886 N/cm 2 

respeett y W ‘^ ‘ he end B ^ 3 m hi 8 her Ihan A. If the flow in the pipe line is 200 litre/s. find : 

(/) direction of flow, (it) the head lost in friction between A and B. 

rHint n - on _ n a „ (CWma Univ ^itv 1990) [Ans. (i) From A to B. (ii) 1.015 m ] 

[Hint D a - 20 cm - 0.2 m. D B = 50 cm = 0.5 m, p A = 7.848 N/cm 2 = 7.848 I/V Faflia 

p B = 5.886 N/cm 2 = 5.886 x 10 4 N/m 2 , Z A = ^/Swapm 







V A = 0.2/^(.2 2 ) = 6.369 m/s, V„ = 0.2/-(.5 2 ) = 1.018 m/s 
4 4 

y~ 

e a = (Pa /P x ^) + -i- + Z., = (7.848 x 10 J /1000 x 9.81) + (6.369-/2 x 9.81) + 0 = 10.067 m 


e b = 0VP X g) + + z„ = (5.886 x 10 4 /1000 x 9.81 ) + ( 1,0I8 2 /2 x9.81) + 3 = 9.052 m] 

41. A venturimeter of inlet diameter 300 mm and throat diameter 150 mm is fixed in a vertical pipe line. A 

liquid of sp. gr. 0.8 is'flowing upward through the pipe line. A differential manometer containing mercury 
gives a reading of 100 mm when connected at inlet and throat. The vertical difference between inlet and 
throat is 500 mm. If C d = 0.98, then find : (i) rate of flow of liquid in litre per second and (it) difference of 
pressure between inlet and throat in N/m 2 . (Delhi University, 1988) 

[Ans. (i) 100 litre/s, (ii) 15980 N/m 2 ] 

42. A venturimeter with a throat diameter of 7.5 cm is installed in a 15 cm diameter pipe. The pressure at the 

entrance to the meter is 70 kPa (gauge) and it is desired that the pressure at any point should not fall below 
2.5 m of water absolute. Determine the maximum flow rate of water through the meter. Take C d = 0.97 and 
atmospheric pressure as 100 kPa. ( J.N.T.U ., Hyderabad S 2002) 

[Hint. The pressure at the throat will be minimum. Hence ~ = 2.5 m (abs.) 

PS 

Given : d, = 15 cm .-. A, = —(15 2 ) = 176.7 cm 2 

4 

d 2 = 7.5 cm A 2 = j(7.5 2 ) = 44.175 cm 2 

Pi = ~0 kPa = 70 x 10 3 N/m 2 (gauge), = 100 kPa = 100 x 10 3 N/m 2 
Pi (abs.) = 70 x 10 3 + 100 x 10 3 = 170 x 10 3 N/m 2 (abs.) 

p, 170 xlO 3 

M = 1W0 x 9.81 = '7.33 m of water (abs.) 

h = — - — = 17.33 - 2.5 = 14.83 m of water = 1483 cm of water 
PS PS 


.. n CjAiA 2 r— 0.97x 176.7 x 44.175x J2 x 981 x 1483 

Now Q = TT \ x \l 2 Sh = -, , V ,-= 75488 enr'/s 

VA" -*2 V'76-7 2 - 44-175 2 

= 75.488 litre/s. Ans.] 

43. Find the discharge of water flow'ing through a pipe 20 cm diameter placed in an inclined position, where a 
venturimeter is inserted, having a throat diameter of 10 cm. The difference of pressure between the main 
and throat is measured by a liquid of specific gravity 0.4 in an inverted (/-tube, which gives a reading of 
30 cm. The loss of head between the main and throat is 0.2 times the kinetic head of pipe. 

(Delhi University, Dec. 2002) 

[Hint. Given : rf, = 20 cm a, = ^-(20 2 ) = 100 7t cm 2 ; d, = 10 cm a 2 = —(10 2 ) = 25 n cm 2 . 

4 4 


•S' / Q J \ 

a = 30 cm, h = a 1 - -i- = 30 1 - — = 18 cm = 0.18 m 
l S 0 ) { 1.0 J 

But h is also = f— + ;, -f—+ J 2 ) (—+ :,)-(—+ = 18 cm = 0.18 m 

v Ps J Ipk ) Ipg ) lP.C ') 


scanned by Fahid 

PDF created by AAZSwapnil 




h, = 0.2 x -L- 

^2 ^2 

From Bernoulli’s equation, — + — + z, = — + -2- + z, + h, 
P 8 2g ' pg 2g L 

« «£_•£.* 

Ip* ) l ps ) 2g 2g 


or 0.18 + ^-^=^ 


2 g 2g 2 g 


v A + Z) 
VP£ 


— + ^2 = 0.18 m and h L = ——- 

PS 2 J 2 g 


2g 

2S 

an, a,V, = 

a 2 V 2 

0.8 V', 2 

V* 

2s 

2 S 

0.8 V^ 2 

16V, 2 

2g 

2s 


;0 or0.18 + °^l_^ =0 
2 S 2g 

„ —( 20 2 ) V| 

■ V 2 =^=4i_Li =4V 

* f0° 2 ) 

: 0 or 0.18 + M]iLM)i = o 

2 S 2g 

: 0 or 0.18 = Bl-^=i^ 
2« 2s 2 s 

10.18x2x9.81 

: ,--- = 0.48 m/s = 48 cm/s 


<2 = A, V, = —(20 2 ) x 48 = 15140 cm 3 /s = 15.14 litre/s. Ans.] 
4 
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Chapter 


Orifices and Mouthpieces 


► 7.1 INTRODUCTION 

Orifice is a small opening of any cross-section (such as circular, triangular, rectangular etc.) on the 
side or at the bottom of a tank, through which a fluid is flowing. A mouthpiece is a short length of a pipe 
which is two to three times its diameter in length, fitted in a tank or vessel containing the fluid. Orifices 
as well as mouthpieces are used for measuring the rate of flow of fluid. 

► 7.2 CLASSIFICATIONS OF ORIFICES 

The orifices are classified on the basis of their size, shape, nature of discharge and shape of the 
upstream edge. The following are the important classifications : 

1. The orifices are classified as small orifice or large orifice depending upon the size of orifice and 
head of liquid from the centre of the orifice. If the head of liquid from the centre of orifice is more than 
five times the depth of orifice, the orifice is called small orifice. And if the head of liquids is less than 
five times the depth of orifice, it is known as large orifice. 

2. The orifices are classified as ( i ) Circular orifice, (if) Triangular orifice, (Hi) Rectangular orifice 
and (iv) Square orifice depending upon their cross-sectional areas. 

3. The orifices are classified as (i) Sharp-edged orifice and (/'/') Bell-mouthed orifice depending upon 
the shape of upstream edge of the orifices. 

4. The orifices are classified as (/') Free discharging orifices and (it) Drowned or sub-merged ori¬ 
fices depending upon the nature of discharge. 

The sub-merged orifices are further classified as (a) Fully sub-merged orifices and (b) Partially 
sub-merged orifices. 

► 7.3 FLOW THROUGH AN ORIFICE 

Consider a tank fitted with a circular orifice in one of its sides as shown in Fig. 7.1. Let H be the head 
of the liquid above the centre of the orifice. The liquid flowing through the orifice forms a jet of liquid 
whose area of cross-section is less than that of orifice. The area of jet of fluid goes on decreasing and at 
a section CC, the area is minimum. This section is approximately at a distance of half of diameter of the 
orifice. At this section, the streamlines are straight and parallel to each other and perpendicular to the 
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plane of the orifice. This section is called Vena-contracta. Be¬ 
yond this section, the jet diverges and is attracted in the downward 
direction by the gravity. 

Consider two points 1 and 2 as shown in Fig. 7.1. Point 1 is inside 
the lank and point 2 at the vena-contracta. Let the flow is steady and at 
a constant head//. Applying Bernoulli’s equation at points 1 and 2. 

p\ , v? , . _ Pi iJL, . 

P£ 2 g p g 2 g 


JET OF 
FLUID 






r-*— VENA- 
c CONTRACTA 


Fig. 7.1 Tank with an orifice. 


PjL + il = P2- + h- 
Pg 2 g p,? 2 g 


— = 0 (atmospheric pressure) 

PS 

v, is very small in comparison to v 2 as area of tank is very large as compared to the area of the jet of 
liquid. 


H + 0 = 0+-^- 
2 g 

v 2 = yf2gH 

This is theoretical velocity. Actual velocity will be less than this value. 


...(7.1) 


► 7.4 HYDRAULIC CO-EFFICIENTS 

The hydraulic co-efficients are 

1. Co-efficient of velocity, C v 

2. Co-efficient of contraction, C c 

3. Co-efficient of discharge, C d . 

7.4.1 Co-efficient of Velocity (C v ). It is defined as the ratio between the actual velocity of a 
jet of liquid at vena-contracta and the theoretical velocity of jet. It is denoted by C v and mathematically, • 

C v is given as 

Actual velocity of jet at vena-contracta 
Theoretical velocity 

= V . . . where V = actual velocity, j2gH = Theoretical velocity ...(7.2) 

y[2^H 

The value of C v varies from 0.95 to 0.99 for different orifices, depending on the shape, size of the 
orifice and on the head under which flow takes place. Generally the value of C v = 0.98 is taken for sharp- 
edged orifices. 
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7.4.2 Co-efficient of Contraction (C c ). It is defined as the ratio of the area of the jet at 
vena-contracta to the area of the orifice. It is denoted by C c . 

Let a = area of orifice and 

a c = area of jet at vena-contracta. 

_ _ area of jet at vena-contracta 

Then C c = -——- 

area of onfice 


* = ix ...(7.3) 

a 

The value of C r varies from 0.61 to 0.69 depending on shape and size of the orifice and head of liquid 
under which flow takes place. In general, the value of C L . may be taken 0.64. 

7.4.3 Co-efficient of Discharge (C d ). It is defined as the ratio of the actual discharge from an 
orifice to the theoretical discharge from the orifice. It is denoted by C d . If Q is actual discharge and Q, h 
is the theoretical discharge then mathematically, Qis given as 

Q Actual velocity x Actual area 

d Q, h Theoretical velocity x Theoretical area 

Actual velocity _ Actual area 
Theoretical velocity Theoretical area 


C d = C v x C c -(7-4) 

The value of C d varies from 0.61 to 0.65. For general purpose the value of C d is taken as 0.62. 
Problem 7.1 The head of water over an orifice of diameter 40 mm is 10 m. Find the actual dis¬ 
charge and actual velocity of the jet at vena-contracta. Take C d = 0.6 and C v = 0.98. 


Solution. Given : 

Head, 

H = 10 cm 

Dia. of orifice, 

d = 40 mm = 0.04 m 

.-. Area, 

a = -(.04) 2 = .001256 m 2 

4 

Q = 0.6 

C v = 0.98 


Actual discharge _ q 5 
Theoretical discharge 

But Theoretical discharge = V lh x Area of orifice 

V lh = Theoretical velocity, where V, h = f2gll = -y 2 x 9.81x10 = 14 m/s 

2 

Theoretical discharge = 14 x .001256 = 0.01758 - 

s 

Actual discharge = 0.6 x Theoretical discharge 

= 0.6 x .01758 = 0.01054 m 3 /s. Ans. 

1 scanned by Fahid 

PDF created by AAZSwapnil 




316 Fluid Mechanics 


(/») 


Act ual velocit y__ ^ _ q 9 g 

Theoretical velocity 

Actual velocity = 0.98 X Theoretical velocity 
= 0.98 x 14 = 13.72 m/s. Ans. 

Problem 7 2 The head of water over the centre of an orifice of diameter 20 mm is 1 m. The actna 
discharge through the orifice is 0.85 litre/s. Find the co-efficien, oj discharge. 

Solution. Given : 

d = 20 mm = .02 m 


Dia. of orifice, 


Area, 


a = — (,02) 2 = .000314 m 2 

4 


H= 1 m 

Q = 0.85 litre/s = .00085 m 3 /s 

V~ h = j2gH = ^/2x 9.81x1 = 4.429 m/s 

.-. Theoretical discharge, Q, h = V,* X Area of orifice 

= 4.429 x .000314 = 0.00139 m 3 /s 

Actual discharge 0.00085 


Head, 

Actual discharge, 
Theoretical velocity 


Co-efficient of discharge - ^h^ge 0.00139 


= 0.61. Ans. 


^ 7.5 EXPERIMENTAL DETERMINATION OF HYDRAULIC CO-EFFICIENTS 

7 5 I Determination of C d . The water is allowed to flow through an orifice fitted to a lank 
under a constant head, H as shown in Fig. 7.2. The water is collected in a measuring tank for a known 
time, t. The height of water in the measuring tank is noted down. Then actual discharge through 

SUPPLY 
WATER 


! y 

■c 

1— * -—1 i 

i 

H 

_L_ 


T-- -^p y 

C i , 


MEASURING 
TANK — 


Fig. 7.2 Value of C- d . 

<H< 

Time (0 


Area of measuring tank x Height of water in measuring tank 


and 


theoretical discharge = area of orifice x ^jlgH 

Q 


C.i = 


a x j2gH 


...(7.5) 
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7.5.2 Determination of Co-efficient of Velocity (C v ). Let C-C represents the vena- 
contracta of a jet of water coming out from an orifice under constant head H as shown in Fig. 7.2. 
Consider a liquid particle which is at vena-contracta at any time and takes the position at P along the jet 
in time ‘f’. 

Let x = horizontal distance travelled by the particle in time Y 
y = vertical distance between P and C-C 
V = actual velocity of jet at vena-contracta. 

Then horizontal distance, x=Vxt ...(i) 


and vertical distance. 


1 2 
y = -gt 


X 

From equation (/), t = — 

Substituting this value of Y in (ii), we get 

1 x 2 
- v= 2 g X ^ 


But theoretical velocity. 


y 2 - ifl 




V ex 

/. Co-efficient of velocity, C v = — = I— 


2y J2JR \4yH 


fiyH ' 


...(7.6) 


7.5.3 Determination of Co-efficient of Contraction (C c ). The co-efficient of contraction 
is determined from the equation (7.4) as 

C d = C v x C c 


C'.S- 

C v 


...(7.7) 


Problem 7.3 A jet of water, issuing from a sharp-edged vertical orifice under a constant head of 
10.0 cm. at a certain point, has the horizontal and vertical co-ordinates measured from the vena-contracta 
as 20.0 cm and 10.5 cm respectively. Find the value of C v . Also find the value of C c if C d = 0.60. 

Solution. Given : 

Head. H = 10.0 cm 

Horizontal distance, x = 20.0 cm 

Vertical distance, y = 10.5 cm scanned by Fahid 
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The value of C v is given by equation (7.6) as 


r = X - = 20 0 = 20 — = 0.9759 = 0.976. Ans. 

' feyll y[4 x 10.5 x 10.0 20.493 

The value of C c is given by equation (7.7) as 

r = = -9^- = 0.6147 = 0.615. Ans. 

•' C, 0.976 

Problem 7.4 The head of water over an orifice of diameter 100 mm is 10 m. The water coming out 
from orifice is collected in a circular tank of diameter 1.5 m. The rise of water level in this tank is 
1.0 m in 25+seconds. Also the co-ordinates of a point on the jet, measured from vena-contracta are 4.3 
m horizontal and 0.5 m vertical. Find the co-efficients, C d , C„ and C c . 

Solution. Given: 

Head, //=10m 

Dia. of orifice, ~d = 100 mm = 0.1 m 

Area of orifice, a = —(-l) 2 = 0.007853 m“ 

4 

Dia. of measuring tank, D =* 1.5 m 

.\ Area, A = —(1.5)“ = 1.767 m 

4 


Rise of water, h = 1 m 

in time, / = 25 seconds 

Horizontal distance, .v = 4.3 m 

Vertical distance, >’ = 0.5 m 

Now theoretical velocity, V lh = -j2gH = -Jl x 9.81 x 10 = 14.0 m/s 

.-. Theoretical discharge, Q, h = V lh 'x Area of orifice = 14.0 x .007854 = 0.1099 m 3 /s 

_ Axh 1.767x1.0 . 

Actual discharge, Q = —- — =-—- 0.07068 


Q _ .07068 

Qth " -1099 


The value of C v is given by equation (7.6) as 


= 0.643. Ans. 



4 3 

—— = 0.96. Ans. 
4.472 


C c is given by equation (7.7) as C c = —— 


C d 0.643 

= — =-= 0.669. Ans. 


Problem 7.5 Water discharge at the rate of 98.2 litres/s through a 120 mm diameter vertical 
sharp-edged orifice placed under a constant head of 10 metres. A point, on the jet. measured from the 
vena-contracta of the jet has co-ordinates 4.5 metres horizontal and 0.54 metres vertical. Find the 
co-efficient C v . C c and C. d of the orifice. (A.M.I.E., Winter, 1983) 
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Solution. Given : 
Discharge, 

Dia. of orifice. 

Area of orifice, 
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Q = 98.2 lit/s = 0.0982 nrVs 
d = 120 mm = 0.12 m 

a = ~(.12) 2 = 0.01131 m 2 


Head, H - , n 

u . n = I () m 

and SSr;: l?Z “*>« *» —««*■. „ 4.5 m 

No* theoretical velocity. v,„ - = 14.0 ads 

Theoretical discharge, ft, = x Area of orifice 

= 14.0 x. 01131 = 0.1583 m 3 /s 

The value of C d is given by C d = „ ActUal discharge Q _ 0.0982 

The oretical discharge O 0 1 58 "? ~ Ans. 

The value of C c is given by equation (7.6), 

r = x - 4.5 

v .fZFJf Tas ,oca = °- 968 - Ans. 


•' = °- 968 - Ans - 

he value of C c is given by equation (7.7) as 

r ~ c d _ 0.62 „ 

C C, “ 0968 = °' 64 ' Ans - 

S-iLi." iss?, s* w ,, 

^ */W due to fluid resistance ' <0 ^ ° f ‘^dents C c , C v and C d and 

Solution. Given : (A.M.I.E., Summer 1988) 

Dia. of nozzle, D = 25 mm = 0.025 m 

Actual discharge, n -0 7 fim 3 / m „ . 0.76 

, ^ act ~ a 76 m /mmute = —— = 0.01267 m 3 /s 

Head, ' H _ fin 60 

Dia. of jet, ^ = 22 5 m mm-0 077 s f—r^ JETOF 

(0 Values of co-efficients: ' ° 225 m ‘ ( /WATER 

Co-efficient of contraction (C f ) is given by, 7j -, - - 

q _ Area of jet ^-" 

Area of nozzle Fig- 7.3 


Fig. 7.3 


_ _4_ _ £/_- _ 0.0221 

71 D 2 ° 2 0.025 

4 


0.0225 2 

7TT—r= 0.81. Ans. 


Co-efficient of discharge (Q is given by. 

£• _ Actual discha rge 
Theoretical discharge 
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0.01267 


Theoretical velocity x Area of nozzle 

0.01267 


0.01267 


(0.025) 


4 

= 0.752. Ans. 

Co-efficient of velocity (C v ) is given by, 

„ C A 0.752 


(li) Loss of head due to fluid resistance : 

Applying Bernoulli’s equation at the outlet of nozzle and to the jet of water, we get 
Pi + Yl _ + i: - El. + Yk- + z + Loss of head 


Atmospheric pressure 


Actual velocity of jet = C v *j2gH 


+ Loss of head 


H = C 2 x H + Loss of head 

Lossofhead = H- C; X H - 7/(1 - C v ) 

= 60(1 - 0.928 2 ) = 60 x 0.1388 = 8.32 

)lem 7.7 A pipe, 100 mm in diameter, has a nozzle attached to 
eter of the nozzle is 50 mm. The rate of discharge of water through tl 
■ ure at the base of the nozzle of 5.886 N/cm 2 . Calculate the co-effici 
... nf,h„ nn-7lr and outlet of the nozzle are at the same elevation. 


.007854 nv 


Dia. of nozzle, 


,001963 m' 


Actual discharge, 


Pressure at the base 


From continuity equation, A|V| - AiVj 

.007854 V, = .001963 V : 
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_ .001963 V, _ V, 

1 “ .007854 “ 4 

where V, and V 2 are theoretical velocity at (1) and (2). 
Applying Bernoulli’s equation at (1) and (2), we get 


Pl + YL + Zi = * + YY + z , 


?3 2 S 


£l + Yi. = El + YiL 

P g 2 s p g 2 g 


(Yl ) 1 

5.886 xlO 4 V 4 J 
1000x9.81 2 g 


' I PS 


Atmospheric pressure =0 


6.0 +- 2 - -= - 1 - 

2g x 16 2 g 


— Tl ——1 = 6.0 or -^1=6.0 

2g L 16 J 2g L16J 


K, = ,16.0 x 2 x9.8lx — = 11.205 m/sec 


.-. Theoretical discharge 


= V 2 x A 2 = 11.205 x .001963 = 0.022 m7s 


= Actual discharge_ = O02_ = 0 . 9 09. Ans. 

' Theoretical discharge 0.022 

Problem 7.8 A tank has two identical orifices in one of its vertical sides. The upper orifice is 3 m 
below the water surface and lower one is 5 m below the water surface. If the value of C for each 
orifice is 0.96, find the point of intersection of the two jets. 

Solution. Given : 

Height of water from orifice (1), H { = 3 m _ ' 

From orifice (2), H z = 5 m ■ 

C,. for both = 0.96 ; r T£f-^__ 

Let P is the point of intersection of the two jets coming •;-4 ~ j * 

from orifices (1) and (2), such that - 

■ - - — ■■ — P j 

x = horizontal distance of P -— x — 

- 4 


,v = horizontal distance of P 


v, = vertical distance of P from orifice (1) 
y, = vertical distance of P from orifice (2) 
Then y, = y 2 + (5 - 3) = y, + 2 m 

The value of C, is given by equation (7.6) as 


smnmk^^ptktd 









x = 0.96 x ,/4 x 3.0 x 5.0 = 7.436 m. Ans. 



Problem 7.9 A closed vessel contains water upto a height of 1.5 m and over the water s.,r. 
there is air having pressure 7.848 N/cnr (0.8 kgf/cm 7 ) above atmospheric pressure. At the bottom 
the vessel there is an orifice of diameter 100 mm. Find the rate of flow of wat er fr om orifice. 7: 
C d = 0.6. X ' 

Solution. Given : /p = 7 . 8*8 N/an 2 \ 

Dia. of orifice, d = 100 mm = 0.1m '£■ 


Heieht of water, W = 1.5m 

Air pressure, p = 7.848 N/cm 2 = 7.848 x 10 4 N/rtr 

Applying Bernoulli’s equation at (1).(water surface) and (2), we get 


Taking datum line passing through (2) which is very close to the 
bottom surface of the tank. Then z 2 = 0, z, = 1.5 m 

Also — = 0 (atmospheric pressure) 


8 m of water 
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V 2 = -J2 x 9.81 x 9.5 = 13.652 m/s 
Rate of flow of water = C d xa 2 xV 2 

= 0.6 x — (.l) 2 x 13.652 mVs - 0.064; nils. Ans. 

4 

Problem 7.10 A closed tank partially filled with water upto a height ct '.9 m having an orifice of 
diameter 15 mm at the bottom of the tank. The air is pumped into the < 'ey .art of the tank. Deter¬ 
mine the pressure required for a discharge of 1.5 litres/s through me or ■. ce. take C d — 0.62. 

Solution. Given : 

Height of water above orifice, H = 0.9 m 

Dia. of orifice, d — 15 mm = 0.015 rn 

Area, a = ^[d 2 ] = ^ (.015) 2 = 0.0001767 m 2 

Discharge. Q- 1.5 litres/s = .0015 m 3 /s 

Q = 0.62 ' , 

Let p is intensity of pressure required above water surface in N/cin". 

, , , . P pxlO 4 10p c 

Then pressure he.dofa.r. - = 1()00x9g| = ^ mof ' wa,er 

If V 2 is the velocity at outlet of orifice, then 

V, 


Discharge Q 

.0015 

2X9.81 (0-9 + i^) 

lOp 
9.81 

P 

► 7.6 FLOW THROUGH LARGE ORIFICES 

If the head of liquid is less than 5 times the depth of the orifice, the orifice is called large orifice. In 
case of small orifice, the velocity in the entire cross-section of the jet is considered to be constant and 

discharge can be calculated by Q = C d x a x Jlgh. But in case of a large orifice, the velocity is not 

scanned by Fahid _ 

/ constant over the entire cross-section of the jet and hence Q cannot be cajaqjpt^fyy^f 


= J 2 S 


( P ' 
// + — 


P 8 


= 12x9.811 0.9 + 


l()p 

9.81 


= C d x ax yjlg [H + plpg) 


= 0.6 x .0001767 x ^2x9.81(0.9 + p / pg) 
.0015 


0.6 x.0001767 
= 14.148 x 14.148 
14.148x14.148 


= 14.148 


2x9.81 

9.302 x9.81 
in 


-0.9= 10.202-0.9 = 9.302 


= 9.125 N/cm". Ans. 


'nil 





7.6.1 Discharge Through Large Rectangular Orifice. Consider a large rectangular orifice 
in one side of the tank discharging freely into atmosphere under a constant head, H as shown in Fig. 7.7. 
Let • //, = height of liquid above top edge of orifice 

H 2 = height of liquid above bottom edge of orifice 
b = breadth of orifice 
d = depth of orifice = H 2 -H X 
C d = co-efficient of discharge. 

Consider an elementary horizontal strip of depth ‘dh ’ at a depth of ‘h’ below the free surface of the 
liquid in the tank as shown in Fig. 7.7 ( b ). 



Fig. 7.7 Large rectangular orifice. 


Area of strip = b x dh 

and theoretical velocity of water through strip = f2gh. 

Discharge through elementary strip is given 

dQ = C d x Area of strip x Velocity 

= C d x b x dh x f2gh = C d bx ^2gh dh 

By integrating the above equation between the limits //j and H 2 , the total discharge through the 
whole orifice is obtained 

Q = J ’ c d x b x J~2 gh dh 


r-'H, _ _ /, 3 « 

= C d xbxJ2^\ yfh dh = C d xbxJ2^ -— 

J n, 3/2 „ 

i- -I/#, 

= f Q X b [Hr - Hi’ 2 ) ...(7.8) 

Problem 7.11 Find the discharge through a rectangular orifice 2.0 m wide and 1.5 m deep fitted to 
a water tank. The water level in the tank is 3.0 m above the top edge of the orifice. Take Q = 0.62. 
Solution. Given: 

Width of orifice, b = 2.0 m 


Depth of orifice, d = 1.5 m 

Height of water above top of the orifice, H t = 3 m 
Height of water above bottom edge of the orifice. 
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H 2 = H ] +d= 3+ 1.5 =4.5 m 
C d = 0.62 

Discharge Q is given by equation (7.8) as 

Q = l C d xbx [H 2 2 - tt 


3 / 2 , 


= - x 0.62 x 2.0 xJT+o 81 [4:5 
3 


<•15 


3 1 ' 5 ] nr7s 


Width of orifice, 
Depth of orifice. 


= 3.66[9.545 - 5.196] m/s = 15,917 m7s. Ans. 

Problem 7 12 A rectangular orifice, 1.5 m wide and 1.0 m deep is discharging water from a tank. 

1fTewater'level in the tank is 3.0 rn above the top edge of the orifice, find die discharge through the 
orifice. Take the co-efficient of discharging for the orifice - 0.6. 

Solution. Given : 

b = 1.5 m 
d= 1.0 m 
H, = 3.0 m 
H-, = H, + d = 3.0 + 1.0 = 4.0 m 
C d = 0.6 

Discharge, Q is given by the equation (7.8) as 

,27 I'/f'-''”] 

. i x 0.6 X 1.5 X J2 + 9.81 [4.0' ! - V0 1 s ] nr'/s 

3 

= 2.657 [8.0 - 5.1961 mVs = 7.45 nr/s. Ans. 

Problem 7 13 A rectangular orifice 0.9 m wide and 1.2 m deep is discharging water from a vessel. 
rZ Z el'O/L onflf is 0.6 L Mas, fie srater surface in ,„e vessel Caiadatefied.cOarge 
ihrough the orifice ifC d = 0.6 and percentage error if the orifice is treated as a small orifice. 

Solution. Given: 

b = 0.9 m 
d = 1.2 m 
H 2 = 0.6 m 

H 2 = H { +d = 0.6+ 1.2= 1.8 m 
C d = 0.6 


Width of orifice, 
Depth of orifice. 


Discharge Q is given as 


Q = — x C d x b x pjlg x [H 2 2 -H? 12 ] 


= 2 x0.6x2.9x J2^8l [ 1 .8 3/ " - 0.6 /2 ] nr/s 
3 . 

= 1.5946 [2.4149-.4647] = 3.1097 m7s. Ans. 

Discharging for a small orifice 

0 , = C d xaXnj2gh 

where h- H\ + — - 0.6 + = 1.2 m and a = b x d = 0.9 x 1.2 

2 2 

J 
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<2, = 0.6 x .9 x 1.2 x .J2 x 9.81 x 1.2 = 3.1442 nvVs 


% error 


-9l — 9. = 3 .- 1442 —= 0.01109 or 1.109%. Ans. 


3.1097 


► 7.7 DISCHARGE THROUGH FULLY SUB-MERGED ORIFICE 

. ■ • - ■ 

Fully sub-merged orifice is one which has its whole of the outlet side H 
sub-merged under liquid so that it discharges a jet of liquid into the f 
liquid of the same kind. It is also called totally drowned orifice. Fig. 7.8 \ 

shows the fully sub-merged orifice. Consider two points (1) and (2), \ 

point 1 being in the reservoir on the upstream side of the orifice and \ 
point 2 being at the vena-contracta as shown in Fig. 7.8. fcL 

Let H t = Height of water above the top of the orifice on the Fig. 7.8 

upstream side. 

H 2 = Fleight of water above the bottom of the orifice 
H = Difference in water level 
b = Width of orifice 
C d - Co-efficient of discharge. 

Height of water above the centre of orifice on upstream side 


„ h 2 hfe 


Fig. 7.8 Fully sub-merged orifice. 


= H l + 


H 2 -H x _ H l + H 2 


1 2 2 

Height of water above the centre of orifice on downstream side 

h 1 + h 2 h 

2 

Applying Bernoulli’s equation at (1) and (2), we get 

£l + YL = £1 + YL 

PS 2g p g 2 g 

jq ow £l - + j Rl - + _ H and V, is negligible 


[’•’ Zi 


ai±Hi ]Q= «i +H 2 _ h+ Yd 


-2- =H 

2 g . 

V 2 =Jl~gH 

Area of orifice = bx(H 2 -H ,) 

Discharge through orifice = C d x Area x Velocity 

= C d x b {H 2 — //,) x JlgH 

Q = C d xb (H 2 - Hfix yf2gH . 


...(7.9) 
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Problem 7.14 Find ilie discharging through a fully sub-merged orifice of width 2 in if the differ¬ 
ence of water levels on both sides of the orifice be 50 cm. The height of water from top and bottom of 
the orifice are 2.5 m and 2.75 m respectively. Take C d = 0.6. 

Solution. Given : 

Width of orifice, b = 2 m 

Difference of water level, H = 50 cm = 0.5 m 

Height of water from top of orifice, //. = 2.5 m 
Height of water from bottom of orifice, H 2 = 2.5 m 

C d = 0.6 

Discharge through fully sub-merged orifice is given by equation (7.9) 
or Q = C d x h x (H 2 - H { ) x -j2gH 

= 0.6 x 2.0 x (2.75 - 2.5),X ^2x9.81x0.5 m 3 /s 

= 0.9396 ni 3 /s. Ans. 

Problem 7.15 Find the discharge through a totally drowned orifice 2.0 m wide and I m deep, [fth • 
difference of water levels on both the sides of the orifice be 3 m. Take C d = 0.62. 

Solution. Given 

Width of orifice. b = 2.0 m 

Depth of orifice, d = 1 m. 

Difference of water level on both the sides 

H = 3 m 
C d = 0.62 

Discharge through orifice is Q=C d x Area x -JlgH 

= 0.62xbxd.xj2gH 

= 0.62 x 2.0 x 1.0 x ^2 x 9.81x3 m 3 /s = 9.513 m 3 /s. Ans. 

► 7.8 DISCHARGE THROUGH PARTIALLY SUB-MERGED ORIFICE 

Partially sub-merged orifice is one which has its outlet side 
partially sub-merged under liquid as shown in Fig. 7.9. It is also 
known as partially drowned orifice. Thus the partially sub-merged 
orifice has two portions. The upper portion behaves an orifice 
discharging free while the lower portion behaves as a sub-merged 
orifice. Only a large orifice can behave as a partially sub-merged 
orifice. The total discharge Q through partially sub-merged orifice 
is equal to the discharges through free and the sub-merged 

portions. Pig. ".9 Partially stth-merged 

Discharge through the sub-merged portion is given by equation (7.9) orifice. 

Q l = C d xbx(H 2 - H)x j2gH 
Discharge through the free portion is given by equation (7.8) as 
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e 2 = l^xfcxViittf 372 -//,»] 

.-. .Total discharge Q = Q\ + Qi 

= C d xbx(H 2 - H)x ^2gH 

+ |QxbxV^[// 3 , 2 -// V 2 ]....(7.10) 

Problem 7.16 A rectangular orifice of 2 m width and 1.2 m deep is fitted in one side of a large 
tank The water level on one side of the orifice is 3 m above the top edge of the orifice while on the 
other side of the orifice, the water level is 0.5 m below its top edge. Calculate the discharge through 

the orifice if C d = 0.64. 

Solution. Given : Width of orifice, b = 2 m 
Depth of orifice, d = 1.2 m 

Height of water from top edge of orifice, H x = 3 m 

Difference of water level on both sides, H = 3 + 0.5 — 3.5 m j 

Height of water from the bottom edge of orifice, H 2 = //, + d = 3 + 1.2 = 4.2 m 
The orifice is partially sub-merged. The discharge through sub-merged portion, 

Q l = C d xbx (H 2 - H) x JlgH __ 77 77 

= 0.64 x 2.0 x (4.2 - 3.5) x 72x9.81x3"! = 7.4249 m 3 /s 
The discharge through free portion is 

Qj = ! C d xbxj2^[H 3n -H? n ] 

= - x 0.64 x 2.0 x 72x9.81 [3.5 ?/2 - 3.0 3/2 ] 

3 

= 3.779 [6.5479 - 5.1961] = 5.108 m 3 /s 

.-. Total discharge through the orifice is 

Q = Gi + Qi = 7.4249 + 5.108 = 12.5329 nr/s. Ans. 

TIME OF EMP TYING KJTHRqUGH_fl^j_ORl£ICE_ATJTS_BOT^O^_ 

liquid upto a height of//,. Let an orifice is fitted at the bottom of the 
tank. It is required to find the time for the liquid surface to fall from the height H x to a height H v 
Let A = Area of the tank 
a = Area of the orifice 

H x = Initial height of the liquid ^ 

H 2 = Final height of the liquid j f 

T = Time in seconds for the liquid to fall from H , to H 2 . h 

Let at any time, the height of liquid from orifice is h and let the 
liquid surface fall by a small height dh in time dT. Then 

Volume of liquid leaving the tank in time, dT = A xdh "ORIFICE 

Also the theoretical velocity through orifice, V = f2gh pjg 7 9 ^ 

.'. Discharge through orifice/sec, scanned by Fahid 
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dQ = CjX Area of orifice x Theoretical velocity = C d . a . -J2gh 
:. Discharge through orifice in time interval 

dT=C d . a. JlJh . c!T 

As the volume of liquid leaving the tank is equal t ic volume of liquid flowing through orifice in 
time dT, we have 

A (- dh) = C d . a . JIgii 

- ve sign is inserted because with the increase of hv on orifice decreases. 


- Adk = C d . a . JIgh . d'i or d f ■■ 
i equation b 

\ T dT =j H 

Jo Jh. 


-A dh 


-m 


-!'2 


Cj . a. yj2gh C d .a. J2g 
By integrating the above equation between the limits to H 2 . the total time, 7 is obtained as 




»■ -Ah- 1,2 dh __ -A _| j 

C d .a. Jig C d . a Jig 


1/2 


’2 '-d 


dh 


or 


r= 



1 

»2 

- 

//, 

-A 

h^ 1 

-A 

Jh 


C d .a. Jig 

i 

C d .a. Jig 

1 



0 

//- 

. 2 . 



■ a.JljW 2 ' C d . a. Jig 


For emptying the tank completely, H 2 becomes = 0 and hence 

2 aJh[ 


T = 


...(7.11) 


...(7.12) 


C d .a.JIg 

Problem 7.17 A circular tank of diameter 4 m contains water upto a height of 5 m. The tank is 
provided with an orifice of diameter 0.5 m at the bottom. Find the time taken by water (i) to fall from 
5 m to 2 m (ii)for completely emptying to tank. Take C d = 0.6. 

Solution. Given : 

D = 4 m 


Dia. of tank, 

.\ Area, 

Dia. of orifice, 
r. Area, 


A - — (4) 2 = 12.566 m 2 
4 

d = 0.5 m 

a = — (.5) 2 = 0.1963 m 2 
4 

//, = 5 m 


Initial height of water. 

Final height of water, (/) H 2 = 2 m (//) H 2 = 0 
First Case. When H 2 = 2 m 

Using equation (7.11), we have T = —— ['f^i ~ 
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=_ 2x12 566 - [75 - Tio] seconds 

0.6 x .1963 Xyjlx 9.81 1 J 


0.6 
20.653 

, r ~ 0.521 
Second Case. When H 2 = 0 

2 A 


-■ 39.58 seconds. Ans. 


T.= 


= 


2xl2.566xV5 


C d .a.4lg^‘ 1{ 0.6 x.1963x72x9.81 

= 107.7 seconds. Ans. 

Problem 7.18 A circular tank of diameter 1.25 m contains water upto a height of 5 m. An orifice of 
50 mm diameter is provided at its bottom. If C d = 0.62. find the height of water above the orifice after 
1.5 minutes. 


Solution. Given : 
Dia. of tank, 

.-. Area, 

Dia. of orifice. 

Area, 

Initial height of water. 
Time in seconds, 


D = 1.25 m 


A = -(1.25) 2 = 1.227 m 2 
4 

d = 50 mm = .05 m 

a = - (.05) 2 = .001963 m 2 
4 

C d = 0.62 
//, = 5 m 

T = 1.5 x 60 = 90 seconds 


Let the height of water after 90 seconds = H 2 


Using equation (7.11), we have T = 


or 


90 


77T = 2.236 - 


2a[V/a-V#!] 
C d .a. Jig 

■ 2 x 1.227 [75 - 7^T] 
0.62 x 0.001963 x 

90 


, 2 * - = 455.215 [2.236-77/7] 

72x9.81 L 1 


= 236-0.1977 = 2.0383 


455.215 

W 2 = 2.0383 x 2.0383 = 4.154 m. Ans. 
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► 7.10 TIME OF EMPTYING A HEMISPHERICAL TANK 


Consider a hemispherical tank of Radius R fitted with an orifice 
of area 'a' at its bottom as shown in Fig. 7.10. The tank contains 
some liquid whose initial height is H, and in time T, the height of 
liquid falls to H v It is required to find the time T. 

Let at any instant of time, the head of liquid over the orifice is// 
and at this instant let jr be the radius of the liquid surface. Then 
Area of liquid surface, A = 7tv 2 

and theoretical velocity of liquid = -J2gh . 

Let the liquid level falls down by an amount of dh in time dT. 

Volume of liquid leaving tank in time dT = A x dh 
= tlv 2 x dh 

Also volume of liquid flowing through orifice 

= C d x area of orifice x velocity - C d .a. -J2gh second 
Volume of liquid flowing through orifice in timer/7 
= Cj.a. yjlgh x dT 
From equations (i) and (ii), we get 

tlv 2 (- dh) = C d .a. ^2gh . dT 

- ve sign is introduced, because with the increase of T, h will decrease 
- tlv 2 dh = C d .a. y/2gh . dT 
But from Fig. 7.10, for A OCD, we have OC = R 


ORIFICE: i 

Fig. 7 10 Hemispherical lank. 


' v 2 = R 2 - (/? - h) 2 = R‘ 

Substituting v 2 in equation (hi), we get 

- it(2 Rh - h 2 )dh = C d .a. Jlgh . dT 


The total time T required to bring the liquid level from //, to H 2 is obtained by integrating the above 
equation between the limits H t to H 2 - 
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-n r h in +i 

C d *axJTg 2 *I + 1 " 3 +1 
2 2 


C d x a x J2g L3 

For completely emptying the tank, H 2 = 0 and hence 


——= ["2 x — Rh V2 ~ — h 512 1^ 2 
a x f2g L 3 5 J W] 

^-j= '1 * « 2 - tf 3/2 ) -1 (//, 5/2 - tf 2 5 ' 2 )] ...(7.13) 


7=- K - 1 = \-RH 2I2 --Hf 12 . 

C d .a.^lg L3 5 J. 


...(7.14) 


Problem 7.19 A hemispherical tank of diameter 4 m contains water upto a height of 1.5 m. An 
orifice of diameter 50 mm is provided at the bottom. Find the time required by water (i) to fall from 
1.5 m to 1.0 m (ii) for completely emptying the tank. Tank C d = 0.6. 

Solution. Given : 

Dia. of hemispherical tank, D = 4 m 

.■. Radius, R = 2.0 m 

Dia. of orifice, d- 50 mm = 0.05 m 


Area, 


« = -(.05) 2 = 0.001963 m 2 
4 


Initial height of water, H x = 1.5'm 

C d = 0.6 

First case. H 2 = 10 

Time T is given by equation (7.13) 


T =-[ - R (Hf 2 - Hi' 2 ) - - (Hf 2 - Hi 12 ) 

C d xax Jig L 3 V 1 2 1 5 V ; J 

=- 71 , x f- x 2.0 (l.5 3/2 -1.0 3/2 ) - - (l.5 3/2 -1.0 5/2 )1 

0.6 x. 001963x^/2x9.81 L3 v ’ 5\ ’\ 


0.6 x.001963x^/2x9.81 L3 v 

= 602.189 [2.2323 - 0.7022] = 921.4 second 
= 15 min 21.4 sec. Ans. 

Second case. H 2 = 0 and hence time T is given by equation (7.14) 


T = - RH?' 2 - - H? 2 

C d .a.J 2il3 5 1 J 

= —-« ,.-[1x2.0 

0.6 x.001963 J2X9.81 L3 


x 2.0 x 1.5 3/2 


- — x 1.5 5/2 
scanned qp . 
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= 602.189 [4.8989 - 1.10221 sec = 2286.33 sec 
= 38 min 6.33 sec. Ans. 

Problem 7.20 A hemispherical cistern of 6 m radius is full of'water. It is fitted with a 7 J mm 
diameter sharp edged orifice at the bottom. Calculate the time required to lower the level in the 
cistern by 2 mi res Assume coefficient of discharge for the orifice is 0.6. (Delhi University, 76) 

Solution. Given : 

Radius of hemtspheiit ! cistern, R = 6 m 

Initial height of water, H x = 6 m 

Dia. of orifice, d = 75 mm = 0.075 m 


Area, 


a = -(.075) 2 = .004418 m 2 
4 


Fall of heigh', of water = 2 m 

Final height of water, // 2 = 6-2 = 4m 
C d = 0.6 

The time T is given by equation (7.31) 

TT 

T = 


Cjxax fig 





0.6 x.004418x J2x 


Dia. of orifice 


ORIFICE 
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The tank is splitted in two portions. First portion is a hemispherical tank and second portion is cylin¬ 
drical tank. 

Let 7, = time for emptying hemispherical portion 1. 

T 2 = time for emptying cylindrical portion II. 

Then total time 7=7, + 7 2 . 

For Portion I. //, = 2.0 m, //, = 0. Then 7, is given by equation (7.14) as 




= _- x 2.0 x 2.0 3/2 - — x 2.0 V2 

0.6 x.0314x^2x9.81 [3 5 

-.= 37.646 [7.5424 - 2.262] sec = 198.78 sec. 

For Portion II. //, = 2.0 + 5.0 = 7.0 m, H 2 = 2.0. Then 7 2 is given by equation (7.11) as 

2A\Jh;-M] 2 x 12.566 [V7-V2X)] 

r _ l v 1 v 1 -1—==isec = 370.92 sec 

2 C d xax -J2g 0.6 x.0314x72x9.81 

... Total time, 7 = 7, + 7 2 = 198.78 + 370.92 = 569.7 sec 

= 9 min 29 sec. Ans. 


► 7.! 1 TIME OF EMPTYING A CIRCULAR HORIZONTAL TANK 

Consider a circular horizontal tank of lengthL and radius/?, containing liquid upto a height of//,. Let 
an orifice of area ‘ a' is fitted at the bottom of the tank. Then the time required to bring the liquid level 
from //, to H 2 is obtained as : 

Let at any time, the height of liquid o'ver orifice is ‘h' and in timer/7, let the height falls by an height 
of 'dh'. Let at this time, the width of liquid surface =AC as shown in Fig. 7.12. 



Fig. 7.12 


Surface area of liquid = L x AC 

But AC = 2xAB = 2UA0 2 -OB 2 = 2 J R 2 - (R - h) 1 


= 2 Jr 2 -(/? : + h 2 - 2 Rh) = 2J2Rh - h 2 
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Surface area, A=Lx iJlRh - h 2 

Volume of liquid leaving tank in time dT 

= Ax dh = 2L JlRh-h 2 x dh 
Also the volume of liquid flowing through orifice in timer/7 

= C d x Area of orifice x Velocity x dT 
But the velocity of liquid at the time considered = figh 
Volume of liquid flowing through orifice in time dT 
-C d x ax fifi x dT 

Equating (i) and (ii), we get 

2 L fiRh-h 2 x (- dh) = C d Xax figh x dT 
- ve sign is introduced as with the increase of 7, the height h decreases, 

• dT _ ~27 -[iRh - h 2 dh _ - 27 /( 2 /?- 6 ) dh 
C d x ax fifix C d x ax fig 


[Taking fi common] 


Total time, T = [ 

J «t C d x ax fi 


C d x ax 


fll, >/2 

) H ' [2 R - h] dh[2R- h) m dh 


-27 

(2 R-h) ],2+l 

C d x ax fig 

I + 1 


2 


x (-1) 


■ d xaxfi^ 2R ~ H 2 )3/2 - ( 2R ~ H ') 3/2 J ' - (715 > 


For completely emptying the tank, H,0 and hence 


7= — 




...(7.16) 


- 'Oblem 7.22 An orifice of diameter 100 mm is fitted at the bottom of a boiler drum of length 5 m 
^ ° J diameter 2 m. The drum is horizontal and half full of water. Find the time required to empty the 
boiler, given the value of C d = 0.6. 
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Solution. Given 
Dia. of orifice, 

.*. Area, 


d =100 mm = 0.1 m 

a=- (.l) 2 = .007854 m 2 
4 


L = 5ra 
D = 2 m 
R = 1 m 
7/, = 1 m 
W 2 = 0 
Q = 0.6 

For completely emptying the tank, T is given by equation (7.16) 


Length, 

Dia. of drum, 

Radius, 

Initial height of water. 
Final height of water. 


f = 


4L 


[(2/?) 3/2 - (2 R - Hfi 1 ] 




2>xC d xax fig 
4x5.0 


[(2 x 1 ) 312 - (2 x 1 - 1) J,Z ] 


3 / 2 , 


3 x .06 x .007854 x fix 9.SI 
= 319.39 [2.8284- 1.0] = 583.98 sec = 9 min 44 sec. Ans. 
Problem 7.23 An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 8 m 
and of diameter 3 metres. The drum is horizontal and contains water upto a height of 2.4 m. Find the 
time required to empty the boiler. Take C d = 0.6. 

Solution. Given : 


Dia. of orifice. 


d - 150 mm = 0.15 m 


Area, a =-(. 15) 2 = 0.01767 m 2 
4 


L = 8.0 m 
D = 3.0 m 
R = 1.5 m 
//, = 2.4 m 
H 2 = 0 
C d = 0.6. 

For completely emptying the tank. T is given by equation (7.16) as 

4 L 


Length, 

Dia. of boiler, 

.•. Radius, 

Initial height of water, 
Find height of water, 


T = 


3 C d xax fig 
4x8.0 


[(2R) 3/2 - (2/? - //1) 3/2 ] 


[(2 x 1,5) 3/2 - (2 x 1.5- 2A) }U ] 


.3/2l 


3 x.6 x.01767x72x9.81 


= 227.14 [5.196-0.4647] = 1074.66 sec 
= 17 min 54.66 sec. Ans. scanned by Fahid 
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► 7.12 CLASSIFICATION OF MOUTHPIECES 


1. The mouthpieces are classified as (i) External mouthpiece or (ti) Internal mouthpiece depending 
upon their position with respect to the tank or vessel to which they are fitted. 

2. The mouthpiece are classified as (i) Cylindrical mouthpiece or (ii) Convergent mouthpiece or (Hi) 
Convergent-divergent mouthpiece depending upon their shapes. 

3. The mouthpieces are classified as (:') Mouthpieces running full or (//) Mouthpieces running free, 
depending upon the nature of discharge at the outlet of the mouthpiece. This classification is only for 
internal mouthpieces which are known Borda's or Re-entrant mouthpieces. A mouthpiece is said to be 
r unni ng free if the jet of liquid after contraction does not touch the sides of the mouthpiece. But if the jet 
after contraction expands and fills the whole mouthpiece it is known as running full. 

► 7.1 3 FLOW THROUGH AN EXTERNAL CYLINDRICAL MOUTHPIECE 

A mouthpiece is-a short length of a pipe which is two or three times 
its diameter in length. If this pipe is fitted externally to the orifice, the 
mouthpiece is called external cylindrical mouthpiece and the dis¬ 
charge through orifice increases. 

Consider a tank having an external cylindrical mouthpiece of 
cross-sectional area a l3 attached to one of its sides as shown in 
Fig. 7.13. The jet of liquid entering the mouthpiece contracts to form 
a vena-contracta at a section C-C. Beyond this section, the jet again 
expands and fill the mouthpiece completely. 

Let H = Height of liquid above the centre of mouthpiece Fl S- 
v c = Velocity of liquid at C-C section 
a c = Area of flow at vena-contracta 
Vi = Velocity of liquid at outlet 
a, = Area of mouthpiece at outlet 
C c = Co-efficient of contraction. 

Applying continuity equation at C-C and (l)-(l), we get 
a c x v f = a,Vj 


c a, 

But — = C c = Co-efficient of contraction 

a i 

Taking C d = 0.62, we get — = 0.62 
a \ 

v =-*!_ 
c 0.62 

The jet of liquid from section C-C suddenly enlarges at section (l)-(l). Due to sudden enlargement, 

( v r _ v i ) 2 

there will be a loss of head, h, * which is given as h L =--- 

2 S 


* Please refer Art. 11.4.1 for loss of head due to sudden enlargement. 
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= lL [-I_jT = £1 

2g 1.0.62 J 


0.375 v, 2 


Applying Bernoulli’s equation to point A and (l)-(l) 

Pa r j p, Vi 

zT + T- + Za = f L + T- + z i +/ 'i 
P 8 2 8 Pg 2 g 

where z A = z it v A is negligible, 

— = atmospheric pressure = 0 
Pg 


H+0 = 0 + - 2 - + .375 — 

2g 2 g 


H = 1.375 

2g 

= =0 - 855 V2gW 

Theoretical velocity of liquid at outlet is v, ft = -j2gH 
Co-efficient of velocity for mouthpiece 

r _ Actual velocity _ 0.855 -j2gH n 8<;s 
Theoretical velocity f 2 gH 

C c for mouthpiece = 1 as the area of jet of liquid at outlet is equal to the area of mouthpiece at outlet. 
Thus Q=C c xC v =l. Ox.855 =0.855 

Thus the value of C d for mouthpiece is more than the value of C d for orifice, and so discharge through 
mouthpiece will be more. 

Problem 7.24 Find the discharge from a 100 mm diameter external mouthpiece, fitted to a side of 
a large vessel if the head over the mouthpiece is 4 metres. (A.M.I.E., Summer, 1977) 

Solution. Given : 

Dia. of mouthpiece = 100 m= 0.1 m 

Area, a = — (0.1) 2 = 0.007854 m 2 

4 


C d for mouthpiece 
Discharge 


H = 4.0 m 
= 0.855 


.\ Discharge = C d x Area x Velocity = 0.855 x a x^2gH 

= .855 x .007854 x ^2 x 9.81 x 4.0 = .05948 m 3 /s. Ans. 

Problem 7.25 An external cylindrical mouthpiece of diameter 150 mm is discharging water under a 

constant head of 6 m. Determine the discharge and absolute pressure head of water, at veruircontracta. 

_ in*-, a _...... scannedbyjfimw 


Take C d - 0.855 and C e for vena-contracta = 0.62. Atmospheric pressutpjljpaa = n jj 



Solution. Given : 
Dia. of mouthpiece. 
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d = 150 mm = 0.1 5 cm 


0.01767 m 


Head, H = 6.0 m 

C d = 0.855 

C c at vena-contracta = 0.62 
Atmospheric pressure head, H a = 10.3 m 

.*. Discharge = C d X ax ^2gH 

= 0.855 x .01767 x ^2x9.81x6.0 = 0.1639 m 3 /s. Ans, 
Pressure head at vena-contracta 

Applying Bernoulli’s equation at A and C-C, we get 


H u + H - 1.89 H = H a - .89 H 
10.3-.89x6.0 { 

10.3 - 5.34 = 4.96 m (Absolute). Ans, 
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► 7.14 FLOWTHROUGH A CONVERGENT-DIVERGENT MOUTHPIECE 

If a mouthpiece converges upto vena-contracta and then diverges as shown in Fig. 7.15 that type of 
mouthpiece is called Convergent-Divergent Mouthpiece. As in this mouthpiece there is no sudden en¬ 
largement of the jet, the loss of energy due to sudden enlargement is eliminated. The co-efficient of 
discharge for this mouthpiece is unity. Let H is the head of liquid over the mouthpiece. 

Applying Bernoulli’s equation to the free surface of water in tank and section C-C, we have 

P v 2 p c v* 

— + —- + z = — + ^- + z, 

P 8 2 g p g 2 g 

Taking datum passing through the centre of orifice, we get 

— = H a , v = 0, z = H, 2* = H c , z c = 0 
P8 P g 

v 2 

H a + 0 + H = H c +-^+0 

C 2 g 


£ 
2 g 


= H a + H-H c 



or 


v c = pg{H a +H-H C ) 

Now applying Bernoulli’s equation at sections C-C and (l)-(l) 
Pc 


Fig. 7.15 Convergent- 

divergent mouthpiece. 


But 


2 

I'c v c P\ V, 

— + ^- + 2,;= — + — +Z, 
P5 2 g p g 2 g 

z c = z t and — =H a 
P g 


H + — = H a + — 

c n _ a 


2 g 


2 g 


Also from (t), H c + v 2 /2g - H + H a 
H a + Vj 2 /2g = H + H a 

- v, = jr g h 

Now by continuity equation, a c v c = v, x o. 


_ v c _ ^2 g(H a + H-H c ) + 


VV7 


H 


H 


= J1 + 


H. - //. 


H 


The discharge. Q is given as Q = a c x -j2gH 


where a c .= area at vena-contracta. 

J 


...(Hi) 


...(7.17) 

...(7.18) 
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Problem 7.26 A convergent-divergent mouthpiece having throat diameter of 4.0 cm is discharging 
water under a constant head of 2.0 m determine the maximum outer diameter for maximum discharge. 
Find maximum discharge also. Take If) = 10.3 m of water and H sep = 2.5 m of water (absolute). 
Solution. Given : 

Dia. of throat, d c = 4.0 cm 

.'. Area, a c = ~ (4) 2 = 12.566 cm 2 

Constant head, H = 2.0 m 

Find max. dia. at outlet, <7, and Q m3x 

H a = 10.3 m 
H se = 2.5 m (absolute) 

The discharge, Q in convergent-divergent mouthpiece depends on the area at throat. 

Gmax = a c x -figH = 12.566 x ^2 x 9.81 x 200 = 7871.5 cm 3 /s. Ans. 
Now ratio of areas at outlet and throat is given by equation (7.17) as 



— = V2.2135 = 1.4877 
d c 

d i = 1.4877 x d c = 1.4877 x 4.0 = 5.95 cm. Ans. 

Problem 7.27 The throat and exit diameters of Convergent-Divergent mouthpiece arc 5 cm and 
10 cm respectively. It is fitted to the vertical side of a tank, containing water. Find the maximum head 
of a water for steady flow. The maximum vacuum pressure is 8 m of water and take atmospheric 
pressure = 10.3 m water. 

Solution. Given : 

Dia. at throat, d c = 5 cm 

Dia. at exit, 6^ = 10 cm 

Atmospheric pressure head, H a = 10.3 m 
The maximum vacuum pressure will be at a throat only 
.-. Pressure head at throat = 8 m (vacuum) 
or H c = H a - 8.0 (absolute) 

= 10.3-8.0 = 2.3 m (abs.) 

Let maximum head of water over mouthpiece = H m of water. 

The ratio of areas at outlet and throat of a convergent-divergent mouthpiece is given by equation (7.17). 
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fL„ 

a c * 


, H a - H r 4 
1 + — - - or 


{df 


H 




— ,1 + 


10.3-2.3 


H 


or 


10 2 . , 8 ,, , 8 8 
—— = 4 = 1 +— or 16=1+— or 15 = — 


H 


H 


H 


8 


H = — = 0.5333 m of water 
15 

.\ Maximum head of water = 0.533 m. Ans. 

Problem 7.28 A convergent-divergent mouthpiece is fitted to the side of a tank. The discharge 
through mouthpiece under a constant head of 1.5 m is 5 litres/s. The head loss in the divergent portion 
is 0.10 times the kinetic head at outlet. Find the throat and exit diameters, if separation pressure is 
2.5 m and atmospheric pressure head = 10.3 m of water. 

Solution. Given : 

Constant head, H- 1.5 m 


Discharge, 


Q = 5 litres = .005 nr/s 


h L or Head loss in divergent = 0.1 x kinetic head at outlet 
H c or H sep = 2.5 (abs.) 

H„ = 10.3 m of water 


Find (i) Dia. at throat, d c 
( ii ) Dia. at outlet, d x 

(i) Dia. at Throat ( d c ). Applying Bernoulli’s equation to the free water surface and throat section, 
we get (See Fig. 7.15). 

2 2 

p V p c V c 

— + —+z= — + t £ -+z c 

pg 2 g p g 2 g 

Taking the centre line of mouthpiece as datum, we get 
H a + 0 + H = H c + 

2 8 


— = H„ + H - H r = 10.3+ 1.5-2.5 = 9.3 m of water 
2 g 


v c = yj2 x 9.81 x 9.3 = 13.508 m/s 


Now 


Q = a c x v c or .005 = — d ~ x 13.508 

c c 4 c 


d = 


.005 x 4 
Jtxl3.508 


= V.00047 = .0217 m = 2.17 cm. Ans. 


(if) Dia. at outlet (d,). Applying Bernoulli’s equation to the free water surface and outlet of mouth¬ 
piece (See Fig. 7.15), we get 


p v~ [ P\ | V 2 ] 

pg 2 g pg 2 g 
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H n + 0 +.H = H„ + -L. + 0 + 0.1 x -i- 


2g 


2* 


2g 


•2 A 
2g 


P\ _ 




2gH 

1.1 


2x9.81 x 1.5 


1.1 


= 5.1724 


Now 


Q=A\V V or .005 = — dy x v. 


d i = 


4 x .005 


ji x v 


4 x .005 
k x 5.1724 


= 0.035 m = 3.5 cin. Ans. 


>7.15 FLOWTHROUGH INTERNAL OR RE-ENTRANT ON BORDA’S MOUTHPIECE 

A short cylindrical tube attached to an orifice in such a way that the tube projects inwardly to a tank, 
is called an internal mouthpiece. It is also called Re-entrant or Borda’s mouthpiece. If the length of the 
tube is equal to its diameter, the jet of liquid comes out from mouthpiece without touching the sides of 
the tube as shown in Fig. 7.16. The mouthpiece is known as running free. But if the length of the tube is 
about 3 times its diameter, the jet comes out with its diameter equal to the diameter of mouthpiece at 
outlet as shown in Fig. 7.17. The mouthpiece is said to be running full. 

(f) Borda’s Mouthpiece Running Free. Fig. 7.16 shows the Borda's mouthpiece running free. 

Let H = height of liquid above the mouthpiece. 


a = area of mouthpiece, 
a c = area of contracted jet in the mouthpiece, 
v c = velocity through mouthpiece. 



RUNNING FREE RUNNING FULL 

Fig. 7.16 Fig. 7.17 


The flow of fluid through mouthpiece is taking place due to the pressure force exerted by the fluid on 
the entrance section of the mouthpiece. As the area of the mouthpiece is ‘a’ hence total pressure force on 
entrance 

= PS • a. h 

where h = distance of C.G. of area 'u' from free surface = H. 

= p g . a . H ...(t) 

According to Newton’s second law of motion, the net force is equal to the rate of change of momentum. 
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Now mass of liquid flowing/sec = p x a t . x v c 

The liquid is initially at rest and hence initial velocity is zero but final velocity of fluid is v c . 

Rate of change of momentum = mass of liquid flowing/sec x [final velocity - initial velocity] 

= pa c x v c [v c - 0] = p a c v 2 ...00 

Equating (/) and (j<), we get 

PS .a.H. = pa c . v c 2 ...(Hi) 

Applying Bernoulli’s equation to free surface of liquid and section (l)-(l) of (Fig. 7.16) 


p v p. vr 

P g 2 g " p g 2 g 

Taking the centre line of mouthpiece as datum, we have 

z = H, Z[ =Q,JL = £L =f 


“t = 0. — = — = Patmosp. = 0’ 
PS PS 

V = 0 


0 + 0 + 77 = 0 + — +0 or H = — 

2 g 2 g 

v c = -j2gH 

Substituting the value of v c in (iii). we get 

pg . a . H. = p . a c . 2g . H 

a = 2a or — = — = 0.5 
c a 2 


Co-efficient of contraction, C c = — = 0.5 

a 

Since there is no loss of head, co-efficient velocity, C v = 1.0 

Co-efficient of discharge = C c x C v = 0.5 x 1.0 = 0.5 

.'. Discharge Q = C d a^j2gH ...(7.19) 

= 0.5 xafigH 

(it) Borda's Mouthpiece Running Full.Fig. 7.17 shows Borda’s mouthpiece running full. 

Let H = height of liquid above the mouthpiece, 

v| = velocity at outlet or at (1)-(1) of mouthpiece, 
a = area of mouthpiece, 
a c = area of the flow at C-C, 
v f = velocity of liquid at vena-contracta or at C-C. 

The jet of liquid after passing through C-C. suddenly enlarges at section (1)-(1). Thus there will be a 
loss of head due to sudden enlargement. 



...(/) 
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Now from continuity, we have a c x v c = x v, 


a 


x v, = 


or 


a c 

v„ = 2v 


o, / 


0.5 


v C c = 0.5} 


Substituting this value of v c in O'), we get h L = 


(2v, -v,) 2 _ vf 


2« 2g 

Applying Bernoulli’s equation to free surface of water in tank and section (l)-(l), we get 

P v 2 pi v? . 

— + — + z = — + — + Z| + h, 

PJ? 2 g pg 2 g 

Taking datum line passing through the centre line of mouthpiece 

v, 2 v, 2 

0 + 0 + 77=0 + — + 0 + — 


2g 


2 * 


H - Ii_ + _L = -L. 


v \~ , vf 

2g 2 g 8 

v, = 


Here v, is actual velocity as losses have been taken into consideration, 
But theoretical velocity, v„, = -j2gH 

JgH 


Co-efficient of velocity, C, = = 


V2 gH V2 


= 0.707 


= 1 


As the area of the jet at outlet is equal to the area of the mouthpiece, hence co-efficient of contraction 

sC d - C c X C V = 1.0 x .707 = 0.707 
/. Discharge, Q — C d x a x -j2gH = 0.707 x a x -j2gH ...(7.20) 

Problem 7.29 An internal mouthpiece of 80 mm diameter is discharging water under a constant 
head of 8 metres. Find the discharge through mouthpiece, when 

(i) The mouthpiece is running free, and (ii) The mouthpiece is running full.. 

Solution. Given : 

Dia. of mouthpiece, d = 80 mm = 0.08 m 


.-. Area, a = -(.08) 2 = .005026 m 2 

4 

Constant head, H = 4 m. 

(i) Mouthpiece running free. The discharge, Q is given by equation (7.19) as 

Q = 0.5 x a x JlgH 

= 0.5 x .005026 x 72x9.81x4.0 
= 0.02226 nv’/s = 22.26 litres/s. Ans. 

(ii) Mouthpiece running full. The discharge, Q is given by equation (7.20) as 
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Q = 0.707 x ci x J2sH 

= 0.707 x .005026 x 72x9.81x4.0 
= 0.03147 mVs = 31.47 litre/s. Ans. 

HIGHLIGHTS 


1. Orifice is a small opening on the side or at the bottom of a tank while mouthpiece is a short length of pipe 
which is two or three times its diameter in length. 

2. Orifices as well as mouthpieces are used for measuring the rate of flow of liquid. 

3. Theoretical velocity of jet of water from orifice is given by 

V = y]2gH , where H = Height of water from the centre of orifice. 

4. There are three hydraulic co-efficients namely : 

, Actual velocity at vena - contracta _ x 


5. 


(a) Co-efficient of velocity. 


( b ) Co-efficient of contraction, C c = 


Theoretical velocity 

Area of jet at vena - contracta 
Area of orifice 
Actual discharge 


t/4vW 


= C,xC 


(c) Co-efficient of discharge, C d = . , ,. , 

Theoretical discharge 

w here x and y are the co-ordinates of any point of jet of water from vena-contracta. 

A large orifice is one, where the head of liquid above the centre of orifice is less than 5 times the depth of 
orifice. The discharge through a large rectangular orifice is 

Q = | Q x /, x 72 g [H™ - H?' l \ 


where b' =“Widthof orificeT 77“ 

C d = Co-cfficicni of discharge for orifice, - 

//j = Height of liquid above top edge of orifice, and 
H 2 = Height of liquid above bottom edge of orifice. 

6. The discharge through fully sub-merged orifice, Q = C d xbx (H 2 - 7/,) x ^2 gH 
where b = Width of orifice, 

C d = Co-efficient of discharge for orifice, 

H 2 = Height of liquid above bottom edge of orifice on upstream side, 

//, = Height of liquid above top edge orifice of upstream side, 

, H = Difference of liquid levels on both sides of the orifice. 

7. Discharge through partially sub-merged orifice, 

Q = 2i + 02 

= C d b (H 2 -H)x 72 JH + 2/3 CJ, x J2g [H m - H x m ] 

where b = Width of orifice 

C d . //,, H 2 and H are having their usual meaning. 

8. Time of emptying a tank through an orifice at its bottom is given by, 


r = 


2.4 [7^-7^] 
C d .a.yf2g 


where //, = Initial height of liquid in tank, 
H 2 = Final height of liquid in tank, 
A = Area of tank. 
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a = Area of orifice, 

C d = Co-efficient of discharge. 

If the tank is to be completely emptied, then time T, 


lA-fit 
C d . a. fig 


9. Time of emptying a hemispherical tank by an orifice fitted at its bottom, 




and for completely emptying the tank, T = 


C d .a.fig 


RHi‘ 

.3 



where R = Radius of the hemispherical tank, 

H | = Initial height of liquid, 

H 2 =.Final height of liquid, 
a - Area of orifice, and 
C d = Co-efficient of discharge. 

10. Time of emptying a circular horizontal tank by an orifice at the bottom of the tank, 


3 C d .a. fig 



and for completely emptying the tank, T = —- j== l(2/?) 3 ' - - (2 R -H,) in ] 

3Q • a . yl2g 

where L = Length of horizontal tank. 

11. Co-efficient of discharge for, 

(/) External mouthpiece, C d = 0.855 

(ii) Internal mouthpiece, running full, C d = 0.707 

(Hi) Internal mouthpiece running free, C d = 0.50 

(/v) Convergent or convergent-divergent, C lt = 1.0. 

12. For an external mouthpiece, absolute pressure head at vena-contracta 

H c = H a - 0.89 H 

where H a - atmospheric pressure head = 10.3 m of water 
H - head of liquid above the mouthpiece. 

13. For a convergent-divergent mouthpiece, the ratio of area’s at outlet and at vena-contracta is 

-l = 

a c 

where a, = Area of mouthpiece at outlet ^ 

a c - Area of mouthpiece at vena-contracta 
H a - Atmospheric pressure head 
H c = Absolute pressure head at vena-contracta 
H = Height of liquid above mouthpiece. 

14. In case of internal mouthpieces, if the jet of liquid comes out from mouthpiece without touching its sides 
it is known as running free. But if the jet touches the sides of the mouthpiece, it is known as running full. 
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EXERCISE 7 


(A) THEORETICAL PROBLEMS 

1. Define an orifice and a mouthpiece. What is the difference between the two ? 

2. Explain the classification of orifices and mouthpieces based on their shape, size and sharpness ? 

3. What are hydraulic co-efficients ? Name them. 

4. Define the following co-efficients : (/) Co-efficient of velocity, (/'/') Co-efficient of contraction and (Hi) 
Co-efficient of discharge. 

5. Derive the expression C d - C v x C c . 

6. Define vena-contracta. 

7. Differentiate between a large and a small orifice. Obtain an expression for discharge through a large rec¬ 
tangular orifice. 

8. What do you understand by the terms wholly sub merged orifice and partially sub-merged orifice ? 

9. Prove that the expression for discharge through an external mouthpiece is given by 

Q = .855 x a x v 
where a = Area of mouthpiece at outlet and 
v = Velocity of jet of water at outlet. 

10. Distinguish between : (/') External mouthpiece and internal mouthpiece, (ii) Mouthpiece running free and 
mouthpiece running full. 

11. Obtain an expression for absolute pressure head at vena-contracta for an external mouthpiece. 

12. What is a convergent-divergent mouthpiece ? Obtain an expression for the ratio of diameters at outlet and 
at vena-contracta for a convergent-divergent 'mouthpiece' in terms of absolute pressure head at vena- 
contracta, head of liquid above mouthpiece and atmospheric pressure head. 

13. The length of the divergent outlet part in a venturimeter is usually made longer compared with that of the 
converging inlet part. Why ? 

14. Justify the statement, “In a convergent-divergent mouthpiece the loss of head is practically eliminated'’. 

(B) NUMERICAL PROBLEMS 

1. The head of water over an orifice of diameter 50 mm is 12 m. Find the actual discharge.and actual velocity 

of jet at vena-contracta. Take C d = 0.6 and C v = 0.98. [Ans. .018 m 3 /s ; 15.04 m/s] 

2. The head of water over the centre of an orifice of diameter 30 mm is 1.5 m. The actual discharge through 

the orifice is 2.35 litres/sec. Find the co-efficient of discharge. [Ans. 0.613] 

3. A jet of water, issuing from a sharp edged vertical orifice under a constant head of 60 cm, has the horizon¬ 

tal and vertical co-ordinates measured from the vena-contracta at a certain point as 10.0 cm and 0.45 cm 
respectively. Find the value of C v . Also find the value of C v if C d — 0.60. [Ans. 0.962, 0.623] 

4. The head of water over an orifice of diameter 100 mm is 5 m. The water coming out from orifice is collected 

in a circular tank of diameter 2 m. The rise of water level in circular tank is .45 m in 30 seconds. Also the 
co-ordinates of a certain point on the jet. measured from vena-contracta are 100 cm horizontal and 5.2 cm 
vertical. Find the hydraulic co-efficients C d , C,. and C c . [Ans. 0.605, 0.98, 0.617] 

5. A tank has two identical orifices in one of its vertical sides. The upper orifice is 4 m below the water 

surface and lower one 6 m below the water surface. If the value of C, for each orifice is 0.98, find the point 
of inter-section of the two jets. [Ans. At a horizontal distance of 9.60 cm] 

6. A closed vessel contains water upto a height of 2.0 m and over the water surface there is air having 

pressure 8.829 N/cm 2 above atmospheric pressure. At the bottom of the vessel there is an orifice of diam¬ 
eter 15 cm. Find the rate of flow' of water from orifice. Take C d ~ 0.6. [Ans. 0.15575 m 5 /s] 
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7. A closed tank partially filled with water upto a height of 1 m, having an orifice of diameter 20 mm at the 

bottom of the tank. Determine the pressure required for a discharge of 3.0 litres/s through the orifice. Take 
Cj = 0.62. [Ans. 10.88 N/cnr] 

8. Find the discharge through a rectangular orifice 3.0 m wide and 2 m deep fitted to a water tank. The water 

level in the tank is 4 m above the top edge of the orifice. Take C d = 0.62 [Ans. 36.77 m 3 /s] 

9. A rectangular orifice, 2.0 m wide and 1.5 m deep is discharging water from a tank. If the water level in the 
tank is 3.0 m above the top edge of the orifice, find the discharge through the orifice. Take C d = 0.6. 

[Ans. 15.40 m 3 /s] 

10. A rectangular orifice, 1.0 m wide and 1.5 m deep is discharging water from a vessel. The lop edge of the 
orifice is 0.8 m below the water surface in the vessel. Calculate the discharge through the orifice if 
C d = 0.6. Also calculate the percentage error if the orifice is treated as a small orifice. [Ans. 1.058%] 

11. Find the discharge through a fully sub-merged orifice of width 2 m if the difference of water levels on both 

the sides of the orifice be 800 mm. The height of water from top and bottom of the orifice are 2.5 m and 
3 m respectively. Take C d = 0.6. [Ans. 2.377 m 3 /s] 

12. Find the discharge through a totally drowned orifice 1.5 m wide and 1 m deep, if the difference of water 

levels on both the sides of the orifice be 2.5 m. Take C d = 0.62. [Ans. 6.513 m 3 /s] 

13. A rectangular orifice of 1.5 m wide and 1.2 m deep is fitted in one side of a large tank. The water level on 
one side of the orifice is 2 m above the top edge of the orifice, while on the other side of the orifice, the 
water level is 0.4 m below its top edge. Calculate the discharge through the orifice if C d = 0.62. 

[Ans. 7.549 m 3 /s] 

14. A circular tank of diameter 3 m contains water upto a height of 4 m. The tank is provided with an orifice of 

diameter 0.4 m at the bottom. Find the time taken by water ; (i) to fall from 4 m to 2 m and (ii) for 
completely emptying the tank. Take C d - 0.6. [Ans. (i) 24.8 s, (ii) 84.7 s] 

15. A circular tank of diameter 1.5 m contains water upto a height of 4 m. An orifice of 40 mm diameter is 
provided at its bottom. If C d = 0.62, find the height of water above the orifice after 10 minutes. [Ans. 2 m] 

16. A hemispherical tank of diameter 4 m contains water upto a height of 2.0 m. An orifice of diameter 50 mm 

is provided at the bottom. Find the time required by water (i) to fall from 2.0 m to 1.0 m (ii) for completely 
emptying the tank. Take C d - 0.6 [Ans. (i) 30 min 14.34 s, (ii) 52 min 59 s] 

17. A hemispherical cistern of 4 m radius is full of water. It is fitted with a 60 mm diameter sharp edged orifice 
at the bottom. Calculate the time required to lower the level in the cistern by 2 metres. Take C d = 0.6. 

[Ans. 1 hr 58 min 45.9 s] 

18. A cylindrical tank is having a hemispherical base. The height of cylindrical portion is 4 m and diameter is 

3 m. At the bottom of this tank an orifice of diameter 300 mm is fitted. Find the time required to completely 
emptying the tank. Take C d = 0.6. [Ans. 2 min 7.37 s] 

19. An orifice of diameter 200 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m. 

The drum is horizontal and half full of water. Find the time required to empty the boiler, given the value of 
C d = 0.6 [Ans. 2 min 55.20 s] 

20. An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m. 

The drum is horizontal and contains water upto a height of 1.8 m. Find the time required to empty the 
boiler. Take C d = 0.6. [Ans. 7 min 46.64 s] 

21. Find the discharge from a 80 mm diameter external mouthpiece, fitted to a side of a large vessel if the head 

over the mouthpiece is 6 m. [Ans. 0.0466 m 3 /s] 

22. An external cylindrical mouthpiece of diameter 100 mm is discharging water under a constant head of 8 m. 
Determine the discharge and absolute pressure head of water at vena-contracta. Take C d = 0.855 and C c for 
vena-contracta = 0.62. Take atmospheric pressure head = 10.3 m of water. [Ans. 0.084 m 3 /s ; 3.18 m] 

23. A convergent-divergent mouthpiece having throat diameter of 60 mm is discharging water under a con¬ 

stant head of 3.0 m. Determine the maximum outlet diameter for maximum discharge. Find maximum 
discharge also. Take atmospheric pressure head = 10.3 m of water and separation pressure head = 2.5 m of 
water absolute. (Ans. 6.88 cm, (2 mi , = 0.01506 m 3 /s] 
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24. The throat and exit diameter of a convergent-divergent mouthpiece are 40 mm and 80 mm respectively. It 
is fitted to the vertical side of a tank, containing water. Find the maximum head of water tor steady flow. 
The maximum vacuum pressure is 8 m of water. Take atmospheric pressure head = 10.3 m of water. 

[Ans. 0.533 m] 

25. The discharge through a convergent-divergent mouthpiece fitted to the side of a tank under a constant head 

of 2 m is 7 litres/s. The head loss in the divergent portion is 0.10 times the kinetic head at outlet. Find the 
throat and exit diameters, if separation pressure head = 2.5 m and atmospheric pressure head = 10.3 m of 
water [Ans. 25.3 mm ; 38.6 mm] 

26. An internal mouthpiece of 100 mm diameter is discharging water under a constant head of 5 m. Find the 
discharge through mouthpiece, when 

(i) the mouthpiece is running free, and (it) the mouthpiece is running full. 

[Ans. (/) 38.8 litres/s, (it) 54.86 litres/s] 
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Chapter 


Notches and Weirs 


► 8.1 INTRODUCTION 

A notch is a device used for measuring the rate of flow of a liquid through a small channel or a tank. 
It may be defined as an opening in the side of a tank or a small channel in such a way that the liquid 
surface in the tank or channel is below the top edge of the opening. 

A weir is a concrete or masonary structure, placed in an open channel over which the flow occurs. It 
is generally in the form of vertical wall, with a sharp edge at the top, running all the way across the open 
channel. The notch is of small size while the weir is of a bigger size. The notch is generally made of 
metallic plate while weir is made of concrete or masonary structure. 

1. Nappe or Vein. The sheet of water flowing through a notch or over a w eir is called Nappe or Vein. 

2. Crest or Sill. The bottom edge of a notch or a top of a weir over which the water flows, is known 
as the sill or crest. 

► 8.2 CLASSIFICATION OF NOTCHES AMD WEIRS 

The notches are classified as : 

1. According to the shape of the opening : 

(a) Rectangular notch, 

(b) Triangular notch, 

(c) Trapezoidal notch, and 

( d) Stepped notch. 

2. According to the effect of the sides on the nappe : 

(a) Notch with end contraction. 

(b) Notch without end contraction or suppressed notch. 

Weirs are classified according to the shape of the opening the shape of the crest, the effect of the sides 
on the nappe and nature of discharge. The following are important classifications. 

(a) According to the shape of the opening : 

(0 Rectangular weir, (») Triangular weir, and 

(in) Trapezoidal weir (Cippoletti weir) 

(b) According to the shape of the crest: 

(i) Sharp-crested weir, _ (/'/) Broad-crested weir. 

(in) Narrow-crested weir, and (iV) Ogee-shaped weir. 
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(c) According to the effect of sides on the emerging nappe : 

(/) Weir with end contraction, and (ft) Weir without end contraction. 

► 8.3 DISCHARGE OVER A RECTANGULAR NOTCH OR WEIR 

The expression for discharge over a rectangular notch or weir is the same. 



NAPPE 

I 

T 

TT 

T 


1 


dh 


(a) RECTANGULAR NOTCH 


H— l —H 

(c) SECTION AT 
CREST 



CREST 


(b) RECTANGULAR WEIR 


Fig. 8.1 Rectangular notch and weir. 

Consider a rectangular notch or weir provided in a channel carrying water as shown in Fig. 8.1. 

Let H = Head of water over the crest 

L = Length of the notch or weir 

For finding the discharge of water flowing over the weir or notch, consider an elementary horizontal 
strip of water of thickness dh and length L at a depth h form the free surface of water as shown in 
Fig. 8.1(c). 

The area of strip = Lx dh 

and theoretical velocity of water flowing through strip = -J2gh 

The discharge dQ, through strip is 

dQ = C d x Area of strip x Theoretical velocity 

= C d x Lx dhx ^2gh ...(/) 

where C d = Co-efficient of discharge. 

The total discharge, Q , for the whole notch or weir is determined by integrating equation (i) between 
the limits 0 and H. 



C d .L. .dh = C d xLxj2ij" h m 


dh 




H 



A-1/2 ♦ 1 


r i 

= Q x Lx Jig 

n 

l + i 

= C d x Lx Jig 

n 

3/2 


L 2 J 

0 



= -C d xLx [H? 2 . -(8.1) 

Problem 8.1 Find the discharge of water flowing over a rectangular notch of 2 m length when the 
constant head over the notch is 300 mm. Take C d = 0.60. 

Solution. Given : 
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Head over notch. 


H = 300 m = 0.30 m 
C d = 0.60 

Discharge, Q x L X-^2g [w 3/ "] 

= ~ x 0.6 x 2.0 x fix 9.81 x [.30] 1 ' m 3 /s 
= 3.5435 x 0.1643 = 0.582 m 3 /s. Ans. 

Problem 8.2 Determine the height of a rectangular weir of length 6 m to be built across a rectan¬ 
gular channel. The maximum depth of water on the upstream side of the weir is 1.8 m and discharge 
is 2000 litres/s. Take C d = 0.6 and neglect end contractions. 

Solution. Given : 

Length of weir, L = 6 m 

Depth of water, H 1 = 1.8 m 

Discharge, Q = 2000 lit/s = 2 m 3 /s 


Q = 0.6 


Let H is height of water above the crest of weir, and H 2 = height of weir 

(Fig. 8.2) 


The discharge over the weir is given by the equation (8.1) as 


| 

Q~ \ C d x L.xfig H V1 — 

......r 

1 

or 2.0 = |x 0.6 x 6.0 x fix9.8\ x H in 

-4 

H, 

1 

T‘f4 
", ; 

= 10.623 H yz ^ 

T 


H vt_ 2.0 

10.623 

Fig. 8.2 


w = M£V /3 = 0.328 m 
1,10.623/ 

.*. Height of weir, H 2 = H t - H 

= Depth of water on upstream side - H 
= 1.8-.328 = 1.472 m. Ans. 

Problem 8.3 The head of water over a rectangular notch is 900 mm. The discharge is 300 litres/s. 
Find the length of the notch, when C d = 0.62. 

Solution. Given : 

Head over notch, H = 90 cm = 0.9 m 

Discharge, Q =300 lit/s = 0.3 m 3 /s 

C d = 0.62 

Let length of notch = L 

Using equation (8.1), we have 

Q= -- x C d x Lx fig x H V1 
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or 0.3 = | x 0.62 x L x x 9.81 x (0.9) 3/2 

= 1.83 xLx 0.8538 

L- -—-= .192 m = 192 nun. Ans. 

1.83 x.8538 

► 8.4 DISCHARGE OVER A TRIANGULAR NOTCH OR WEIR 

The expression for the discharge over a triangular notch or weir is the same. It is derived as : 

Let H = head of water above the V- notch 
0 = angle of notch 

Consider a horizontal strip of water of thickness 'dh' at a depth of h from the free surface of water as 
shown in Fig. 8.3. 

From Fig. 8.3 (b), we have 

0 AC AC 

tan — =-= --— 

2 OC ( H-h) 

0 

AC = (H - h) tan — 

Width of strip = AB = 2AC = 2 (H - h) tan ^ Fig. 8.3 The triangular notch. 

0 

.•. Area of strip = 2 (H - h) tan — x dh 

The theoretical velocity of water through strip = -J2gh 

.-. Discharge, dQ, through the strip is 

dQ = C d x Area of strip x Velocity (theoretical) 

= C d x 2 (H - h) tan ^ x dh x J2gh 
= 2 C d (// - h) tan ® x J2gh x gh 

C H 0 I - 

.’. Total discharae, Q is Q = 2 C d (H - h) tan — x yJ2gh x dh 

Jo 2 

= 2 C d x tan ^ x yJJg £ (H - h)h in dh 
= 2 x C a x tan | x JTg j" (Hh' 12 - h ia ) dh 

h 5,2 ' H 
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= 2 x Q x tan - x Jig \- H. H V1 - - 7/ 5 ' 2 
d 2 ' 5 [_3 5 J 

= 2 x C d x tan - x JI,g [- H in - - H sn 
d 2 V 5 L3 • 5 J 

= 2 x C d x tan — x Jig — H 512 
d 2 V Ll5 J 

= -^ Qx tan x H 512 ...(8.2) 

For a right-angled V-notch, if C d = 0.6 

9 = 90°, tan - = 1 
2 


Discharge 


Q = A x 0.6 x 1 x 72x9.81 x H in 


...(8.3) 


= 1.417 H 2 . 

Problem 8.4 Find the discharge over a triangular notch of angle 60° when the head over the 
V-notch is 0.3 m. Assume C d = 0.6. 

Solution. Given : 

Angle of V-notch, 9 =60° 

Head over notch, H = 0.3 m 

C d = 0.6 

Discharge, Q over a V-notch is given by equation (8.2) 

Q =-xQx tan - x Jig x H m 
15 d 2 v 


; = — x 0.6 tan — x J2x9.81 x.(0.3) 5/2 

15 2 s 

= 0.8182 x 0.0493 = 0.040 m 3 /s. Ans. 

Problem 8.5 Water flows over a rectangular weir 1 m wide at a depth of 150 mm and afterwards 
passes through a triangular right-angled weir. Taking C d for the rectangular and triangular weir as 
0.62 and 0.59 respectively, find the depth over the triangular weir. 

(Osmania University, 1990 ; A.M.I.E., Winter, 1975) 

Solution. Given : 

For rectangular weir, length, L = lm 

Depth of water, H =150 mm = 0.15 m 

C d = 0.62 

For triangular weir. 9 =90° 

C d =0.59 

Let depth over triangular weir = H t 

The discharge over the rectangular weir is given by equation (8.1) §£ anne fry flahid 
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Q = — x C d x l. x ^/2.v x H 


rill 


= 1 X 0.62 x 1.0 x fix 9.81 x (.15) v: m 3 /s = 0.10635 m ? /s 


The same discharge passes through the triangular right-angled weir. But discharge, Q , is given by 
equation (8.2) for a triangular weir as 


Q = x C d x tan ~ x x H y2 

0.10635 = — x .59 x tan — x Jig x H^ n 
15 2 y 


{ v 0 = 90° and H- H { ) 


- = — x .59 x 1 x 4.429 x //, 5/2 = 1.3936 7/, 5/2 
15 

fli 5/ 2ss 0J0635 =a{)7631 


1.3936 


. = (.0763 1) 0 ' 4 . =.0.3572 m. Ans. _ 

Problem 8.5A Water flows through a triangular right-angled weir first and then over a rectangu¬ 
lar weir of 1 m width. The discharge co-efficients of the triangular and rectangular weirs are 0.6 and 
0.7 respectively. If the depth of water over the triangular weir is 360 mm. find the depth of water over 
the rectangular weir. (A.M.I.E., Summer, 1990) 

Solution. Given : 

For triangular weir : 8 = 90°, C d = 0.6, H = 360 mm = 0.36 m 

For rectangular weir : L- 1 m, C. d = 0.7. H = ? 

The discharge for a triangular weir is given by equation (8.2) as 

g = — xQxtan^x yjlg x H 5 '- 
15 2 


g 

= — x 0.6 x tan 

15 


(f)xV2^9i 


.81 x (0.36) s/2 = 0.1102 m 3 /s 


The same discharge is passing through the rectangular weir. But discharge for a rectangular weir is 
given by equation (8.1) as 

Q = ^ *C d xLx Jig x H m 


or 


or 


0.1102 = - x 0.7 x 1 x Jl x 9.81 x H m = 2.067 H m 
3 

H V1 = ^!® 2 _ = 0.0533 
2.067 

H = (0.0533) 2 ' 3 = 0.1415 m = 141.5 mm. Ans. 


scanned by Fahid 

PDF created by AAZSwapnil 




|_ Notches and Weirs 357 | 

Problem 8.6 A rectangular channel 2.0 in wide lias a discharge of 250 litres per second, which is 
measured by a right-angled V-notch weir. Find the position of the apex of the notch from the bed of 
the channel if maximum depth of water is not to exceed 1.3 m. Take C d = 0.62. 

Solution. Given: 

Width of rectangular channel, L = 2.0 m 
Discharge, Q = 250 lit/s = 0.25 m 3 /s 

Depth of water in channel = 1.3 m 
Let the height of water over V-notch =H 
The rate of flow through V-notch is given by equation (8.2) as 

Q = — x C d x Jig x tan — x // V2 
15 d y 2 


where C,, 


= 0.62, 9 = 90° 

Q = yj x .62 x y]2 x 9.81 x tan x H 512 

0.25 = — x .62 x 4.429 x 1 x H 5 ' 2 
15 


If 12 = 


.25x15 


= 0.1707 


8 x.62x4.429 

H = (. 1707) 2/5 = (. 1707)° 4 = 0.493 m 
Position of apex of the notch from the bed of channel 

= depth of water in channel-height of water over V-notch 
= 1.3 - .493 = 0.807 m. Ans. 


► 8.5 ADVANTAGES OF TRIANGULAR NOTCH OR WEIR OVER RECTANGULAR 
NOTCH OR WEIR 

A triangular botch or weir is preferred to a rectangular weir or notch, due to following reasons : 

1. The expression for discharge for a right-angled V-notch or weir is very simple. 

2. For measuring low discharge, a triangular notch gives more accurate results than a rectangular 
notch. 

3. In case of triangular notch, only one reading, i.e., (H) is required for the computation of dis¬ 
charge. 

4. Ventilation of a triangular notch is not necessary. 


»- 8.6 DISCHARGE OVER A TRAPEZOIDAL NOTCH OR WEIR 


As shown in Fig. 8.4, a trapezoidal notch or weir is a com¬ 
bination of a rectangular and triangular notch or weir. Thus 
the total discharge will be equal to the sum of discharge 
through a rectangular weir or notch and discharge through a 
triangular notch or weir. 

Let H = Height of water over the notch 
L = Length of the crest of the notch 
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or 


c d, = Co-efficient or discharge for rectangular portion ABCD of Fig. 8.4. 
c d 2 - Co-efficient of discharge for triangular portion [ FAD and BCE] 
The discharge through rectangular portion ABCD is given by (8.1) 

Qi = j x C rfi x Z, x fig xH vl 


The discharge through two triangular notches FDA mid BCE is equal to the discharge through a 
single triangular notch of angle 0 and it is given by equation (8.2) as 

Qi = ~ X C d2 x tan | x Jig x H m 


Discharge through trapezoidal notch or weir FDCEF = Q,+Q 2 

- = 2 Cd ' L ^ X //V2 + ~jj c d 2 X tan 6/2 X yf2g x H 512 . ...(8.4) 


\C di L y /2ixH 3/2 + A 

3 J J 

Problem 8.7 find the discharge through a trapezoidal notch which is 1 m wide at the top and 0.40 
m at the bottom and is 30 cm in height. The head of water on the notch is 20 cm. Assume C., for 
rectangular portion as = 0.62 while for triangular portion = 0.60. 

Solution. Given : 

Top width, 

Base width. 

Head of water. 

For rectangular portion. 

For triangular portion. 

From A ABC, we have 


AE = 1 m 
CD = L = 0.4 m 
H - 0.20 m 
C dl = 0.62 
Q, = 0.60 


6 - AB_ (AE-CD)/2 
2 BC H 

_ (1-0 -0.4)/ 2 _ 0.6/2 _ 0.3 _ 
0.3 ~ 0.3 " 0.3 ~ 1 



T 


Discharge through trapezoidal notch is given hy equation (8.4) 

2 = — C rf| x Lx y/2g x H yl + — C d x tan — x J2g x H sn 

J ID * 2 

2 

= - x 0.62 x 0.4 x 72x9.81 x (0.2) 3/2 + ^ x .60 x 1 x ^2 x 9.87 x (0.2) 5/3 
= 0.06549 + 0.02535 = 0.09084 m 3 /s = 90.84 litres/s. Ans. 

► 8.7 DISCHARGE OVER A STEPPED NOTCH 

A stepped notch is a combination of rectangular notches. The discharge through stepped notch is 
equal to the sum of the discharges through the different rectangular notches. 
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Consider a stepped notch as shown in Fig. 8.6. 

Let H t = Height of water above the crest of notch (1). 
L, = Length of notch 1, 

H-,, L, and H 3 , Lg are corresponding values for notches 2 
and 3 respectively. 

C d = Co-efficient of discharge for all notches 
Total discharge Q= Q\ + Q 2 + Qi 

or <2 = | X Q x L, x /27 [H™ - H 2 m ] 


,+ ~ C d xL,x Jig [H 2 m - + - C d x L } x x H 3 m . ...(8.5) 

Problem 8.8 Fig. 8.7 shows a stepped notch. Find the discharge through the notch if C d for all 

section = 0.62. _ ^ 

Solution. Given : , T =^ = =^ = =f = = - —i 

L, = 40 cm, La = 80 cm, * 1 + h 1 £ 


Total discharge, Q = 2, + Q 2 + (? 3 


where 


732.26[925.94 - 715.54] = 154067 cm 3 /s = 154.067 lit/s 


1464.52[715.54 - 353.55] cm /s = 530141 cnrVs = 530.144 lit/s 


x 0.62 x 120 x J 2x981 x 50 V2 = 776771 cnvYs = 776.771 lit/s 
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360 Fluid Mechanics ' - 

► 8.8 EFFECT ON DISCHARGE OVER A NOTCH OR WEIR DUE TO ERROR IN 
THE MEASUREMENT OF HEAD 

For an accurate value of the discharge over a weir or notch, an accurate measurement of head over the 
weir or notch is very essential as the discharge over a triangular notch is proportional toW 5/: and incase 
of rectangular notch it is proportional to H m . A small error in the measurement of head, will affect the 
discharge considerably. The following cases of error in the measurement of head will be considered: 
(j) For Rectangular Weir or Notch. 

(ti) For Triangular Weir or Notch. 

8.8.1 For Rectangular Weir or Notch. The discharge for a rectangular weir or notch is given 
by equation (8.1) as 

Q = ^xC d xLx J2g x H 3 ' 2 

- = KH 312 , ...(0 

I 

where K = ^ C d x Lx Jig 

Differentiating the above equation, we get 

dQ = Kx^H m dH ...(//) 

, K x - x H ul dH 3 dH 

Dividing (it) by (/), — =-- = ~— -(8.6) 

Equation (8.6) shows that an error of 1% in measuring H will produce 1.5% error in discharge over 
a rectangular weir or notch. 


8.8.2 For Triangular Weir or Notch. The discharge over a triangular weir or notch is given by 
equation (8.2) as 


tan|V2 gxH 3 ' 2 


5/2 


- KH 

8 q 

where K = — C,,. tan — Jle 
15 d 2 v 

Differentiating equation (Hi), we get 

dQ = K - H 312 x dH 
2 

dQ K 2 HV7 dH 5 dH 
Dividing (iv) by (Hi), we get — = Kfjin - = 2 IT 


...(Hi) 


...(iv) 


...(8.7) 


Equation (8.7) shows that an error of 1 % in measuring H will produce 2.5% error in discharge over 
a triangular weir or notch. 
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Problem 8.9 A rectangular notch 40 an long is used for measuring a discharge of 30 litres per 
second. An error of 1.5 mm wars made, while measuring the head over the notch. Calculate the 
percentage error in the discharge. Take C d = 0.60. 

Solution. Given : 

Length of notch, L = 40 cm 

Discharge, Q — 30 lit/s = 30,000 cm/s 

Error in head, dH =1.5 mm = 0.15 cm 

C d = 0.60 

Let the height of water over rectangular notch = H 

The discharge through a rectangular notch is given by (8.1) 


or 


_ 

Q = -xC d xLx Jig x H 


■ 3/2 


or 


30,000 = - x 0.60 x 40 x J 2x981 x H m 
3 


or 


// 3/2 = 


3 x 30000 


2 x .60 x 40 x Jlx 981 
H = (42.33) w = 12.16 cm 

Using equation (8.6), we get 
dQ 
Q 


= 42.33 


0.15 


3dH__ 3 _ 

2 H ~ 2 12.16 


= 0.0185 = 1.85%. Ans. 


Problem 8.10 A right-angled V-notch is used for measuring a discharge of 30 litres/s. An error of 
1.5 mm was made while measuring the head over the notch. Calculate the percentage error in the 
discharge. Take C d = 0.62. 


Solution. Given : 
Angle of V-notch, 
Discharge, 

Error in head; 


9 = 90° 

Q = 30 lit/s = 30000 cm 3 /s 
dH = 1.5 mm = 0.15 cm 
C d = 0.62 

Let the head over the V-notch = H 

The discharge Q through a triangular notch is given by equation (8.2) 


Q = ^ C d . tan | x ^2 g x H 512 


30000 = — x 0.62 x tan — x J2x981 x H 

1C o v 


or 


15 


90‘ 


, 5/2 


8 


= -x.62xlx 44.29 x H v2 
15 


W 5/2 = 


30000x15 


= 2048.44 


8 x .62 x 44.29 
H = (2048.44) = 21.11 cm 
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Using equation (8.7), we get 


dQ 5 dfl „ r 0.15 „ „ 

~Q = 2~«" ' 2 ! * 2LM *°'° l776= A " S - 


Problem 8.11 The head of water over a triangular notch of angle 60° is 50 cm and coefficient of 
discharge is 0.62. The flow measured by it is to be within an accuracy of 1.5 % up or down. Find the 
limiting values of the head. v| 

Solution. Given : 

Angle of F-notch 0 = 60° 

Head of water, H = 50 cm 


C d = 0.62 


—- =± 1.5% = ±0.015 

Q 


The discharge Q over a triangular notch is 


8 ,— 6 ,,, 

Q = tan - IT 2 


= — x 0.62 x . 
15 


x tan x (50) 5/2 


= 14.64 x 0.5773 x 17677.67 = 149405.86 cm 3 /s 
Now applying equation (8.7), we get 


d Q _ 5 dH dH ' dH .015 

——- —- or + .015 = 2.5- or -= ±- 

Q 2 H H H 2.5 


.015 „ .015 _ 

dH = ± - xH = ± -x 50 = ± 0.3 

2.5 2.5 


The limiting values of the head 

= H ± dH = 50 ± 0.3 = 50.3 cm, 49.7 cm 

= 50.3 cm and 49.7 cm/Ans. 


► 8.9. (a) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A 
RECTANGULAR WEIR OR NOTCH 

Consider a reservoir or tank of uniform cross-sectional area A. A rectangular weir or notch is pro¬ 
vided in one of its sides. 

Let L = Length of crest of the weir or notch 
C d = Co-efficient of discharge 
H i = Initial height of liquid above the crest of notch 
H 2 = Final height of liquid above the crest of notch 
T = Time required in seconds to lower the height of liquid from H x to H 2 . 

Let at any instant, the height of liquid surface above the crest of weir or notch be h and in a small time 
dT , let the liquid surface falls by 'dh'. Then, 

-Adh.-QxdT 

-ve sign is taken as with the increase of T. h decreases. 
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(b) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A TRIANGULAR 
WEIR OR NOTCH 

Consider a reservoir or tank of uniform cross-sectional area A, having a triangular weir or notch in 
one of its sides. 

Let 0 = Angle of the notch 

C d = Co-efficient of discharge 
H, = Initial height of liquid above the apex of notch 
H-, = Final height of liquid above the apex of notch 
T = Time required in seconds, to lower the height from H ( to above the apex of the notch. 

Let at any instant, the height of liquid surface above the apex of weir or notch be h and in a small time 
dT, let the liquid surface falls by 'dh'. Then 

- Adh = QxdT 

-ve Sign is taken, as with the increase of T, h decreases. 

And Q for a triangular notch is 

Q - — x C d x tan — J2g x h 5n 
15 2 ^ 

- Adh = — C d x tan ^ x yjlg x h 5u x dfcanned by Fahid 
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8 ^ 0 /^r— l5/ , 

— x C,, x tan - x J2g x h 

15 d 2 v 

The total time T is obtained by integrating the above equation between the limits //, to H 2 . 
t T „ r"i -Ah 


T — zf. — 


g 0 

— C d x tan - x J 2 J 


-15A 

V 3 ' 2 ' 

0. 

8 x Q x tan ^ x Jig 

3 

. 2 . 


8 x C rf x tan ^ x /2g 


Y_2U_1 1 ,,J 

A 3 Jl/i 3/2 Jh 


4 x C d x tan ® x Jig L ^ 3/2 


...(8.9) 


Problem 8.12 Find the time required to lower the water level from 3 m to 2 m in a reservoir of 
dimension SO m x 80 m, by a rectangular notch of length 1.5 m. Take C d = 0.62. 

Solution. Given : 

Initial height of water, //, = 3 m 
Final height of water, H-, = 2 nv 
Dimension of reservoir = 80 m x 80 m 
or Area, A = 80 x 80 = 6400 m 2 

Length of notch, L = 1.5 m, C d = 0.62 

Using the relation given by the equation (8.8) 


QxLx^[VhT -JH\ J 

_ 3 x 64 00 [ 1 i 

~ 0.62 x 1.5 x yjlx 9.81 |_7T -Jl _ 


= 4661.35 [0.7071 - 0.5773J seconds 
= 605.04 seconds = 10 min 5 sec. Ans. 

Problem 8.13 If in problem 8.12, instead of a rectangular notch, a right-angled V-notch is used, 
find the time required. Take all other data same. 
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Solution. Given : 
Angle of notch. 

Initial height of water, 
Final height of water. 
Area of reservoir. 


0 = 90° 

W, =3m 
H-, = 2 m 

A = 80 x 80 = 6400 nr 
C d = 0.62 


Using the relation given by equation (8.9) 


4 x C d x tan — x ^2 g 


5x6400 

90 

4 x .62 x tan — x.. 

2 A 


1 2x9.81 


■_1 _ 1 _' 

2 1 - 5 3 1 - 5 


90 , 

tan —• = 1 
2 


= 2913 


.34 x —?- 

L 2.8284 


L2.8284 5.1961 J 

= 2913.34 [0.3535 - 0.1924] seconds 
= 469.33 seconds = 7 min 49.33 sec. Ans. 

Problem 8.14 A right-angled V-notch is inserted in the side of a tank of length 4 m and width 2.5 m. 
Initial height of water above the apex of the notch is 30 cm. Find the height of water above the apex if 
the time required to lower the head in tank from 30 cm to final height is 3 minutes. Take C d = 0.60. 
Solution. Given : 

Angle of notch, 9 = 90° 


Angle of notch, 

Area of tank, 

Initial height of water, 
Time, 


A = Length x width = 4 x 2.5 = 10.0 m 


H x = 30 cm = 0.3 m 


Time, T = 3 min = 3 x 60 = 180 seconds 

C d = 0.60 

Let the final height of water above the apex of notch = // 2 
Using the relation given by equation (8.9) 


4 x C d x tan | x Jig 


( Of) \ _ tt3i 

4x.60x tan — xj 2x9.81 L" 2 
\ 2 J 


4 x .60 x 1 x 4.429 [ H 2 
180x4x0.60x4.429 


W, 15 0.3 


= 38.266. 
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- 6.0858 = 38.266 

»7 

= 36.266 + 6.0858 = 42.35 or , 15 = —— = 0.0236 
W' 5 - 42.35 

f/, = (.0236) ,/15 = (0.0236). 6667 = 0.0822 m = 8.22 cm. Ans. 


► 8.10 VELOCITY OF APPROACH 


Velocity of approach is defined as the velocity with which the water approaches or reaches the weir 
or notch before it flows over it. Thus if V a is the velocity of approach, then an additional head h a equal 

V 2 

to —— due to velocity of approach, is acting on the water flowing over the notch. Then initial height of 
2 8 

water over the notch becomes (H+ h a ) and final height becomes equal to h a . Then all the formulae are 
changed taking into consideration of velocity of approach. 

The velocity of approach, V a is determined by finding the discharge over the notch or weir neglecting 
velocity of approach. Then dividing the discharge by the cross-sectional area of the channel on the 
upstream side of the weir or notch, the velocity of approach is obtained. Mathematically, 


Area of channel 


This velocity of approach is used to find an additional head h a = — 1 — . Again the discharge is 

V 2 8 ) 

calculated and above process is repeated for more accurate discharge. 

Discharge over a rectangular weir, with velocity of approach 

= | Q x L x V2j [(//, + hf 1 - h a m ] ...(8.10) 

Problem 8.15 Water is flowing in a rectangular channel of 1 m wide and 0.75 m deep. Find the 
discharge over a rectangular weir of crest length 60 cm if the head of water over the crest of weir is 
20 cm and water from channel flows over the weir. Take C d = 0.62. Neglect end contractions. Take 
velocity of approach into consideration. 

Solution. Given : 

Area of channel, A = Width x depth = 1 .0 x 0.75 = 0.75 m 2 

Length of weir, L = 60 cm = 0.6 m 

Head of water, //, = 20 cm = 0.2 m 

C d = 0.62 

Discharge over a rectangular weir without velocity of approach is given by 

(2=| C d x Lx ^ xH 212 

= | x 0.62 x 0.6 x ^2 x 981 x (0.2) ,/2 mVs 
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= 1.098 x 0.0894 = 0.0982 mVs 
Q .0982 

Velocity of approach, V a = — = - = 0.1309 m/s 

V 2 , 

.-. Additional head, h a = -*-=(. 1309) 2 /2 x 9.81 = .0008733 m 

2g 

Then discharge with velocity of approach is given by equation (8.10) 

Q = ^xC d xLx ^2g [(//, + h a f n - h a V2 ] 

= - x 0.62 x 0.6 x J2 x 9.81 [(0.2 + .00087) 372 - (.00087) 372 ] 

3 

= 1.098 [0.09002- .00002566] 

= 1.098 x 0.09017 = .09881 mVs. Ans. 

Problem 8.16 Find the discharge over a rectangular weir of length 100 m. The head of water over 
the weir is 1.5 m. The velocity of approach is given as 0.5 m/s. Take C d = 0.60. 

Solution. Given : 

Length of weir, L = 100 m 

Head of water, ff, = 1.5m 

Velocity of approach, V a = 0.5 m/s 

C d = 0.60 

y 2 03 x 0.5 

Additional head, h a =- s — = - = 0.0127m 

“ 2 g 2x9.81 

The discharge, Q over a rectangular weir due to velocity of approach is given by equation (8.10) 

Q = ^xC d xLxJlg [(//, + h a f a - h a m ] 

.= - x 0.6 x 100 x J2 x 9.81 [(1.5 + .0127) 3/2 - ,0127 3/2 ] 

3 

= 177.16 [ 1.5127 372 - .0127 3/2 ] 

= 177.16 [1.8605 - .00143] = 329.35 m 3 /s. Ans. 

Problem 8.17 A rectangular weir of crest length 50 cm is used to measure the rate of flow of water 
in a rectangular channel of 80 cm wide and 70 cm deep. Determine the discharge in the channel if the 
water level is 80 mm above the crest of weir. Take velocity of approach into consideration and value 
of C d = 0.62. 

Solution. Given : 

Length of weir, L = 50cm = 0.5m 

Area of channel, A = Width x depth = 80 cm x 70 cm = 0.80 x 0.70 = 0.56 rrT ■ 

Head over weir, H = 80 mm = 0.08 m 

C d = 0.62 

The discharge over a rectangular weir without velocity of approach is given by equation (8.1) 
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Velocity of approach. 


Q = f- xQxIx V2l x// 3 ' 2 

= | x 0.62 x 0.5 x 72 x 9.81 x (0.08) 3 ' 2 m 3 /s 

= 0.9153 x .0226 = .0207 m 3 /s 
Q =: 0207 _ 0369ntfs 
0 A 056 


/. Head due to V„. 


, .0369 

= V?/2g = ^= .0000697 m 
° d 2x9.81 


Discharge with velocity of approach is 

Q = |x C d x L x V 2 J [(77, + /t fl ) 3 ' 2 - /t a 3/2 ] 

= | x 0.62 x 0.5 x % /2 x 9.81 [(.08 + .0000697) 322 - .0000697 3 ' 2 ] 

= 0.9153 x [.0800697 15 - .0000697- 

= .9153 [.02265 - .000000582] = 0.2073 m 3 /s. Ans. 

Problem 8.18 A suppressed rectangular weir is constructed across a channel of 0.77m width with 
a head of 0.39 m and the crest 0.6 in above the bed of the channel. Estimate the discharge over it. 
Consider velocity of approach and assume C d = 0.623. (A.M.I.E., Summer, 1988) 

Solution. Given : 

Width of channel, b = 0.77 m 

Head over weir, H = 0.39 m 

Height of crest from bed of channel = 0.6 m 
.•. Depth of channel =0.6 + 0.39 = 0.99 

Value of C d = 0.623 

Suppressed weir means that the width of channel is equal to width of weir i.e., there is no end 
contraction. 

.•. Width of channel = Width of weir = 0.77 m 

Now area of channel, A = Width of channel x Depth of channel 

= 0.77 x 0.99 

The discharge over a rectangular weir without velocity of approach is given by equation (8.1). 


Q = j xC d xbx x H m 


(v Here b = L) 


= | x 0.623 x 0.77 x ^2x9.81 x 0.39 3 ' 2 = 0.345 m 3 /s 


Now velocity of approach, V a = - 
Head due to velocity of approach, 


Area of channel 0.77 x 0.99 


- = 0.4526 m/s 
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. V 2 0.4526 2 
h a = yf- = -—-— =0.0104 m 
2 g 2x9.81 

Now the discharge with velocity of approach is given by, 

Q = | x C d x b x fli [(H + h a ) m - h a m ] 

2 ,_ 

= -x 0.623 x 0.77 x ^2x9.81 [(0.39 + 0.0104) 372 - (0.0104) 3/2 J 
2 

= ~x 0.623 x 0.77 x 4.43 [0.2533 - 0.00106] 

= 0.3573 m 3 /s. Ans. 

Problem 8.19 A sharp crested rectangular weir of 1 m height extends across a rectangular 
channel o] 3 m width. If the head of water over the weir is 0.45 m, calculate the discharge. Consider 
velocity of approach and assume Q = 0.623. (A.M.I.E., Winter, 1987) 

Solution. Given : 

Width of channel, b = 3 m 

Height of weir = 1 m 

Head of water over weir, H = 0.45 m 

Depth of channel = Height of weir + Head of water over weir 

= 1 +0.45= 1.45 m 
Value of c d = 0.623 

The discharge over a rectangular weir without velocity of approach is given by equation (8.1) as 

Q = ^xC d xbx x H m 
2 

= - x 0.623 x 3 x ^2x9.81 x 0.45 3/2 = 1.665 m 3 /s 
Now velocity of approach is given by 


V = 


Area of channel 


1.665 


= 0.382 m/s 


_ 1.665 

Width of channel x Depth of channel 3 x 1.45 
Head due to velocity of approach is given by. 

, V, 2 0.382 2 

h a = ~ = —= 0.0074 m 
2 g 2x9.81 

Now the discharge with velocity of approach is given by. 

Q = | x C d x h x 72^ [(H + h a f 2 - (h a ) V2 ] 

2 

= - x, 0.623 x 3 x 72x9.81 [(0.45 + 0.0074)“ - (0.0Q74) 3 ' 2 ] 
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= 1.703 m 3 /s. Ans. 
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► 8.1 I EMPIRICAL FORMULAE FOR DISCHARGE OVER RECTANGULAR WEIR 

The discharge over a rectangular weir is given by 

Q - — C d yj2t> xLx [// 3/2 ] without velocity of approach ...(/) 

= y Cj *j2g x Lx [(F/ + /; a ) 3/2 - h a m ] with velocity of approach 

•■•(») 

Equation (/) and (ii) are applicable to the weir of notch for which the crest length is equal to the width 
of the channel. This type of weir is called Suppressed weir. But if the weir is not suppressed, the effect 
of end contraction will be taken into account. ,, 

(a) Francis’s Formula. Francis on the basis of his experiments estab- 
lished that end contraction decreases the effective length of the crest of 
weir and hence decreases the discharge. Each end contraction reduces the 
crest length by 0.1 x H, where Ii is the head over the weir. For a rectangu- ■'■I'iL'yk* 

lar weir there are two end contractions only and hence effective length 

L = (L- 0.2 H) _ 


■\l l'l I I ’lVl'l 1 ! 17 ^— 

IV'i| '' 'Ivi' 'i'i/i 
iViV.ViV.'.'iI N " 


Q = -- x C d x [L - 0.2 x H] x ^ H m 
C d = 0.623, g = 9.81 m/s 2 , then 


Fig. 8.8 


Q = - x .623 x ^2x9.81 x [L - 0.2 x H] x H 3 


= 1.84 [L- 0.2 xH]H 3 
If end contractions are suppressed, then 

H= 1.84 LH 3 ' 2 


...( 8 . 11 ) 


...(8.12) 


If velocity of approach is considered, then 

Q = 1.84 L [(H + h„) 312 - h 3a ) ...(8.13) 

(b) Bazin’s Formula. On the basis of results of a series of experiments, Bazin’s proposed the follow¬ 
ing formula for the discharge over a rectangular weir as 

Q=mxLj2gxH 312 ...(8.14) 

. 2 ^ OAOC 003 

where m = -xC, = 0.405 +- 

3 d H 

H = height of water over the weir 
If velocity of approach is considered, then 

Q = m, X L x ^ [(H + h a ) 3n ] ...(8.15) 

where m, = 0.405 + , : . 

(" + *«) 

Problem 8.20 jhe head of water over a rectangular weir is 40 an. The length of the crest of the 
weir with end contraction suppressed is 1.5 ni. Find the discharge using the following formulae : 
(i) Francis's Formula and (ii) Bazin’s Formula. 
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where m, = 0.405 + 
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Solution. Given : 

Head of water, H = 40 cm = 0.40 m 

Length of weir, L = 1.5 m 

(/) Francis’s Formula for end contraction suppressed is given by equation (8.12). 

Q = 1.84 L x H V1 = 1.84 x 1.5 x-(.40) 3/2 
= 0.6982 nrVs 

(n) Bazin’s Formula is given by equation (8.14) 

Q=mxLx J2g x H 312 

where m = 0.405 + —- = 0.405 + — = 0.4125 
H .40 

<2 = .4125x 1.5x72 x 9.81 x (A) 312 

= 0.6932 m'Vs. A ns. 

Problem 8.21 A weir 36 metres long is divided into 12 equal bays by vertical i>osts, each 60 cm 
wide. Determine the discharge over the weir if the head over the crest is 1.20 m and velocity of 
approach is 2 metres per second. (A.M.I.E., Summer, 1978) 

Solution. Given : 

Length of weir, L { = 36 m 

Number of bays, =12 

For 12 bays, no. of vertical post = 11 

Width of each post = 60 cm = 0.6 m 

.•. Effective length, L = L { - 11 x 0.6 = 36 - 6.6 = 29.4 m 

Head on weir, H = 1.20 m 

Velocity of approach, V a = 2 m/s 


.-. Head due to V., h=^- = — -= 0.2038 m 

a 2 g 2x9.81 

Number of end contraction, n = 2x12 {Each bay has two end contractions} 

= 24 

.•. Discharge by Francis Formula with end contraction and velocity of approach is 

Q = 1 -84 \L - 0.1 x n(H + h a ))[(H + h a ) m - h?' 2 ] 

= 1,84[29.4 - 0.1 x 24(1.20 + .2038)] x [(1.2 + .2038) 1 ' 5 - .2038' 5 ] 

= 1.84[29.4 - 3.369JI 1.663 - .0921 
= 75.246 m 3 /s. A ns. 

Problem 8.22 A discharge of2000 m /s is to pass over a rectangular weir. The weir is divided into 
a number of openings each of span 10 m. If the velocity of approach is 4 m/s, find the number of 
openings needed in order the head of water over the crest is not to exceed 2 in. 

Solution. Given : 

Total discharge. Q = 2000 m 3 /s 

Length of each opening. L=10 

Velocity of approach, V a = 4 m/s ‘ scanned by Fahid 
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Head over weir, H ~ 2 m 

Let number of openings = N 
Head.due to velocity of approach, 

/, 4x4 - =0.8155 m 

" 2 g 2x9.81 

For each opening, number of end contractions are two. Hence dischaige for each opening considering 
velocity of approach is given by Francis Formula 

Q = 1 M[L - 0.1 x 2 x (H + h a )][(H + h a ) m - h a m ) 

= 1.84[10.0 — 0.2 x (2 + ,8155)][2.8155 1 ' 5 — .8155 1 ' 5 ] 

= 17.363[4.7242 - 0.7364] = 69.24 m 3 /s 

Total discharge _ 2000 
• Numberofopening = Discharg for one opening " 6924 

= 28.88 (say 29) = 29. Ans. 1 





► 8.12 C1FOLLETT1 WEIR OR NOTCH 

Cipolletti weir is a trapezoidal weir, which has side slopes of 1 hori¬ 
zontal to 4 vertical as shown in Fig. 8.9. Thus in AABC, 

0 AB H14 1 

tan 2 " BC ~ H ~ 4 


- = tan - = 14° 2'. I ;/ 

2 4 1 \_/ 

By giving this slopes to the sides, an increase in discharge through the c 

triangular portions ABC and DEF of the.weir is obtained. If this slope is ^ L —H 

not provided the weir would be a rectangular one, and due to end con- pjg_ g tj ~['he cipolletti n-eir. 
traction, the discharge would decrease. Thus in case of cipolletti weir, 
the factor of end contraction is not required which is shown below. 

The discharge through a rectangular weir with two end contractions is 

Q = | X C d X (L - 0.2 H) V2g X H m 

= | *C d xLxj2i W 3/2 -^ C rf x V2j xH sn 

Thus due to end contraction, the discharge decreases by — C d x Jig x H 5n . This decrease in 
discharge can be compensated by giving such a slope to the sides that the discharge through two triangu- 
lar portions is equal to — Q x Jig x H $n . Let the slope is given by 0/2. The discharge through a 
V-notch of angle 0 is given by 


= — xC d x Jig x tan — H in 
15 2 
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Notches and Weirs 373 


Thus jj x Q x Jig x tan ^ W 5/ " = ^xQx Jig x H V2 

, tan- = -x- = - or 0/2 = tan -1 - = 14° 2'. 

N 2 15 8 4 4 

Thus discharge through cipolletti weir is 

Q = ^ x C d x Lx J2g H V1 

If velocity of approach, V a is to be taken into consideration, 

Q = | x C d x L x V2j [(H + hf 2 - h a 312 ) 


...(8.16) 


...(8.17) 


Problem 8.23 Find the discharge over a cipolletti weir of length 2.0 m when the head over the 
weir is 1 m. Take C d = 0.62. 

Solution. Given : 

Length of weir, L = 20 m 

Head over weir, H = 1.0 m 

Q = 0.62 

Using equation (8.16), the discharge is given as 


Q = ■=• xQxLx V2^ x H m 


= - x 0.62 x 2.0 x 
3 


x (1) J/2 = 3.661 m 3 /s. Ans. 


Problem 8.24 A cipolletti weir of crest length 60 cm discharges water. The head of water over the 
weir is 360 mm. Find the discharge over the weir if the channel is SO cm wide and 50 cm deep. Take 
C d = 0.60. 

Solution. Given : 


Length of weir, 
Head of water, 
Channel width 
Channel depth 


C d = 0.60 

L = 60 cm = 0.60 m 
H - 360 mm = 0.36 m 
= 80 cm = 0.80 m 
= 50 cm = 0.50 m 

A = cross-sectional area of channel = 0.8 x 0.5 = 0.4 m 2 
To find velocity of approach, first determine discharge over the weir as 

Q = C d xLx ^2g x H V2 

The velocity of approach. V = — 

A 

Q = | x 0.60 x 0.60 x 72x9.81 x (0.36) 3 ' 2 m 3 /s = 0.2296 m 3 /s 


2^96 

v _ _ Q 5?4 mys 
° 0.40 
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374 Fluid Mechanics 
Head due to velocity of approach, 

h a = V a 2 l2g = (0 - 574 ^ = 0.0168 m 
2x9.81 

Thus the discharge is given by equation (8.17) as 

Q = | X Q x L x 4lg [(// + hj 5 - 5 ] 

= - x 0.60 x .6 x ^2 x 9.8l [(.36 + .0168)' 5 - (.0168)' 5 ] 
= 1.06296 X [.2313 - .002177] = 0.2435 m 3 /s. Ans. 

► 8.13 DISCHARGE OVER A BROAD-CRESTED WEIR 

A weir having a wide crest is known as broad-crested weir. 

Let H = height of water, above the crest 


L = length of the crest 



r>- l - 1 

Fig. 8.10 Broad-crested weir. 


If 2 L > H, the weir is called broad crested weir 
If 2 L < H, the weir is called a narrow crested weir 
Fig. 8.10 shows a broad-crested weir. 

Let h = head of water at the middle of weir which is constant 
v = velocity of flow over the weir 

Applying Bernoulli’s equation to the still water surface on the upstream side and running water at the 
end of weir, 

v 2 

0 + 0 + H = 0 + — + h 
2 g 



The discharge over weir g = Qx Area of flow x Velocity 
= C d x L x h x yjlg (H - h) 

= C d X Lx Jlg^Hh 2 - /; 3 ) . .(8.18 
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The discharge will be maximum, if (Hh~ - h~) is maximum 

or — (///i 2 - /i J ) = 0or2/ixW-3/i 3 = 0 or 2 H= 3 h 

dli 

h = — H 
3 

0 nm will be obtained by substituting this value of h in equation (8.18) as 


Qmax ~ C d X L X :2g 




A O 

= C d xLx ,\hx — xH 2 - 7/ 3 

9 27 


= C d x L x % i2g =C d xLxfig r !(12 8)H 


27 


27 


= C d x Lx ^2g = C d x Lx ^ x 0.3849 x H V2 


jV 2 


= .3849 x % 2 x9.81 xC d xLx H iu = 1.7047 xC d xLxH' 

= 1.705 x C d x Lx H m . ...(8.19) 


► 8.14 DISCHARGE OVER A NARROW-CRESTED WEIR 


For a narrow-crested weir, 2 L < 11. It is similar to a rectangular weir or notch hence, Q is given by 


Q = -xC d x Lx Jig x H m 


...( 8 . 20 ) 


► 8.15 DISCHARGE OVER AN OGEE WEIR 


Fig. 8.15 shows an Ogee weir, in which the crest of the weir rises 
up to maximum height of 0.115 x H (where H is the height of water 
above inlet of the weir) and then falls as shown in Fig. 8.11. The 
discharge for an Ogee weir is the same as that of a rectangular weir, 
and it is given by 

<3 = ~ C d x Lx yjlg x H V2 ...(8.21) 

Fig. 8.11 An Ogee weir. 

► 8.! 6 DISCHARGE OVER SUBMERGED OR DROWNED WEIR 

When the water level on the downstream side of a weir is above the crest of the weir, then the weir is 
called to be a submerged or drowned weir. Fig.8.12 shows a submerged weir. The total discharge, over 
the weir is obtained by dividing the weir into two parts. The portion between upstream and downstream 
water surface may be treated as free weir and portion between downstream water surface and crest of 
weir as a drowned weir. scanned by Fahid 
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Fig. 8.12 Submerged iveir. 


Let H = height of water on the upstream of the weir 

h = height of water on the downstream side of the weir 
Then Q { = discharge over upper portion 

= | x Q, x Lx yjlg [H-hf 2 

Q 2 = discharge through drowned portion 
= C d , x Area of flow x Velocity of flow 

= C d , x Lx hx pg(H - h) 

.’. Total discharge, Q = Q, + Q 2 

2 _ 

= -C di xLxfi^ [H- hf 2 + Q, x L x h x p g{H - h). ...(8.22) 

Problem 8.25 (a) A broad crested weir of 50 m length, has 50 cm height of water above its crest. 

Find the maximum discharge. Take C d = 0.60. Neglect velocity of approach, (b) If the velocity of 
approach is to be taken into consideration, find the maximum discharge when the channel has a 
cross-sectional area of 50 m 2 on the upstream side. 

Solution. Given : 

Length of weir, L = 50 m 

Head of water, H = 50 cm = 0.5 m 

C d = 0.60 

(0 Neglecting velocity of approach. Maximum discharge is given by equation (8.19) as 
Q m3X = 1.705 xQ xL XH 312 

= 1.705 x 0.60 x 50 x (,5) 3/2 = 18.084 nr7s. Ans. 

(it) Taking velocity of approach into consideration 
Area of Channel, A = 50 m 2 

Velocity of approach, V a = ~ = - 1 - 8 - 084 = 0.36 m/s 

A 50 

, V 2 0.36 x.36 

• Head due to V fl , =-i. = _____ = .0066 m 

Maximum discharge, Q majt is given by 

Gma* = 1 -705 x Q x L x [(// + h a ) m - h a V2 \ 

= 1.705 x 0.6 x 50 x [(.50 + .00 66)'$cai(\imkp?fahid 
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Notches and Weirs 377 
= 51.15r0.3605 - .000536] = 18.412 m 3 /s. Ans. 

Problem 8.26 An Ogee weir 5 metres long has a head of 40 cm of water. If C d = 0.6, find the 
discharge over the weir. 

Solution. Given : 

Length of weir, L = 5m 

Head of water, H = 40 cm = 0.40 m 

C d = 0.6 

Discharge over Ogee weir is given by equation (8.21) as 

Q = j xC d xLx xH m 

= - x 0.60 x 5.0 x J2 x 9.81 x (0.4) 3 ' 2 = 2.2409 m 3 /s. Ans. 

3 

Problem 8.27 The heights of water on the upstream and downstream side of a submerged weir of 
3 m length are 20 cm and 10 cm respectively. If C d for free and drowned portions are 0.6 and 0.8 
respectively, find the discharge over the weir. 

Solution. Given: 

Height of water on upstream side, H- 20 cm = 0.20 m 
Height of water on downstream side, h = 10 cm = 0.10 m 
Length of weir, L = 3 m 


C d< = 0.6 

Q = 0.8 

Total discharge Q is the sum of discharge through free portion and discharge through the drowned 
portion. This is given by equation (8.22) as 

Q = ~ C d[ x L x Jig [H - /i] 3/2 + C d} xLxhx pg(H-h) 

-- x 0.6 x 3 x Jlx9.%\ [.20 - .10]' 5 + 0.8 x 3 x .10 x Jl x 9.81 (.2 - .1) 
3 

= 0.168 + 0.336 = 0.504 m 3 /s. Ans. 


HIGHLIGHTS 

1. A notch is a device used for measuring the rate of flow of a liquid through a small channel. A weir is a 
concrete or masonary structure placed in the open channel over which the flow occurs. 

2- The discharge through a rectangular notch or weir is given b}A 

Qf\c d Xh X H m , 

where C d = Co-efficient of discharge, 

L = Length of notch or weir, 

H = Head of water over the notch or weir. 

3. The discharge over a triangular notch or weir is given by 

£2 = -^C, ( tan|xV2^x// ,/2 _ 

where 0 = total angle of triangular notch. 
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4. The discharge through a trapezoidal notch or weir is equal to the sum of discharge through a rectancular 
notch and the discharge through a triangular notch. It is given as 

<2=3 C d| x L x H yi + — x tan y x Jig x H 5/2 

where = co-efficient of discharge for rectangular notch, 

= co-efficient of discharge for triangular notch, 

0/2 = slope of the side of trapezoidal notch. 

5. The error in discharge due to the error in the measurement of head over a rectangular and triangular notch 

or weir is given by 6 

dQ _ 3 dH 

- 2 ~Jf .For a recta ngular weir or notch 

_ 5 dH 

= ^ .F°r a triangular weir or notch 

where Q = discharge through rectangular or triangular notch or weir 
H = head over the notch or weir. 

6. The time required to empty a reservoir or a tank by a rectangular or a triangular notch is given by 

u_ 3A 1 1 1 

C d L^[jtf 2 ~ JiJ -By a rectangular notch 


4Q.an|x^L«2 H?‘ 


... By a triangular notch 


_ where 4 = cross-sectional a rea of a tank or a reservoir 

H ] = initial height of 1 iquid above the crest or apex of notch ' ~ -—— 

Hf= final height of liquid above the crest orapex ftfnotch T - -~ ~~~ ' 

7. The velocity with which the water approaches the weir or notch is called the velocity of approach It is 
denoted by V p and is given by 

v _ Discharge over the notch or weir 
Cross - sectiona area of channel ' 


8. The head due, to velocity of approach is given by h a = —. 

2 8 

9. Discharge over a rectangular weir, with velocity of approach, 

e = f 

10. Francis’s Formula for a rectangular weir is given by 

Q=\MlL-0.2H\H in 
= 1.84 LH in 

= \MH(H + h c ) V2 -h a 3rt ] ...i 
where L = length of weir, J 

H = height of water above the crest of the weir, 
h a = head due to velocity of approach. 

11. Bazin’s Formula for discharge over a rectangular weir. 


... For two end contractions 

... If end contractions are suppressed 

... If velocity of approach is considered 
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i Notches and Weirs 379 

Q = m L ^2gH yl ... without velocity of approach 

= m L Jig [(// + h,J n -) ... with velocity of approach 

0 n(U 

where m = - C d = 0.405 + -- ... without velocity of approach 

3 H 

nni 

= 0 405 + — : - ••• with velocity of approach. 

(H + K) 

12. A trapezoidal weir, with side slope or 1 horizontal to 4 vertical, is called Cipolletti weir. The discharge 

through Cipolletti weir is given by , 

g = — QxLx J2g H m ... without velocity of approach 

= | C d x Lx Jig [(H + h a ) m - hj 2 ) ... with velocity of approach. 

13. The discharge over a Broad-crested weir is given by, 

Q = C d L ^2g[Hh 2 -h 3 ) 

where // = height of water rabove the crest ' V r 

-— /i-= head of-water at the middle of the weir which is constant - 

L = length of the weir. 

2 

14. The condition for maximum discharge over a Board-crested weir is h = — H 
and maximum discharge is given by Q max = 1.705 C d L ll' \ 

15. The discharge over an Ogee weir is given by Q = — C d L x Jig x H yl . 

16. The discharge over sub merged or drowned weir is given by 

Q - discharge over upper portion + discharge through downed portion 

= | C (/ , Lh x Jig (H-h) vl + C u Lh x Jg (// -~h) 

where H = height of water on the upstream side of the weir, 
h = height of water on thedownstream side of the weir. 


EXERCISE 8 


(A) THEORETICAL PROBLEMS 

1. Define the terms : notch, weir, nappe and crest. 

2. Ho,w are the weirs and notches classified ? 

3. Find an expression for the discharge over a rectangular weir in terms of head of water over the crest of 
the weir. 

4. Prove that the discharge through a triangular notch or weir is given by 

Q = ~ C d x tan | x Jig H >n 

where // = head of water over the notch or weir 
0 = angle of notch or weir. 
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9 

10 


11 


12 


What are the advantages of triangular notch or weir over rectangular notch ? 

6 given by at d ' SCharge due “l' hc crror in ,hc measurement of head over a rectangular notch is 

dQ _ 3 dH 
Q ~ 2~H 

where Q = discharge through rectangular notch 
and H = head over the rectangular notch. 

notch!*" eXPreSSi ° n f ° r thC timC required t0 em P‘y a ,ank of a ^a of cross-section A, with a rectangular 

8 - 

W h f r;r’r C °r aCt i n - °, f » Weir ' What iS the CffeCl 0f end C0mraCti0n discharge through a weir 9 
\\ hat is a Cipolletti Weir ? Prove that the discharge through Cipolletti weir is given by 

Q-j C d l. ^ H m 

where L = length of weir, and H = head of water over weir. 

c D ha?oe Br r C :- trCStCd ;r r and Narrow -^ted " ei r. ^d the condition for maximum dis- 

crested weir. 3 ° S " derive an expression f ° r maximum discharge over a broad- 

. 3 . 

14 ' chanti'eTDescribe on^T "’h ^ thr ° Ugh 3 pipe also duo“n open 

cLrge whh ks help 3 SketCh and eXplain how one can ob ‘ a m the actual dis- 

1?. What is the difference between a notch and a weir ? ^ -I.E., Summer, 1992) 

16. Define velocity of approach. How does the velocity of approach affect the discharge over a weir ? 

(B) NUMERICAL PROBLEMS 

L “ £ n“h"«° f cTS£ t =»T r "“' 80lir " 0,ch 3 m le " s,h wh “ ,h ' — taad ° f T 

2. Determine the height of a rectangular weir or length 5 m to be built across a rectangnl “ih^i°TSe 

S a Wa , ter ° n * C upstream Side of lhe weir is 15 m and discharge is 1.5 m 3 per second 
iaxe L d - U.b and neglect end contractions. r^ ns j . 

3 ‘ ™ fjj"*® ° Ver a ^angular notch of angle 60° when the head over the triangular notch is 0.20 m 

4. A rectangular channel 1.5 m wide has a discharge of 200 litres per second, which is nitsured by'a nght' 

den h r T K the P ° si,i0n of the apex of 'he notch from the bed of the channel if maximum 
depth of water is not be exceed 1 m. Take C rf = 0.62. (A 

5 ‘ fs^Ocmlnheioht T Zt TT*?" "T M ‘ 2 " '° P 3nd °- 50 m at lheb " a " d 

wht r" L„7ut^io'„*i“or' r °””' Ch is 30 cm - As ”“ c - f ™ r«*» “ 

*• “ C " S ° ”1*7 km *'"““ rinS * *•*■*««* second. An error of imm 

0 = 0 6 meaSUnng thc head over ,he no,ch - Calculate the percentage error in the discharge. Take 

7. A right-angled V-noteh is used for measuring a discharge of 30 litres/s. An error of 2 mmwaTmadcm 
measuring the head over the notch. Calculate the percentage error in the discharge. Take Q = 0.62. 
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8. Find the time required to lower the water level from 3 m to 1.5 m in a reservoir of dimension 70 mx 70 m. 

by a rectangular notch of length 2.0 m. Take C d = 0.60. [Ans. 11 min 1 s] 

9. If in the problem 8, instead of a rectangular notch, a right angled F-notch is used, find the time required. 

Take all other data same. [Ans. 13 min 31 s] 

10. Water is flowing in a rectangular channel of 1.2 m wide and 0.8 m deep. Find the discharge over a rectan¬ 
gular weir of crest length 70 cm if the head of water over the crest of weir is 25 cm and water from channel 
flows over the weir. Take C (/ = 0.60. Neglect end contractions but consider velocity of approach. 

[Ans. 0.1557 m 3 /s] 

11. Find the discharge over a rectangular weir oflength 80 m. The head of water over the weir is 1.2 m. The 

velocity of approach is given as 1.5 m/s. Take C d = 3.6. [Ans. 208.11 m 3 /s] 

12. The head of water over a rectangular weir is 50 cm. The length of the crest of the weir with end contraction 

suppressed is 1.4 m. Find the discharge using following formulae : (i) Francis’s Formula and (i'i)'Bazin’s 
Formula. [Ans. («) 0.91 m 3 /s, (it) .901 m 3 /s] 

13. A discharge of 1500 m 3 /s is to pass over a rectangular weir. The weir is divided into a number of openings 

each of span 7.5 m. If the velocity of approach is 3 m/s, find the number of openings needed in order the 
head of water over the crest is not to exceed 1.8. [Ans. 37.5 say 38] 

14. Find the discharge over a cipolletti weir of length 1.8 m when the head over the weir is 1.2 m. Take 

C d - 0.62 [Ans. 4.331 m 3 /s] 

15. ( a ) A broad-crested weir of length 40 m, has 400 mm height of water above its crest. Find the maximum 

discharge. Take C d = 0.6. Neglect velocity of approach. [Ans. 10.352 m 3 /s] 

(b) If the velocity of approach is to be taken into consideration, find the maximum discharge when the 
channel has a cross-sectional area of 40 m 2 on the upstream side. [Ans. 10.475 m 3 /s] 

16. An Ogee weir 4 m long has a head of 500 mm of water. If C d = 0.6, find the discharge over the weir. 

[Ans. 2.505 m 3 /s] 

17. The heights of water on the upstream and downstream side of a submerged weir of length 3.5 m are 

300 mm and 150 mm respectively. If C d for free and drowned portion are 0.6 and 0.8 respectively, find the 
discharge over the weir. [Ans. 1.0807 m7s] 
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